Curve acceleration in hyperboloid
model of SL(2,R)

Ambient space

Coordinates in ambient space - INPUT

Inf#]= Uy ¢= P
u, :=6
Us :=¢

Metric of ambient space - INPUT

)= gLr_s ©_5 d_1 =
{{1, e, @}, {@, Sinh[r]?« (Sinh[r]?+Cosh[r]?), sinh[r]?}, {@, Sinh[r]?, 1}}

1= g[Ug, Uz, U] // MatrixForm // Simplify

Outf# J//MatrixForm=

1 0 0
@ Cosh[2r]Sinh[r]? Sinh[r]?
0 Sinh[r]? 1

= INVg := Inverse[g[usi, Uy, Us]]

Orthonormal frame field in ambient space - INPUT

mnel= € [r] 1= {1, 0, 0}
1

ey [r] := {0, ) —Tanh[r‘]}

Cosh[r] % Sinh[r]
es[r] := {0, 0, 1}

Scalar product in ambient space

nep= SPIVI_, v2_] i=Sum[g[uy, Uz, Us] [[1, 311 *VvI[[1i]] »Vv2[[]1], {i, 1, 3}, {J, 1, 3}]
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Christoffel symbols I‘fkj} t=
1 3
E Z (8, 89,1+ 0y, 81,1 - Ou, 8i,5) hi,«
1=1

infe]= Tq[Ug, Uz, U3] t=
3

1
Table[zz (0u, 8[U1, Uz, U] [[F5 111 + Oy glU1, U, U] [[1, 111 - Oy, glu1, Uz, U3] [[1, F11)
1=1

INVg[[1, 111, {i, 1, 3}, {j, 1, 3}] // Simplify

infeJ= T [Ug, Uz, Uz] 2=
3

1
Table[;Z (Ou, 8LU1s U2, Us][[F5 111 + By, U1, Uzs Us] [[1, 111 - By, g[U1, U2, 31 [[4, 31])
1=1

INVG[[1, 211, {i, 1, 3}, {J, 1, 3}] // Simplify
inf+J= T3[Uz, Uz, Uz] =

3

1
Table[;Z (8u, 8LU1, Uz, UsT[[F5 111 + Oy glU1, Uz, Us][[1, 111 - Oy, glu1, Uz, Us] [[1, 11)
1=1

INVg[[1, 311, {i, 1, 3}, {3, 1, 3}] // Simplify
Basic fields
mel= Wy 2= {1, @, 0}

w, := {0, 1, 0}
w; := {0, 0, 1}

Transformation matrices - canonical base {9; } vs orthonormal frame {e;}

1 (%) (%)
1
me;= AC := | @ CoshIr]+SInhIr] -Tanh[r]
0 0 1

= CA = Inverse [AC]

our- {{1, @, @}, {@, Cosh[r] Sinh[r], Sinh[r]?}, {6, @, 1}}

covariant derivations of orthonorml
fields ---- CD[1, J] = Ve, e€;
mer= CD[i_, J_] 2=

3 3 3
D [ei[r] [[11] [D[ej[r] [[m1], u1] W + e5[r][[m]] (Zrn[ul, uz, us1[[1, m]] w]]]

1=1m=1 n=1
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Levi-Civita connection in SL(2,R) ambiant space

m-j- Table[CD[i, j].CA, {i, 1, 3}, {j, 1, 3}]1 // MatrixForm // Simplify

Out[# J//MatrixForm=

0 0 0

[0 0 1

0 -1 0

%] -Cosh[2r] Csch[r] Sech[r] -1
Coth[r] + Tanh[r] ] %] ] %]
1 0 %]

0 -1 0

0 0 0

covariant derivation of vectors given in base of ambient
space {e;}

MAIN FORMULA

1= CovDer[wl_, w2_] :=

3 3
D0 > WL[[i11 % (es[r1[[i1] *»D[W2[[31], us] e;[r]1.CA+w2[[j1] - CD[i, ].CA)

i=1j=1

CURVE ACCELERATION

Y(t) =r(t)ei+o (t)er+¢ (t) es = y' (t) =
r'e;+6"' sinhrcoshre,+ (6" sinhzr‘+¢') es

VoY =7°

Examplell -V, . (r'+e;)=r'"e;
= CovDer[{r', @, @}, {r', 0, 0}] // FullSimplify
oufe)= {0 &r’, 0, 0}
Examplel2 -V, (6" *sinhrcoshre;) = -r' 8'sinhrcoshr e;+r’6’ cosh 2r e,

== CovDer[{r', @, @}, {0, 6' Sinh[r] Cosh[r], ©}] // FullSimplify
ouf-1-= {@, Cosh[2r] r'e’, -Cosh[r] Sinh[r] r' e’}
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Examplel3 - vr.*el(e' xsinh?r + CP')es
i = CovDer[{r', @, @}, {0, @, ' (Sinh[r])*+¢"'}] // Fullsimplify

our-- {@, r (Sinh[r]*e +¢’), Sinh[2r] r' &'}

Examplezl - VG‘acs,inhrcoshrez (I" *€1)

- CovDer[{@, &' Sinh[r] Cosh[r], @0}, {r', @, 0}] // FullSimplify
ouf-)= {0, Cosh[2r] r'e", Cosh[r] Sinh[r] r' 6’}

Example22 - Vg sinhrcoshre, (6" * sinhrcoshre,)
- CovDer[{@, 6' Sinh[r] Cosh[r], 0}, {0, 6' Sinh[r] Cosh[r], ©}] // FullSimplify

1
outpe - {- " Sinh[4r] (6')2, Cosh[r] (@ &) Sinh[r] €', 0}

Example23 - Vg,sinhr coshre, (8" * sinh? r +¢') e3 - KRIVO!

i1~ CovDer[{@, &' Sinh[r] Cosh[r], @}, {0, 0, 6" (Sinh[r‘])2+¢'}] // FullSimplify

our-- {-Cosh[r] Sinh[r] € (Sinh[r]?e"+¢'), @, 8 &Sinh[r]* e’}

Example31 - Vig,ginn? r4g)e, * €1

n-- CovDer[{@, @, 6" (Sinh[r])*+¢'}, {r', @, @}] // FullSimplify

our-- {@, r (Sinh[r]*e +¢’), 6}

Example32 - V(g ginn2 r4g1)e, 6 * SINhTr coshre;

- CovDer[{@, @, &' (Sinh[r])*+¢"'}, {@, €' Sinh[r] Cosh[r], @}] // FullSimplify

our-)- {-Cosh[r] Sinh[r] e (Sinh[r]’e"+¢’), @, 0}

Example33 - V(G‘*sinh2r+¢‘)e3(9' xsinh?r +¢')e;

n- = CovDer[{@, @, 8' (Sinh[r])*+¢"'}, {8, 8, 8" (Sinh[r])?+¢'}] // FullSimplify

our-- {0, @, @& (Sinh[r]?e +¢')}
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generally ---KRIVO!

Vo' Y
ne= CovDer[{r', ' Sinh[r] Cosh[r], &' (Sinh[r])?+¢"'},

{r', @'sinh[r] Cosh[r], &' (Sinh[r])?>+¢"'}] // FullSimplify

1
outpe = {0&r'+ ;Sinh[Zr‘] @ ((1-2Cosh[2r]) & -2¢'),

1
— (0 &Sinh[2r] + (-2+6Cosh[2r]) ') e +2r' ¢,
2

2Sinh[r] (@ &Sinh[r] + Cosh[r]r’) 6’ +0 &¢’}

Provjera identiteta

mer= (1-2Cosh[2r]) - (-1-4 (Sinh[r])?) // FullSimplify
outfe]= @

nep= (=1+3Cosh[2r]) -2 (1+3 (Sinh[r])?) // FullSimplify

outre]= @

Usporedba clanova akceleracije uz el

mej= DML :=r'* - (8')2Sinh[r] Cosh[r] Cosh[2r] -
2 (6')% (Sinh[r])3 cosh[r] - 26’ ¢’ Sinh[r] Cosh[r]
EZ1 :=r'' -Sinh[r] Cosh[r] 6" ((1+4 (Sinh[r])?)e"'+2¢’)

nf+j= DM1 - EZ1 // FullSimplify

outle]1= @

Usporedba Clanova akceleracije uz €2
mej- DM2 :=2r' @' Cosh[2r] +2r' 6" (Sinh[r])2+2r' ¢ +6"'"' Sinh[r] Cosh[r]
EZ2 := Sinh[r] Cosh[r] e''+2 (1+3 (Sinh[r])?)r'e'+2r'¢’

inf+= DM2 - EZ2 // FullSimplify

outfe]= @

Usporedba Clanova akceleracije uz €3

- DM3 := @' +r' ©' Sinh[2r] +6"" (Sinh[r])2
EZ3 :=¢'' + (Sinh[r])%?e'' +Sinh[2r]r'6"
infej= DM3 - EZ3 // FullSimplify

outre]= @



