Ruled Weingarten surfaces in SL(2,R)

Ambient space

m Coordinates in ambient space - INPUT

In[1]:= Uq :
[V
us :

nnn
N < X

m Metric of ambient space - INPUT

1

nap= gIx_, y_, 221 1= {{ 0, ZL} {o, ., 0}, { ! , 0, 1}}
*y

2*y2,
insi= g [ug, Uz, ug] // MatrixForm

Out[5]//MatrixForm=

0 iy 0
% 0o 1
nel= INVg : = I nverse[g[u;, Uz, Uz]]

in[7:= Mat ri xFor m[l NVg]

Out[7]//MatrixForm=
4y2 0 -2y
[ 0 4y? 0 J
-2y O 2

m Orthonormal frame field in ambient space - INPUT

ngl= e1[X_, y_, z_1:={2=*y, 0, -1}
e[X_, ¥y, z_1:={0, 2%y, 0}
es[x_, Yy, z 1:=1{0,0, 1}

m Scalar product in ambient space

1= SPLv1_, v2_1:=Sum[g[us, Uz, UsI[[i, jI1*VLI[[i1]l*Vv2[[j11, {i, 1, 3}, {j, 1, 3}]
= Check of orthonormality of framefields

inj12)= Table[SP[ej [x, ¥y, z]1[[1;; 311, & [X, y, z]1[[1;; 3111, (i, 1, 3}, {j, 1, 3}]1 // Tabl eForm//
Sinplify

Out[12]//TableForm=
1

o - O

0
0 0
0 1
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3
I =1

N| P

= Christoffel symbols 1) :=

In[13:= Tp[U1, Uz, Uz] =
3

1
Tabl e[~ 3 (0u glus, Uz, Ual[L, 111 +0y glUs, Uz, Usl L1, 111 -0y glus, Uz, UsI LTI, j11)
I=1

INVg[[l, 111, {i, 1, 3}, {j, 1, 3}] 7/ Sinplify

out[13]= {{0, 23y, O}, {23)/’ 0, ,1}, {0, -1, 0}}

In[14:= T2 [Ug, Uz, U3] =
3

1
Tabl e[ — Ou glu1, Uz, Ul[[j, 111 +8y glus, Uz, usl[[l, i 11 -0y glus, Uz, Usl[[i, j1I
2
=

INVg[[l, 211, {i, 1, 3}, {j, 1, 3}] 7/ Sinplify

out[14)= {{; 0, 1}, {o 3 0}, (1, 0, 0}}

In[15:= Tz [U1, Uz, Uz] =
1 3
Table[;Z(au‘ glus, Uz, UsI[[j, 111 +0y glu1, uz, Uzl [[l, i]11-08y glus, Uz, UI[[i, j]])
=1

INVg[[l, 311, {i, 1, 3}, {j, 1, 3}] 7/ Sinplify

o}

1 1 1

ous= {0 o~z o {5 0 b {0 5y

Riemannian connection on ambient space

6= Wi 2= {1, 0, O}
w = {0, 1, 0}
w = {0, 0, 1}

m Transformation matrices - canonical base {9; } vs orthonormal frame {e;}

2y 0 -1
in[19p= AC: = 0 2y O
0O 0 1

in201= CA = I nver se [AC]

1 1

out[20]= {{E, 0, E}’ {0, 21y’ 0}, {0, O, 1}}
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= covariant derivationsof orthonornl fields ---- CD[i, j] =V, g

3 3
mea= CDL_, j_1:= )" " [ei [x, y, 210011}

I =1ml

3
(D[ej X, y, zI[IM], wl wn+ € [X, y, z1[[M]] ("Zrn[ul« uz, U3][[|, m]]Wn]))

=1
= covarian derivationsin ambient base

221~ Table[CD[i, j1.CA {i, 1, 3}, {j, 1, 3}1 // MatrixForm // Sinplify

Out[22]//MatrixForm=

| o) [3]

OPFRP OPFRP OOON

m Levi-Civita connection in SL(2,R) space
in23i= CovDer [wl_, w2_] : =

3 3
ZZM[[i]]*(ei [X, ¥, ZJ[[i 11 *DIW2[[j1], uile[x,y, z].CA+wW2[[j]]1CD[i, j].CA)
i=1j-1

Surfacer ={rq, ry, r3}

Parametric equations of surface - INPUT

npal= r1[x_, y_, z_1:="1[x]
r2[x_, y_, z_1:=h[x]
r3[x_, vy, z_1:=2

u Tangent vectors
ner= Tu = {8 10X, y, z1, & r2[x, y, z1, & r3[x, y, z1}
outz7= {f"[x], h"[x], 0}

Inf2g8:= My = {az rl[Xr Y, Z]! 0, r2[X, Y, Z]! (74 I’3[X, Y, Z]}

Out[28]= {O, 0, 1}
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= Tangent vectorsinbase {ej} -1 NPUT

npeop= t1[X_, y_,

z ] {f"[x], h'[x], 0}.CA
t2[x_, y_, z_]

{0, 0, 1}.CA

= t1[X, y, z]
f[x] h'[x] f'[x]}
2y ’ 2y ’ 2y

out[31]= {

nE2r= t2[X, Yy, Z]

outsz)= {0, 0, 1}

m |. fundamental form

in@3y= EE[X, y1 = SP[ry, ryl // FullSinplify // Expand
FF[x, yl = SP[ry, ry] 7/ Sinplify
GG[x, y] = SP[ry, ry] // Sinplify

WX, y1 = Sqrt [EE[Xx, y] GG[x, Yyl - (FF[x, yl1)"2] 7/ Sinmplify // Expand

2y? 4y2
frx]
Out[34]=
2y
out3s= 1
1 [f[x]2+h[x]?
Out[36]= —
2 y?

= ||. fundamental form

= normal field on surface (perpendicular on tangent plane and normalized) - INPUT

frix1 h'[x1  f/Ix]
ne71= Cross [{ .

}, {0, 0, 1}] 7/ Sinplify

2y 2y
h' [x] frx]
out[37]= { y - — 0}
2y 2y
h”[x] f[x] h”[x1] frIx] ! .
nfzgl:= | , - . 0} - , 0} /7 sinplify // Expand
2y 2y 2y 2y
fr[x12 h'[x)?
Out[38]= +
4y? 4y?
h’ [x] frIx] frx12
In@9l= N @ = *e1[X, y, z] - *€2[X, Yy, Z] /Sqrt[
2y 2y 4y?

+

h’ [X]2

4y?

i
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=  Checking of thenormal field

f/[x] h'[x] f[x] o
nao= SP[{ , : }. n] 77 Simplify
2y 2y 2y
SPles[x, ¥, z], n] // Sinplify
SP[n, n] // Sinplify

outf40)= 0
out41]= 0
out42)= 1

3 3
Inj43= CovD[wl_, W2_] : = ZZV\LI.[X, Y, Z1[[i 1] *

i=1j=1

(ei [X, ¥, Z]1[[i 11 *D[W2[x, y, Z1[[j 11, uile[x, y, z]+w2[x, y, z1[[j11CD[i, jI)
m Viitl - representation in base {e}
in44):= CovD[t1l, t1].CA // FullSinplify

frix] (-3h[x]+yf7(x]) 2f/[x]2-h[x]2+yf [x]h"[x] f[x] (-h'[x]+yf"[x])
Out[44]= { 2y2 ) 2y2 , 2y2 }

m Dt1tl - conputedbyhand - representation in base {e;}

fr[x]-3f7[x] h'[x] 2f/[x]?2-h[x]%+yh"[x fr[x] - f/[x] h'[x
m158J:Dt1t1:={y [ [x] [], [x1 [X17+y [],y [x] [x] []}
2y? 2y? 2y?

u Vt1t2

5= CovD[t1l, t2].CA // Sinplify

h'[x] f7[x]
out[45]= {f oy 271 O}
y y

] Viaotl

inj46:= CovD[t2, t1].CA // Sinplify

h'[x] f/[x]
out[46]= {— oy oy 0}
y y

] Vt2t2
in471:= CovD[t2, t2].CA // Sinplify

Out[47]= {0, 0, 0}
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Coefficients of the second fundamental form
nis9y= LIx, yl = SP[Dt1tl, n] // Sinplify

~2fx]13 ey hx] f[x] -fr[x] (2h'[x]%+y h”[x])

out[59]=
4yt Jf'LXJ2y+2h'[xJ2

n49)= M[x, yl = SP[CovD[t1, t2], n] // Sinplify

Out[49]= - —
2

ins0r= NN[X, y] = SP[CovD[t2, t2], n] // Sinplify

outs0)= 0

Curvatures

m Gauss curvature

o= KX, ¥, z] = (L[x, Y] NN[X, y] -M[x, y1°2) / (WX, y1)*2 // Full Sinplify

outeol= -1

= Mean curvature

ne3)= HIX, y, z] =
(GG[x, y1LI[x, y1-2FF[x, yl1 M[x, y]+EE[X, y]1 NN[X, y]) /7 (2 (WX, y])*2) // FullSinplify

2 (-1+y) frix1® ey ) £ x] +f70x] (2 (-1+y) h [x]? -y h”[x])

out[63]=
f/[x]2+h [x]2 )3/2

2y4 72

Weingarten surfaces

ine4l:= DIK[X, Yy, z], X] // Full Sinmplify
outfe4= 0

nesi= DIK[X, y, z], z] // Full Sinplify

outjes]= 0
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6= DLHIX, y, z1, x] // Full Sinplify

1 f/1x]%+h [x]? ) ) 5
Out[66]= " . (hx12 (f7[x] (2 (-1+y) W' [x]® -3y h"[x]) +y h' [x]f @ [x]) +
2 (fr[x]% +h"[x]?) y
frx12 (F71x] (2 (-1+y) h'[x1?+3yh"[x]) +y h'[x] f & [x]) +
f/1x1% (-2 (-1+y) h"[x]h"[x] -y h® [x]) -
fl

(X1 h'[x] (8yf”[x]®+h"[x] (2 (-1+y) h'[x]*-3yh”[x]) +yh' [x] h® [x]))
in67:= DIHIX, Yy, 21, z] // Full Sinplify

oute7]= 0

nes):= DIK[X, y, z1, x1 *D[H[x, y, z1, z] - D[K[x, y, z], z] * D[H[x, y, z], x] // Full Sinplify

outies]= 0



