
 Ruled Weingarten surfaces in SL(2,R)

Ambient space

� Coordinates in ambient space -  INPUT

In[1]:= u1 := x;
u2 := y;
u3 := z;

� Metric of ambient space -  INPUT

In[4]:= g@x_, y_, z_D := 99
1

2 * y2
, 0,

1

2 * y
=, 90,

1

4 * y2
, 0=, 9

1

2 * y
, 0, 1==

In[5]:= g@u1, u2, u3D �� MatrixForm

Out[5]//MatrixForm=
1

2 y2
0

1

2 y

0
1

4 y2
0

1

2 y
0 1

In[6]:= INVg := Inverse@g@u1, u2, u3DD

In[7]:= MatrixForm@INVgD

Out[7]//MatrixForm=

4 y2 0 -2 y

0 4 y2 0

-2 y 0 2

� Orthonormal frame field in ambient space -  INPUT

In[8]:= e1@x_, y_, z_D := 82 * y, 0, -1<
e2@x_, y_, z_D := 80, 2 * y, 0<
e3@x_, y_, z_D := 80, 0, 1<

� Scalar product in ambient space

In[11]:= SP@v1_, v2_D := Sum@g@u1, u2, u3D@@i, jDD * v1@@iDD * v2@@jDD, 8i, 1, 3<, 8j, 1, 3<D

� Check of orthonormality of frame fields

In[12]:= Table@SP@ei@x, y, zD@@1 ;; 3DD, ej@x, y, zD@@1 ;; 3DDD, 8i, 1, 3<, 8j, 1, 3<D �� TableForm ��
Simplify

Out[12]//TableForm=

1 0 0

0 1 0

0 0 1



� Christoffel symbols Gi,j
8k< :=

1

2
â
l=1

3

I¶ui gj,l + ¶uj gl,i - ¶ul gi,jM hl,k

In[13]:= G1@u1, u2, u3D =

TableA
1

2
â
l=1

3

I¶ui g@u1, u2, u3D@@j, lDD + ¶uj g@u1, u2, u3D@@l, iDD - ¶ul g@u1, u2, u3D@@i, jDDM

INVg@@l, 1DD, 8i, 1, 3<, 8j, 1, 3<E �� Simplify

Out[13]= ::0, -
3

2 y
, 0>, :-

3

2 y
, 0, -1>, 80, -1, 0<>

In[14]:= G2@u1, u2, u3D =

TableA
1

2
â
l=1

3

I¶ui g@u1, u2, u3D@@j, lDD + ¶uj g@u1, u2, u3D@@l, iDD - ¶ul g@u1, u2, u3D@@i, jDDM

INVg@@l, 2DD, 8i, 1, 3<, 8j, 1, 3<E �� Simplify

Out[14]= ::
2

y
, 0, 1>, :0, -

1

y
, 0>, 81, 0, 0<>

In[15]:= G3@u1, u2, u3D =

TableA
1

2
â
l=1

3

I¶ui g@u1, u2, u3D@@j, lDD + ¶uj g@u1, u2, u3D@@l, iDD - ¶ul g@u1, u2, u3D@@i, jDDM

INVg@@l, 3DD, 8i, 1, 3<, 8j, 1, 3<E �� Simplify

Out[15]= ::0,
1

2 y2
, 0>, :

1

2 y2
, 0,

1

2 y
>, :0,

1

2 y
, 0>>

Riemannian connection on ambient space 

In[16]:= w1 := 81, 0, 0<
w2 := 80, 1, 0<
w3 := 80, 0, 1<

� Transformation matrices -  canonical base {¶i } vs orthonormal frame 8ei <

In[19]:= AC :=

2 y 0 -1

0 2 y 0

0 0 1

In[20]:= CA = Inverse@ACD

Out[20]= ::
1

2 y
, 0,

1

2 y
>, :0,

1

2 y
, 0>, 80, 0, 1<>
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� covariant derivations of orthonorml fields ---- CD@i, jD = Ñei ej

In[21]:= CD@i_, j_D := â
l=1

3

â
m=1

3

ei@x, y, zD@@lDD

D@ej@x, y, zD@@mDD, ulD wm + ej@x, y, zD@@mDD â
n=1

3

Gn@u1, u2, u3D@@l, mDD wn

� covarian derivations in ambient base 

In[22]:= Table@CD@i, jD.CA, 8i, 1, 3<, 8j, 1, 3<D �� MatrixForm �� Simplify

Out[22]//MatrixForm=

0

2

0

-2

0

-1

0

1

0

0

0

1

0

0

0

-1

0

0

0

1

0

-1

0

0

0

0

0

� Levi-Civita  connection in SL(2,R) space

In[23]:= CovDer@w1_, w2_D :=

â
i=1

3

â
j=1

3

w1@@iDD * Hei@x, y, zD@@iDD * D@w2@@jDD, uiD ej@x, y, zD.CA + w2@@jDD CD@i, jD.CAL

Surface r = 8r1, r2, r3}

Parametric equations of surface -  INPUT

In[24]:= r1@x_, y_, z_D := f@xD
r2@x_, y_, z_D := h@xD
r3@x_, y_, z_D := z

� Tangent vectors

In[27]:= ru = 8¶x r1@x, y, zD, ¶x r2@x, y, zD, ¶x r3@x, y, zD<

Out[27]= 8f¢@xD, h¢@xD, 0<

In[28]:= rv = 8¶z r1@x, y, zD, ¶z r2@x, y, zD, ¶z r3@x, y, zD<

Out[28]= 80, 0, 1<
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� Tangent vectors in base 8ei< - INPUT

In[29]:= t1@x_, y_, z_D := 8f¢@xD, h¢@xD, 0<.CA
t2@x_, y_, z_D := 80, 0, 1<.CA

In[31]:= t1@x, y, zD

Out[31]= :
f¢@xD

2 y
,
h¢@xD

2 y
,
f¢@xD

2 y
>

In[32]:= t2@x, y, zD

Out[32]= 80, 0, 1<

� I. fundamental form

In[33]:= EE@x, yD = SP@ru, ruD �� FullSimplify �� Expand
FF@x, yD = SP@ru, rvD �� Simplify
GG@x, yD = SP@rv, rvD �� Simplify
W@x, yD = Sqrt@EE@x, yD GG@x, yD - HFF@x, yDL^2D �� Simplify �� Expand

Out[33]=
f¢@xD2

2 y2
+
h¢@xD2

4 y2

Out[34]=
f¢@xD

2 y

Out[35]= 1

Out[36]=
1

2

f¢@xD2
+ h¢@xD2

y2

� II. fundamental form

�  normal field on surface (perpendicular on tangent plane and normalized) -  INPUT

In[37]:= CrossA9
f¢@xD

2 y
,
h¢@xD

2 y
,
f¢@xD

2 y
=, 80, 0, 1<E �� Simplify

Out[37]= :
h¢@xD

2 y
, -

f¢@xD

2 y
, 0>

In[38]:= 9
h¢@xD

2 y
, -

f¢@xD

2 y
, 0=.9

h¢@xD

2 y
, -

f¢@xD

2 y
, 0= �� Simplify �� Expand

Out[38]=
f¢@xD2

4 y2
+
h¢@xD2

4 y2

In[39]:= n :=
h¢@xD

2 y
* e1@x, y, zD -

f¢@xD

2 y
* e2@x, y, zD � SqrtA

f¢@xD2

4 y2
+
h¢@xD2

4 y2
E
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� Checking of the normal field     

In[40]:= SPA9
f¢@xD

2 y
,
h¢@xD

2 y
,
f¢@xD

2 y
=, nE �� Simplify

SP@e3@x, y, zD, nD �� Simplify
SP@n, nD �� Simplify

Out[40]= 0

Out[41]= 0

Out[42]= 1

In[43]:= CovD@w1_, w2_D := â
i=1

3

â
j=1

3

w1@x, y, zD@@iDD *

Hei@x, y, zD@@iDD * D@w2@x, y, zD@@jDD, uiD ej@x, y, zD + w2@x, y, zD@@jDD CD@i, jDL

� Ñt1t1 - representation in base 8ei<

In[44]:= CovD@t1, t1D.CA �� FullSimplify

Out[44]= :
f¢@xD H-3 h¢@xD + y f¢¢@xDL

2 y2
,
2 f¢@xD2

- h¢@xD2
+ y f¢@xD h¢¢@xD

2 y2
,
f¢@xD H-h¢@xD + y f¢¢@xDL

2 y2
>

� Dt1t1 - computed by hand - representation in base 8ei<

In[58]:= Dt1t1 := 9
y f¢¢@xD - 3 f¢@xD h¢@xD

2 y2
,
2 f¢@xD2

- h¢@xD2
+ y h¢¢@xD

2 y2
,
y f¢¢@xD - f¢@xD h¢@xD

2 y2
=

� Ñt1t2

In[45]:= CovD@t1, t2D.CA �� Simplify

Out[45]= :-
h¢@xD

2 y
,
f¢@xD

2 y
, 0>

� Ñt2t1

In[46]:= CovD@t2, t1D.CA �� Simplify

Out[46]= :-
h¢@xD

2 y
,
f¢@xD

2 y
, 0>

� Ñt2t2

In[47]:= CovD@t2, t2D.CA �� Simplify

Out[47]= 80, 0, 0<

Coefficients of the second fundamental form
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Coefficients of the second fundamental form

In[59]:= L@x, yD = SP@Dt1t1, nD �� Simplify

Out[59]=

-2 f¢@xD3
+ y h¢@xD f¢¢@xD - f¢@xD I2 h¢@xD2

+ y h¢¢@xDM

4 y4
f¢@xD2+h¢@xD2

y2

In[49]:= M@x, yD = SP@CovD@t1, t2D, nD �� Simplify

Out[49]= -
1

2

f¢@xD2
+ h¢@xD2

y2

In[50]:= NN@x, yD = SP@CovD@t2, t2D, nD �� Simplify

Out[50]= 0

Curvatures

� Gauss curvature

In[60]:= K@x, y, zD = HL@x, yD NN@x, yD - M@x, yD^2L � HW@x, yDL^2 �� FullSimplify

Out[60]= -1

� Mean curvature

In[63]:= H@x, y, zD =

HGG@x, yD L@x, yD - 2 FF@x, yD M@x, yD + EE@x, yD NN@x, yDL � H2 HW@x, yDL^2L �� FullSimplify

Out[63]=

2 H-1 + yL f¢@xD3
+ y h¢@xD f¢¢@xD + f¢@xD I2 H-1 + yL h¢@xD2

- y h¢¢@xDM

2 y4 J
f¢@xD2+h¢@xD2

y2
N
3�2

Weingarten surfaces

In[64]:= D@K@x, y, zD, xD �� FullSimplify

Out[64]= 0

In[65]:= D@K@x, y, zD, zD �� FullSimplify

Out[65]= 0
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In[66]:= D@H@x, y, zD, xD �� FullSimplify

Out[66]=
1

2 If¢@xD2
+ h¢@xD2M

3

f¢@xD2
+ h¢@xD2

y2
Ih¢@xD2 If¢¢@xD I2 H-1 + yL h¢@xD2

- 3 y h¢¢@xDM + y h¢@xD fH3L@xDM +

f¢@xD2 If¢¢@xD I2 H-1 + yL h¢@xD2
+ 3 y h¢¢@xDM + y h¢@xD fH3L@xDM +

f¢@xD3 I-2 H-1 + yL h¢@xD h¢¢@xD - y hH3L@xDM -

f¢@xD h¢@xD I3 y f¢¢@xD2
+ h¢¢@xD I2 H-1 + yL h¢@xD2

- 3 y h¢¢@xDM + y h¢@xD hH3L@xDMM

In[67]:= D@H@x, y, zD, zD �� FullSimplify

Out[67]= 0

In[68]:= D@K@x, y, zD, xD * D@H@x, y, zD, zD - D@K@x, y, zD, zD * D@H@x, y, zD, xD �� FullSimplify

Out[68]= 0
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