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Preface to the Third Edition

The goals of this book are to develop an appreciation for the richness and
versatility of modern time series analysis as a tool for analyzing data, and still
maintain a commitment to theoretical integrity, as exemplified by the seminal
works of Brillinger (1975) and Hannan (1970) and the texts by Brockwell and
Davis (1991) and Fuller (1995). The advent of inexpensive powerful computing
has provided both real data and new software that can take one considerably
beyond the fitting of simple time domain models, such as have been elegantly
described in the landmark work of Box and Jenkins (1970). This book is
designed to be useful as a text for courses in time series on several different
levels and as a reference work for practitioners facing the analysis of time-
correlated data in the physical, biological, and social sciences.

We have used earlier versions of the text at both the undergraduate and
graduate levels over the past decade. Our experience is that an undergraduate
course can be accessible to students with a background in regression analysis
and may include §1.1–§1.6, §2.1–§2.3, the results and numerical parts of §3.1–
§3.9, and briefly the results and numerical parts of §4.1–§4.6. At the advanced
undergraduate or master’s level, where the students have some mathematical
statistics background, more detailed coverage of the same sections, with the
inclusion of §2.4 and extra topics from Chapter 5 or Chapter 6 can be used as
a one-semester course. Often, the extra topics are chosen by the students ac-
cording to their interests. Finally, a two-semester upper-level graduate course
for mathematics, statistics, and engineering graduate students can be crafted
by adding selected theoretical appendices. For the upper-level graduate course,
we should mention that we are striving for a broader but less rigorous level
of coverage than that which is attained by Brockwell and Davis (1991), the
classic entry at this level.

The major difference between this third edition of the text and the second
edition is that we provide R code for almost all of the numerical examples. In
addition, we provide an R supplement for the text that contains the data and
scripts in a compressed file called tsa3.rda; the supplement is available on the
website for the third edition, http://www.stat.pitt.edu/stoffer/tsa3/,
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or one of its mirrors. On the website, we also provide the code used in each
example so that the reader may simply copy-and-paste code directly into R.
Specific details are given in Appendix R and on the website for the text.
Appendix R is new to this edition, and it includes a small R tutorial as well
as providing a reference for the data sets and scripts included in tsa3.rda. So
there is no misunderstanding, we emphasize the fact that this text is about
time series analysis, not about R. R code is provided simply to enhance the
exposition by making the numerical examples reproducible.

We have tried, where possible, to keep the problem sets in order so that an
instructor may have an easy time moving from the second edition to the third
edition. However, some of the old problems have been revised and there are
some new problems. Also, some of the data sets have been updated. We added
one section in Chapter 5 on unit roots and enhanced some of the presenta-
tions throughout the text. The exposition on state-space modeling, ARMAX
models, and (multivariate) regression with autocorrelated errors in Chapter 6
have been expanded. In this edition, we use standard R functions as much as
possible, but we use our own scripts (included in tsa3.rda) when we feel it
is necessary to avoid problems with a particular R function; these problems
are discussed in detail on the website for the text under R Issues.

We thank John Kimmel, Executive Editor, Springer Statistics, for his guid-
ance in the preparation and production of this edition of the text. We are
grateful to Don Percival, University of Washington, for numerous suggestions
that led to substantial improvement to the presentation in the second edition,
and consequently in this edition. We thank Doug Wiens, University of Alberta,
for help with some of the R code in Chapters 4 and 7, and for his many sug-
gestions for improvement of the exposition. We are grateful for the continued
help and advice of Pierre Duchesne, University of Montreal, and Alexander
Aue, University of California, Davis. We also thank the many students and
other readers who took the time to mention typographical errors and other
corrections to the first and second editions. Finally, work on the this edition
was supported by the National Science Foundation while one of us (D.S.S.)
was working at the Foundation under the Intergovernmental Personnel Act.

Davis, CA Robert H. Shumway
Pittsburgh, PA David S. Stoffer
September 2010
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1

Characteristics of Time Series

1.1 Introduction

The analysis of experimental data that have been observed at different points
in time leads to new and unique problems in statistical modeling and infer-
ence. The obvious correlation introduced by the sampling of adjacent points
in time can severely restrict the applicability of the many conventional statis-
tical methods traditionally dependent on the assumption that these adjacent
observations are independent and identically distributed. The systematic ap-
proach by which one goes about answering the mathematical and statistical
questions posed by these time correlations is commonly referred to as time
series analysis.

The impact of time series analysis on scientific applications can be par-
tially documented by producing an abbreviated listing of the diverse fields
in which important time series problems may arise. For example, many fa-
miliar time series occur in the field of economics, where we are continually
exposed to daily stock market quotations or monthly unemployment figures.

ments. An epidemiologist might be interested in the number of influenza cases
observed over some time period. In medicine, blood pressure measurements
traced over time could be useful for evaluating drugs used in treating hy-
pertension. Functional magnetic resonance imaging of brain-wave time series
patterns might be used to study how the brain reacts to certain stimuli under
various experimental conditions.

Many of the most intensive and sophisticated applications of time series
methods have been to problems in the physical and environmental sciences.
This fact accounts for the basic engineering flavor permeating the language of
time series analysis. One of the earliest recorded series is the monthly sunspot
numbers studied by Schuster (1906). More modern investigations may cen-
ter on whether a warming is present in global temperature measurements

1 

Social scientists follow population series, such as birthrates or school enroll-

Springer Texts in Statistics, DOI 10.1007/978-1-4419-7865-3_1, 
© Springer Science+Business Media, LLC 2011 

R.H. Shumway and D.S. Stoffer, Time Series Analysis and Its Applications: With R Examples,



2 1 Characteristics of Time Series

or whether levels of pollution may influence daily mortality in Los Angeles.
The modeling of speech series is an important problem related to the efficient
transmission of voice recordings. Common features in a time series character-
istic known as the power spectrum are used to help computers recognize and
translate speech. Geophysical time series such as those produced by yearly de-
positions of various kinds can provide long-range proxies for temperature and
rainfall. Seismic recordings can aid in mapping fault lines or in distinguishing
between earthquakes and nuclear explosions.

The above series are only examples of experimental databases that can
be used to illustrate the process by which classical statistical methodology
can be applied in the correlated time series framework. In our view, the first
step in any time series investigation always involves careful scrutiny of the
recorded data plotted over time. This scrutiny often suggests the method of
analysis as well as statistics that will be of use in summarizing the information
in the data. Before looking more closely at the particular statistical methods,
it is appropriate to mention that two separate, but not necessarily mutually
exclusive, approaches to time series analysis exist, commonly identified as the
time domain approach and the frequency domain approach.

The time domain approach is generally motivated by the presumption
that correlation between adjacent points in time is best explained in terms
of a dependence of the current value on past values. The time domain ap-
proach focuses on modeling some future value of a time series as a parametric
function of the current and past values. In this scenario, we begin with linear
regressions of the present value of a time series on its own past values and
on the past values of other series. This modeling leads one to use the results
of the time domain approach as a forecasting tool and is particularly popular
with economists for this reason.

One approach, advocated in the landmark work of Box and Jenkins (1970;
see also Box et al., 1994), develops a systematic class of models called au-
toregressive integrated moving average (ARIMA) models to handle time-
correlated modeling and forecasting. The approach includes a provision for
treating more than one input series through multivariate ARIMA or through
transfer function modeling. The defining feature of these models is that they
are multiplicative models, meaning that the observed data are assumed to
result from products of factors involving differential or difference equation
operators responding to a white noise input.

A more recent approach to the same problem uses additive models more
familiar to statisticians. In this approach, the observed data are assumed to
result from sums of series, each with a specified time series structure; for exam-
ple, in economics, assume a series is generated as the sum of trend, a seasonal
effect, and error. The state-space model that results is then treated by making
judicious use of the celebrated Kalman filters and smoothers, developed origi-
nally for estimation and control in space applications. Two relatively complete
presentations from this point of view are in Harvey (1991) and Kitagawa and
Gersch (1996). Time series regression is introduced in Chapter 2, and ARIMA
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and related time domain models are studied in Chapter 3, with the empha-
sis on classical, statistical, univariate linear regression. Special topics on time
domain analysis are covered in Chapter 5; these topics include modern treat-
ments of, for example, time series with long memory and GARCH models
for the analysis of volatility. The state-space model, Kalman filtering and
smoothing, and related topics are developed in Chapter 6.

Conversely, the frequency domain approach assumes the primary charac-
teristics of interest in time series analyses relate to periodic or systematic
sinusoidal variations found naturally in most data. These periodic variations
are often caused by biological, physical, or environmental phenomena of inter-
est. A series of periodic shocks may influence certain areas of the brain; wind
may affect vibrations on an airplane wing; sea surface temperatures caused
by El Niño oscillations may affect the number of fish in the ocean. The study
of periodicity extends to economics and social sciences, where one may be
interested in yearly periodicities in such series as monthly unemployment or
monthly birth rates.

In spectral analysis, the partition of the various kinds of periodic variation
in a time series is accomplished by evaluating separately the variance associ-
ated with each periodicity of interest. This variance profile over frequency is
called the power spectrum. In our view, no schism divides time domain and
frequency domain methodology, although cliques are often formed that advo-
cate primarily one or the other of the approaches to analyzing data. In many
cases, the two approaches may produce similar answers for long series, but
the comparative performance over short samples is better done in the time
domain. In some cases, the frequency domain formulation simply provides a
convenient means for carrying out what is conceptually a time domain calcu-
lation. Hopefully, this book will demonstrate that the best path to analyzing
many data sets is to use the two approaches in a complementary fashion. Ex-
positions emphasizing primarily the frequency domain approach can be found
in Bloomfield (1976, 2000), Priestley (1981), or Jenkins and Watts (1968).
On a more advanced level, Hannan (1970), Brillinger (1981, 2001), Brockwell
and Davis (1991), and Fuller (1996) are available as theoretical sources. Our
coverage of the frequency domain is given in Chapters 4 and 7.

The objective of this book is to provide a unified and reasonably complete
exposition of statistical methods used in time series analysis, giving serious
consideration to both the time and frequency domain approaches. Because a
myriad of possible methods for analyzing any particular experimental series
can exist, we have integrated real data from a number of subject fields into
the exposition and have suggested methods for analyzing these data.

1.2 The Nature of Time Series Data

Some of the problems and questions of interest to the prospective time se-
ries analyst can best be exposed by considering real experimental data taken
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Fig. 1.1. Johnson & Johnson quarterly earnings per share, 84 quarters, 1960-I to
1980-IV.

from different subject areas. The following cases illustrate some of the com-
mon kinds of experimental time series data as well as some of the statistical
questions that might be asked about such data.

Example 1.1 Johnson & Johnson Quarterly Earnings

Figure 1.1 shows quarterly earnings per share for the U.S. company Johnson
& Johnson, furnished by Professor Paul Griffin (personal communication) of
the Graduate School of Management, University of California, Davis. There
are 84 quarters (21 years) measured from the first quarter of 1960 to the
last quarter of 1980. Modeling such series begins by observing the primary
patterns in the time history. In this case, note the gradually increasing un-
derlying trend and the rather regular variation superimposed on the trend
that seems to repeat over quarters. Methods for analyzing data such as these
are explored in Chapter 2 (see Problem 2.1) using regression techniques and
in Chapter 6, §6.5, using structural equation modeling.

To plot the data using the R statistical package, type the following:1

1 load("tsa3.rda") # SEE THE FOOTNOTE

2 plot(jj, type="o", ylab="Quarterly Earnings per Share")

Example 1.2 Global Warming

Consider the global temperature series record shown in Figure 1.2. The data
are the global mean land–ocean temperature index from 1880 to 2009, with

1 We assume that tsa3.rda has been downloaded to a convenient directory. See
Appendix R for further details.
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Fig. 1.2. Yearly average global temperature deviations (1880–2009) in degrees centi-
grade.

the base period 1951-1980. In particular, the data are deviations, measured
in degrees centigrade, from the 1951-1980 average, and are an update of
Hansen et al. (2006). We note an apparent upward trend in the series during
the latter part of the twentieth century that has been used as an argument
for the global warming hypothesis. Note also the leveling off at about 1935
and then another rather sharp upward trend at about 1970. The question of
interest for global warming proponents and opponents is whether the overall
trend is natural or whether it is caused by some human-induced interface.
Problem 2.8 examines 634 years of glacial sediment data that might be taken
as a long-term temperature proxy. Such percentage changes in temperature
do not seem to be unusual over a time period of 100 years. Again, the
question of trend is of more interest than particular periodicities.

The R code for this example is similar to the code in Example 1.1:
1 plot(gtemp, type="o", ylab="Global Temperature Deviations")

Example 1.3 Speech Data

More involved questions develop in applications to the physical sciences.
Figure 1.3 shows a small .1 second (1000 point) sample of recorded speech
for the phrase aaa · · ·hhh, and we note the repetitive nature of the signal
and the rather regular periodicities. One current problem of great inter-
est is computer recognition of speech, which would require converting this
particular signal into the recorded phrase aaa · · ·hhh. Spectral analysis can
be used in this context to produce a signature of this phrase that can be
compared with signatures of various library syllables to look for a match.
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Fig. 1.3. Speech recording of the syllable aaa · · ·hhh sampled at 10,000 points per
second with n = 1020 points.

One can immediately notice the rather regular repetition of small wavelets.
The separation between the packets is known as the pitch period and rep-
resents the response of the vocal tract filter to a periodic sequence of pulses
stimulated by the opening and closing of the glottis.

In R, you can reproduce Figure 1.3 as follows:
1 plot(speech)

Example 1.4 New York Stock Exchange

As an example of financial time series data, Figure 1.4 shows the daily
returns (or percent change) of the New York Stock Exchange (NYSE) from
February 2, 1984 to December 31, 1991. It is easy to spot the crash of
October 19, 1987 in the figure. The data shown in Figure 1.4 are typical of
return data. The mean of the series appears to be stable with an average
return of approximately zero, however, the volatility (or variability) of data
changes over time. In fact, the data show volatility clustering; that is, highly
volatile periods tend to be clustered together. A problem in the analysis of
these type of financial data is to forecast the volatility of future returns.
Models such as ARCH and GARCH models (Engle, 1982; Bollerslev, 1986)
and stochastic volatility models (Harvey, Ruiz and Shephard, 1994) have
been developed to handle these problems. We will discuss these models and
the analysis of financial data in Chapters 5 and 6. The R code for this
example is similar to the previous examples:

1 plot(nyse, ylab="NYSE Returns")
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Fig. 1.4. Returns of the NYSE. The data are daily value weighted market returns
from February 2, 1984 to December 31, 1991 (2000 trading days). The crash of
October 19, 1987 occurs at t = 938.

Example 1.5 El Niño and Fish Population

We may also be interested in analyzing several time series at once. Fig-
ure 1.5 shows monthly values of an environmental series called the Southern
Oscillation Index (SOI) and associated Recruitment (number of new fish)
furnished by Dr. Roy Mendelssohn of the Pacific Environmental Fisheries
Group (personal communication). Both series are for a period of 453 months
ranging over the years 1950–1987. The SOI measures changes in air pressure,
related to sea surface temperatures in the central Pacific Ocean. The central
Pacific warms every three to seven years due to the El Niño effect, which has
been blamed, in particular, for the 1997 floods in the midwestern portions
of the United States. Both series in Figure 1.5 tend to exhibit repetitive
behavior, with regularly repeating cycles that are easily visible. This peri-
odic behavior is of interest because underlying processes of interest may be
regular and the rate or frequency of oscillation characterizing the behavior
of the underlying series would help to identify them. One can also remark
that the cycles of the SOI are repeating at a faster rate than those of the
Recruitment series. The Recruitment series also shows several kinds of oscil-
lations, a faster frequency that seems to repeat about every 12 months and a
slower frequency that seems to repeat about every 50 months. The study of
the kinds of cycles and their strengths is the subject of Chapter 4. The two
series also tend to be somewhat related; it is easy to imagine that somehow
the fish population is dependent on the SOI. Perhaps even a lagged relation
exists, with the SOI signaling changes in the fish population. This possibility
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Fig. 1.5. Monthly SOI and Recruitment (estimated new fish), 1950-1987.

suggests trying some version of regression analysis as a procedure for relat-
ing the two series. Transfer function modeling, as considered in Chapter 5,
can be applied in this case to obtain a model relating Recruitment to its
own past and the past values of the SOI.

The following R code will reproduce Figure 1.5:
1 par(mfrow = c(2,1)) # set up the graphics

2 plot(soi, ylab="", xlab="", main="Southern Oscillation Index")

3 plot(rec, ylab="", xlab="", main="Recruitment")

Example 1.6 fMRI Imaging

A fundamental problem in classical statistics occurs when we are given a
collection of independent series or vectors of series, generated under varying
experimental conditions or treatment configurations. Such a set of series is
shown in Figure 1.6, where we observe data collected from various locations
in the brain via functional magnetic resonance imaging (fMRI). In this ex-
ample, five subjects were given periodic brushing on the hand. The stimulus
was applied for 32 seconds and then stopped for 32 seconds; thus, the signal
period is 64 seconds. The sampling rate was one observation every 2 seconds
for 256 seconds (n = 128). For this example, we averaged the results over
subjects (these were evoked responses, and all subjects were in phase). The
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Fig. 1.6. fMRI data from various locations in the cortex, thalamus, and cerebellum;
n = 128 points, one observation taken every 2 seconds.

series shown in Figure 1.6 are consecutive measures of blood oxygenation-
level dependent (bold) signal intensity, which measures areas of activation
in the brain. Notice that the periodicities appear strongly in the motor cor-
tex series and less strongly in the thalamus and cerebellum. The fact that
one has series from different areas of the brain suggests testing whether the
areas are responding differently to the brush stimulus. Analysis of variance
techniques accomplish this in classical statistics, and we show in Chapter 7
how these classical techniques extend to the time series case, leading to a
spectral analysis of variance.

The following R commands were used to plot the data:
1 par(mfrow=c(2,1), mar=c(3,2,1,0)+.5, mgp=c(1.6,.6,0))

2 ts.plot(fmri1[,2:5], lty=c(1,2,4,5), ylab="BOLD", xlab="",

main="Cortex")

3 ts.plot(fmri1[,6:9], lty=c(1,2,4,5), ylab="BOLD", xlab="",

main="Thalamus & Cerebellum")

4 mtext("Time (1 pt = 2 sec)", side=1, line=2)

Example 1.7 Earthquakes and Explosions

As a final example, the series in Figure 1.7 represent two phases or arrivals
along the surface, denoted by P (t = 1, . . . , 1024) and S (t = 1025, . . . , 2048),
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Fig. 1.7. Arrival phases from an earthquake (top) and explosion (bottom) at 40
points per second.

at a seismic recording station. The recording instruments in Scandinavia are
observing earthquakes and mining explosions with one of each shown in Fig-
ure 1.7. The general problem of interest is in distinguishing or discriminating
between waveforms generated by earthquakes and those generated by explo-
sions. Features that may be important are the rough amplitude ratios of the
first phase P to the second phase S, which tend to be smaller for earth-
quakes than for explosions. In the case of the two events in Figure 1.7, the
ratio of maximum amplitudes appears to be somewhat less than .5 for the
earthquake and about 1 for the explosion. Otherwise, note a subtle differ-
ence exists in the periodic nature of the S phase for the earthquake. We can
again think about spectral analysis of variance for testing the equality of the
periodic components of earthquakes and explosions. We would also like to be
able to classify future P and S components from events of unknown origin,
leading to the time series discriminant analysis developed in Chapter 7.

To plot the data as in this example, use the following commands in R:
1 par(mfrow=c(2,1))

2 plot(EQ5, main="Earthquake")

3 plot(EXP6, main="Explosion")
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1.3 Time Series Statistical Models

The primary objective of time series analysis is to develop mathematical mod-
els that provide plausible descriptions for sample data, like that encountered
in the previous section. In order to provide a statistical setting for describing
the character of data that seemingly fluctuate in a random fashion over time,
we assume a time series can be defined as a collection of random variables in-
dexed according to the order they are obtained in time. For example, we may
consider a time series as a sequence of random variables, x1, x2, x3, . . . , where
the random variable x1 denotes the value taken by the series at the first time
point, the variable x2 denotes the value for the second time period, x3 denotes
the value for the third time period, and so on. In general, a collection of ran-
dom variables, {xt}, indexed by t is referred to as a stochastic process. In this
text, t will typically be discrete and vary over the integers t = 0,±1,±2, ...,
or some subset of the integers. The observed values of a stochastic process are
referred to as a realization of the stochastic process. Because it will be clear
from the context of our discussions, we use the term time series whether we
are referring generically to the process or to a particular realization and make
no notational distinction between the two concepts.

It is conventional to display a sample time series graphically by plotting
the values of the random variables on the vertical axis, or ordinate, with
the time scale as the abscissa. It is usually convenient to connect the values
at adjacent time periods to reconstruct visually some original hypothetical
continuous time series that might have produced these values as a discrete
sample. Many of the series discussed in the previous section, for example,
could have been observed at any continuous point in time and are conceptually
more properly treated as continuous time series. The approximation of these
series by discrete time parameter series sampled at equally spaced points
in time is simply an acknowledgment that sampled data will, for the most
part, be discrete because of restrictions inherent in the method of collection.
Furthermore, the analysis techniques are then feasible using computers, which
are limited to digital computations. Theoretical developments also rest on the
idea that a continuous parameter time series should be specified in terms of
finite-dimensional distribution functions defined over a finite number of points
in time. This is not to say that the selection of the sampling interval or rate
is not an extremely important consideration. The appearance of data can be
changed completely by adopting an insufficient sampling rate. We have all
seen wagon wheels in movies appear to be turning backwards because of the
insufficient number of frames sampled by the camera. This phenomenon leads
to a distortion called aliasing (see §4.2).

The fundamental visual characteristic distinguishing the different series
shown in Examples 1.1–1.7 is their differing degrees of smoothness. One pos-
sible explanation for this smoothness is that it is being induced by the suppo-
sition that adjacent points in time are correlated, so the value of the series at
time t, say, xt, depends in some way on the past values xt−1, xt−2, . . .. This
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model expresses a fundamental way in which we might think about gener-
ating realistic-looking time series. To begin to develop an approach to using
collections of random variables to model time series, consider Example 1.8.

Example 1.8 White Noise

A simple kind of generated series might be a collection of uncorrelated ran-
dom variables, wt, with mean 0 and finite variance σ2

w. The time series
generated from uncorrelated variables is used as a model for noise in en-
gineering applications, where it is called white noise; we shall sometimes
denote this process as wt ∼ wn(0, σ2

w). The designation white originates
from the analogy with white light and indicates that all possible periodic
oscillations are present with equal strength.

We will, at times, also require the noise to be independent and identically
distributed (iid) random variables with mean 0 and variance σ2

w. We shall
distinguish this case by saying white independent noise, or by writing wt ∼
iid(0, σ2

w). A particularly useful white noise series is Gaussian white noise,
wherein the wt are independent normal random variables, with mean 0 and
variance σ2

w; or more succinctly, wt ∼ iid N(0, σ2
w). Figure 1.8 shows in the

upper panel a collection of 500 such random variables, with σ2
w = 1, plotted

in the order in which they were drawn. The resulting series bears a slight
resemblance to the explosion in Figure 1.7 but is not smooth enough to
serve as a plausible model for any of the other experimental series. The plot
tends to show visually a mixture of many different kinds of oscillations in
the white noise series.

If the stochastic behavior of all time series could be explained in terms of
the white noise model, classical statistical methods would suffice. Two ways
of introducing serial correlation and more smoothness into time series models
are given in Examples 1.9 and 1.10.

Example 1.9 Moving Averages

We might replace the white noise series wt by a moving average that smooths
the series. For example, consider replacing wt in Example 1.8 by an average
of its current value and its immediate neighbors in the past and future. That
is, let

vt = 1
3

(
wt−1 + wt + wt+1

)
, (1.1)

which leads to the series shown in the lower panel of Figure 1.8. Inspecting
the series shows a smoother version of the first series, reflecting the fact that
the slower oscillations are more apparent and some of the faster oscillations
are taken out. We begin to notice a similarity to the SOI in Figure 1.5, or
perhaps, to some of the fMRI series in Figure 1.6.

To reproduce Figure 1.8 in R use the following commands. A linear com-
bination of values in a time series such as in (1.1) is referred to, generically,
as a filtered series; hence the command filter.
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Fig. 1.8. Gaussian white noise series (top) and three-point moving average of the
Gaussian white noise series (bottom).

1 w = rnorm(500,0,1) # 500 N(0,1) variates

2 v = filter(w, sides=2, rep(1/3,3)) # moving average

3 par(mfrow=c(2,1))

4 plot.ts(w, main="white noise")

5 plot.ts(v, main="moving average")

The speech series in Figure 1.3 and the Recruitment series in Figure 1.5,
as well as some of the MRI series in Figure 1.6, differ from the moving average
series because one particular kind of oscillatory behavior seems to predom-
inate, producing a sinusoidal type of behavior. A number of methods exist
for generating series with this quasi-periodic behavior; we illustrate a popular
one based on the autoregressive model considered in Chapter 3.

Example 1.10 Autoregressions

Suppose we consider the white noise series wt of Example 1.8 as input and
calculate the output using the second-order equation

xt = xt−1 − .9xt−2 + wt (1.2)

successively for t = 1, 2, . . . , 500. Equation (1.2) represents a regression or
prediction of the current value xt of a time series as a function of the past
two values of the series, and, hence, the term autoregression is suggested
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Fig. 1.9. Autoregressive series generated from model (1.2).

for this model. A problem with startup values exists here because (1.2) also
depends on the initial conditions x0 and x−1, but, for now, we assume that
we are given these values and generate the succeeding values by substituting
into (1.2). The resulting output series is shown in Figure 1.9, and we note
the periodic behavior of the series, which is similar to that displayed by
the speech series in Figure 1.3. The autoregressive model above and its
generalizations can be used as an underlying model for many observed series
and will be studied in detail in Chapter 3.

One way to simulate and plot data from the model (1.2) in R is to use
the following commands (another way is to use arima.sim).

1 w = rnorm(550,0,1) # 50 extra to avoid startup problems

2 x = filter(w, filter=c(1,-.9), method="recursive")[-(1:50)]

3 plot.ts(x, main="autoregression")

Example 1.11 Random Walk with Drift

A model for analyzing trend such as seen in the global temperature data in
Figure 1.2, is the random walk with drift model given by

xt = δ + xt−1 + wt (1.3)

for t = 1, 2, . . ., with initial condition x0 = 0, and where wt is white noise.
The constant δ is called the drift, and when δ = 0, (1.3) is called simply a
random walk. The term random walk comes from the fact that, when δ = 0,
the value of the time series at time t is the value of the series at time t− 1
plus a completely random movement determined by wt. Note that we may
rewrite (1.3) as a cumulative sum of white noise variates. That is,

xt = δ t+

t∑
j=1

wj (1.4)
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Fig. 1.10. Random walk, σw = 1, with drift δ = .2 (upper jagged line), without
drift, δ = 0 (lower jagged line), and a straight line with slope .2 (dashed line).

for t = 1, 2, . . .; either use induction, or plug (1.4) into (1.3) to verify this
statement. Figure 1.10 shows 200 observations generated from the model
with δ = 0 and .2, and with σw = 1. For comparison, we also superimposed
the straight line .2t on the graph.

To reproduce Figure 1.10 in R use the following code (notice the use of
multiple commands per line using a semicolon).

1 set.seed(154) # so you can reproduce the results

2 w = rnorm(200,0,1); x = cumsum(w) # two commands in one line

3 wd = w +.2; xd = cumsum(wd)

4 plot.ts(xd, ylim=c(-5,55), main="random walk")

5 lines(x); lines(.2*(1:200), lty="dashed")

Example 1.12 Signal in Noise

Many realistic models for generating time series assume an underlying signal
with some consistent periodic variation, contaminated by adding a random
noise. For example, it is easy to detect the regular cycle fMRI series displayed
on the top of Figure 1.6. Consider the model

xt = 2 cos(2πt/50 + .6π) + wt (1.5)

for t = 1, 2, . . . , 500, where the first term is regarded as the signal, shown in
the upper panel of Figure 1.11. We note that a sinusoidal waveform can be
written as

A cos(2πωt+ φ), (1.6)

where A is the amplitude, ω is the frequency of oscillation, and φ is a phase
shift. In (1.5), A = 2, ω = 1/50 (one cycle every 50 time points), and
φ = .6π.
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Fig. 1.11. Cosine wave with period 50 points (top panel) compared with the cosine
wave contaminated with additive white Gaussian noise, σw = 1 (middle panel) and
σw = 5 (bottom panel); see (1.5).

An additive noise term was taken to be white noise with σw = 1 (mid-
dle panel) and σw = 5 (bottom panel), drawn from a normal distribution.
Adding the two together obscures the signal, as shown in the lower panels of
Figure 1.11. Of course, the degree to which the signal is obscured depends
on the amplitude of the signal and the size of σw. The ratio of the amplitude
of the signal to σw (or some function of the ratio) is sometimes called the
signal-to-noise ratio (SNR); the larger the SNR, the easier it is to detect
the signal. Note that the signal is easily discernible in the middle panel of
Figure 1.11, whereas the signal is obscured in the bottom panel. Typically,
we will not observe the signal but the signal obscured by noise.

To reproduce Figure 1.11 in R, use the following commands:
1 cs = 2*cos(2*pi*1:500/50 + .6*pi)

2 w = rnorm(500,0,1)

3 par(mfrow=c(3,1), mar=c(3,2,2,1), cex.main=1.5)

4 plot.ts(cs, main=expression(2*cos(2*pi*t/50+.6*pi)))

5 plot.ts(cs+w, main=expression(2*cos(2*pi*t/50+.6*pi) + N(0,1)))

6 plot.ts(cs+5*w, main=expression(2*cos(2*pi*t/50+.6*pi) + N(0,25)))

In Chapter 4, we will study the use of spectral analysis as a possible
technique for detecting regular or periodic signals, such as the one described
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in Example 1.12. In general, we would emphasize the importance of simple
additive models such as given above in the form

xt = st + vt, (1.7)

where st denotes some unknown signal and vt denotes a time series that may
be white or correlated over time. The problems of detecting a signal and then
in estimating or extracting the waveform of st are of great interest in many
areas of engineering and the physical and biological sciences. In economics,
the underlying signal may be a trend or it may be a seasonal component of a
series. Models such as (1.7), where the signal has an autoregressive structure,
form the motivation for the state-space model of Chapter 6.

In the above examples, we have tried to motivate the use of various com-
binations of random variables emulating real time series data. Smoothness
characteristics of observed time series were introduced by combining the ran-
dom variables in various ways. Averaging independent random variables over
adjacent time points, as in Example 1.9, or looking at the output of differ-
ence equations that respond to white noise inputs, as in Example 1.10, are
common ways of generating correlated data. In the next section, we introduce
various theoretical measures used for describing how time series behave. As
is usual in statistics, the complete description involves the multivariate dis-
tribution function of the jointly sampled values x1, x2, . . . , xn, whereas more
economical descriptions can be had in terms of the mean and autocorrelation
functions. Because correlation is an essential feature of time series analysis, the
most useful descriptive measures are those expressed in terms of covariance
and correlation functions.

1.4 Measures of Dependence: Autocorrelation and
Cross-Correlation

A complete description of a time series, observed as a collection of n random
variables at arbitrary integer time points t1, t2, . . . , tn, for any positive integer
n, is provided by the joint distribution function, evaluated as the probability
that the values of the series are jointly less than the n constants, c1, c2, . . . , cn;
i.e.,

F (c1, c2, . . . , cn) = P
(
xt1 ≤ c1, xt2 ≤ c2, . . . , xtn ≤ cn

)
. (1.8)

Unfortunately, the multidimensional distribution function cannot usually be
written easily unless the random variables are jointly normal, in which case
the joint density has the well-known form displayed in (1.31).

Although the joint distribution function describes the data completely, it
is an unwieldy tool for displaying and analyzing time series data. The dis-
tribution function (1.8) must be evaluated as a function of n arguments, so
any plotting of the corresponding multivariate density functions is virtually
impossible. The marginal distribution functions
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Ft(x) = P{xt ≤ x}

or the corresponding marginal density functions

ft(x) =
∂Ft(x)

∂x
,

when they exist, are often informative for examining the marginal behavior
of a series.2 Another informative marginal descriptive measure is the mean
function.

Definition 1.1 The mean function is defined as

µxt = E(xt) =

∫ ∞
−∞

xft(x) dx, (1.9)

provided it exists, where E denotes the usual expected value operator. When
no confusion exists about which time series we are referring to, we will drop
a subscript and write µxt as µt.

Example 1.13 Mean Function of a Moving Average Series

If wt denotes a white noise series, then µwt = E(wt) = 0 for all t. The top
series in Figure 1.8 reflects this, as the series clearly fluctuates around a
mean value of zero. Smoothing the series as in Example 1.9 does not change
the mean because we can write

µvt = E(vt) = 1
3 [E(wt−1) + E(wt) + E(wt+1)] = 0.

Example 1.14 Mean Function of a Random Walk with Drift

Consider the random walk with drift model given in (1.4),

xt = δ t+
t∑

j=1

wj , t = 1, 2, . . . .

Because E(wt) = 0 for all t, and δ is a constant, we have

µxt = E(xt) = δ t+

t∑
j=1

E(wj) = δ t

which is a straight line with slope δ. A realization of a random walk with
drift can be compared to its mean function in Figure 1.10.

2 If xt is Gaussian with mean µt and variance σ2
t , abbreviated as xt ∼ N(µt, σ

2
t ),

the marginal density is given by ft(x) =
1

σt
√

2π
exp

{
− 1

2σ2
t

(x− µt)2
}

.
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Example 1.15 Mean Function of Signal Plus Noise

A great many practical applications depend on assuming the observed data
have been generated by a fixed signal waveform superimposed on a zero-
mean noise process, leading to an additive signal model of the form (1.5). It
is clear, because the signal in (1.5) is a fixed function of time, we will have

µxt = E(xt) = E
[
2 cos(2πt/50 + .6π) + wt

]
= 2 cos(2πt/50 + .6π) + E(wt)

= 2 cos(2πt/50 + .6π),

and the mean function is just the cosine wave.

The lack of independence between two adjacent values xs and xt can be
assessed numerically, as in classical statistics, using the notions of covariance
and correlation. Assuming the variance of xt is finite, we have the following
definition.

Definition 1.2 The autocovariance function is defined as the second mo-
ment product

γx(s, t) = cov(xs, xt) = E[(xs − µs)(xt − µt)], (1.10)

for all s and t. When no possible confusion exists about which time series we
are referring to, we will drop the subscript and write γx(s, t) as γ(s, t).

Note that γx(s, t) = γx(t, s) for all time points s and t. The autocovariance
measures the linear dependence between two points on the same series ob-
served at different times. Very smooth series exhibit autocovariance functions
that stay large even when the t and s are far apart, whereas choppy series tend
to have autocovariance functions that are nearly zero for large separations.
The autocovariance (1.10) is the average cross-product relative to the joint
distribution F (xs, xt). Recall from classical statistics that if γx(s, t) = 0, xs
and xt are not linearly related, but there still may be some dependence struc-
ture between them. If, however, xs and xt are bivariate normal, γx(s, t) = 0
ensures their independence. It is clear that, for s = t, the autocovariance
reduces to the (assumed finite) variance, because

γx(t, t) = E[(xt − µt)2] = var(xt). (1.11)

Example 1.16 Autocovariance of White Noise

The white noise series wt has E(wt) = 0 and

γw(s, t) = cov(ws, wt) =

{
σ2
w s = t,

0 s 6= t.
(1.12)

A realization of white noise with σ2
w = 1 is shown in the top panel of

Figure 1.8.
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Example 1.17 Autocovariance of a Moving Average

Consider applying a three-point moving average to the white noise series wt
of the previous example as in Example 1.9. In this case,

γv(s, t) = cov(vs, vt) = cov
{

1
3 (ws−1 + ws + ws+1) , 13 (wt−1 + wt + wt+1)

}
.

When s = t we have3

γv(t, t) = 1
9cov{(wt−1 + wt + wt+1), (wt−1 + wt + wt+1)}

= 1
9 [cov(wt−1, wt−1) + cov(wt, wt) + cov(wt+1, wt+1)]

= 3
9σ

2
w.

When s = t+ 1,

γv(t+ 1, t) = 1
9cov{(wt + wt+1 + wt+2), (wt−1 + wt + wt+1)}

= 1
9 [cov(wt, wt) + cov(wt+1, wt+1)]

= 2
9σ

2
w,

using (1.12). Similar computations give γv(t − 1, t) = 2σ2
w/9, γv(t + 2, t) =

γv(t− 2, t) = σ2
w/9, and 0 when |t− s| > 2. We summarize the values for all

s and t as

γv(s, t) =


3
9σ

2
w s = t,

2
9σ

2
w |s− t| = 1,

1
9σ

2
w |s− t| = 2,

0 |s− t| > 2.

(1.13)

Example 1.17 shows clearly that the smoothing operation introduces a
covariance function that decreases as the separation between the two time
points increases and disappears completely when the time points are separated
by three or more time points. This particular autocovariance is interesting
because it only depends on the time separation or lag and not on the absolute
location of the points along the series. We shall see later that this dependence
suggests a mathematical model for the concept of weak stationarity.

Example 1.18 Autocovariance of a Random Walk

For the random walk model, xt =
∑t
j=1 wj , we have

γx(s, t) = cov(xs, xt) = cov

 s∑
j=1

wj ,

t∑
k=1

wk

 = min{s, t}σ2
w,

because the wt are uncorrelated random variables. Note that, as opposed
to the previous examples, the autocovariance function of a random walk

3 If the random variables U =
∑m
j=1 ajXj and V =

∑r
k=1 bkYk are linear com-

binations of random variables {Xj} and {Yk}, respectively, then cov(U, V ) =∑m
j=1

∑r
k=1 ajbkcov(Xj , Yk). Furthermore, var(U) = cov(U,U).
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depends on the particular time values s and t, and not on the time separation
or lag. Also, notice that the variance of the random walk, var(xt) = γx(t, t) =
t σ2

w, increases without bound as time t increases. The effect of this variance
increase can be seen in Figure 1.10 where the processes start to move away
from their mean functions δ t (note that δ = 0 and .2 in that example).

As in classical statistics, it is more convenient to deal with a measure of
association between −1 and 1, and this leads to the following definition.

Definition 1.3 The autocorrelation function (ACF) is defined as

ρ(s, t) =
γ(s, t)√

γ(s, s)γ(t, t)
. (1.14)

The ACF measures the linear predictability of the series at time t, say xt,
using only the value xs. We can show easily that −1 ≤ ρ(s, t) ≤ 1 using the
Cauchy–Schwarz inequality.4 If we can predict xt perfectly from xs through
a linear relationship, xt = β0 + β1xs, then the correlation will be +1 when
β1 > 0, and −1 when β1 < 0. Hence, we have a rough measure of the ability
to forecast the series at time t from the value at time s.

Often, we would like to measure the predictability of another series yt from
the series xs. Assuming both series have finite variances, we have the following
definition.

Definition 1.4 The cross-covariance function between two series, xt and
yt, is

γxy(s, t) = cov(xs, yt) = E[(xs − µxs)(yt − µyt)]. (1.15)

There is also a scaled version of the cross-covariance function.

Definition 1.5 The cross-correlation function (CCF) is given by

ρxy(s, t) =
γxy(s, t)√

γx(s, s)γy(t, t)
. (1.16)

We may easily extend the above ideas to the case of more than two series,
say, xt1, xt2, . . . , xtr; that is, multivariate time series with r components. For
example, the extension of (1.10) in this case is

γjk(s, t) = E[(xsj − µsj)(xtk − µtk)] j, k = 1, 2, . . . , r. (1.17)

In the definitions above, the autocovariance and cross-covariance functions
may change as one moves along the series because the values depend on both s

4 The Cauchy–Schwarz inequality implies |γ(s, t)|2 ≤ γ(s, s)γ(t, t).
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and t, the locations of the points in time. In Example 1.17, the autocovariance
function depends on the separation of xs and xt, say, h = |s− t|, and not on
where the points are located in time. As long as the points are separated by
h units, the location of the two points does not matter. This notion, called
weak stationarity, when the mean is constant, is fundamental in allowing us
to analyze sample time series data when only a single series is available.

1.5 Stationary Time Series

The preceding definitions of the mean and autocovariance functions are com-
pletely general. Although we have not made any special assumptions about
the behavior of the time series, many of the preceding examples have hinted
that a sort of regularity may exist over time in the behavior of a time series.
We introduce the notion of regularity using a concept called stationarity.

Definition 1.6 A strictly stationary time series is one for which the prob-
abilistic behavior of every collection of values

{xt1 , xt2 , . . . , xtk}

is identical to that of the time shifted set

{xt1+h, xt2+h, . . . , xtk+h}.

That is,

P{xt1 ≤ c1, . . . , xtk ≤ ck} = P{xt1+h ≤ c1, . . . , xtk+h ≤ ck} (1.18)

for all k = 1, 2, ..., all time points t1, t2, . . . , tk, all numbers c1, c2, . . . , ck, and
all time shifts h = 0,±1,±2, ... .

If a time series is strictly stationary, then all of the multivariate distri-
bution functions for subsets of variables must agree with their counterparts
in the shifted set for all values of the shift parameter h. For example, when
k = 1, (1.18) implies that

P{xs ≤ c} = P{xt ≤ c} (1.19)

for any time points s and t. This statement implies, for example, that the
probability that the value of a time series sampled hourly is negative at 1am
is the same as at 10am. In addition, if the mean function, µt, of the series xt
exists, (1.19) implies that µs = µt for all s and t, and hence µt must be con-
stant. Note, for example, that a random walk process with drift is not strictly
stationary because its mean function changes with time; see Example 1.14 on
page 18.

When k = 2, we can write (1.18) as
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P{xs ≤ c1, xt ≤ c2} = P{xs+h ≤ c1, xt+h ≤ c2} (1.20)

for any time points s and t and shift h. Thus, if the variance function of the
process exists, (1.20) implies that the autocovariance function of the series xt
satisfies

γ(s, t) = γ(s+ h, t+ h)

for all s and t and h. We may interpret this result by saying the autocovariance
function of the process depends only on the time difference between s and t,
and not on the actual times.

The version of stationarity in Definition 1.6 is too strong for most appli-
cations. Moreover, it is difficult to assess strict stationarity from a single data
set. Rather than imposing conditions on all possible distributions of a time
series, we will use a milder version that imposes conditions only on the first
two moments of the series. We now have the following definition.

Definition 1.7 A weakly stationary time series, xt, is a finite variance
process such that

(i) the mean value function, µt, defined in (1.9) is constant and does not
depend on time t, and

(ii) the autocovariance function, γ(s, t), defined in (1.10) depends on s and
t only through their difference |s− t|.

Henceforth, we will use the term stationary to mean weakly stationary; if a
process is stationary in the strict sense, we will use the term strictly stationary.

It should be clear from the discussion of strict stationarity following Defini-
tion 1.6 that a strictly stationary, finite variance, time series is also stationary.
The converse is not true unless there are further conditions. One important
case where stationarity implies strict stationarity is if the time series is Gaus-
sian [meaning all finite distributions, (1.18), of the series are Gaussian]. We
will make this concept more precise at the end of this section.

Because the mean function, E(xt) = µt, of a stationary time series is
independent of time t, we will write

µt = µ. (1.21)

Also, because the autocovariance function, γ(s, t), of a stationary time series,
xt, depends on s and t only through their difference |s− t|, we may simplify
the notation. Let s = t+ h, where h represents the time shift or lag. Then

γ(t+ h, t) = cov(xt+h, xt) = cov(xh, x0) = γ(h, 0)

because the time difference between times t + h and t is the same as the
time difference between times h and 0. Thus, the autocovariance function of
a stationary time series does not depend on the time argument t. Henceforth,
for convenience, we will drop the second argument of γ(h, 0).
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Fig. 1.12. Autocovariance function of a three-point moving average.

Definition 1.8 The autocovariance function of a stationary time se-
ries will be written as

γ(h) = cov(xt+h, xt) = E[(xt+h − µ)(xt − µ)]. (1.22)

Definition 1.9 The autocorrelation function (ACF) of a stationary
time series will be written using (1.14) as

ρ(h) =
γ(t+ h, t)√

γ(t+ h, t+ h)γ(t, t)
=
γ(h)

γ(0)
. (1.23)

The Cauchy–Schwarz inequality shows again that −1 ≤ ρ(h) ≤ 1 for all
h, enabling one to assess the relative importance of a given autocorrelation
value by comparing with the extreme values −1 and 1.

Example 1.19 Stationarity of White Noise

The mean and autocovariance functions of the white noise series discussed
in Examples 1.8 and 1.16 are easily evaluated as µwt = 0 and

γw(h) = cov(wt+h, wt) =

{
σ2
w h = 0,

0 h 6= 0.

Thus, white noise satisfies the conditions of Definition 1.7 and is weakly
stationary or stationary. If the white noise variates are also normally dis-
tributed or Gaussian, the series is also strictly stationary, as can be seen by
evaluating (1.18) using the fact that the noise would also be iid.

Example 1.20 Stationarity of a Moving Average

The three-point moving average process of Example 1.9 is stationary be-
cause, from Examples 1.13 and 1.17, the mean and autocovariance functions
µvt = 0, and
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γv(h) =


3
9σ

2
w h = 0,

2
9σ

2
w h = ±1,

1
9σ

2
w h = ±2,

0 |h| > 2

are independent of time t, satisfying the conditions of Definition 1.7. Fig-
ure 1.12 shows a plot of the autocovariance as a function of lag h with
σ2
w = 1. Interestingly, the autocovariance function is symmetric about lag

zero and decays as a function of lag.

The autocovariance function of a stationary process has several useful
properties (also, see Problem 1.25). First, the value at h = 0, namely

γ(0) = E[(xt − µ)2] (1.24)

is the variance of the time series; note that the Cauchy–Schwarz inequality
implies

|γ(h)| ≤ γ(0).

A final useful property, noted in the previous example, is that the autoco-
variance function of a stationary series is symmetric around the origin; that
is,

γ(h) = γ(−h) (1.25)

for all h. This property follows because shifting the series by h means that

γ(h) = γ(t+ h− t)
= E[(xt+h − µ)(xt − µ)]
= E[(xt − µ)(xt+h − µ)]
= γ(t− (t+ h))
= γ(−h),

which shows how to use the notation as well as proving the result.
When several series are available, a notion of stationarity still applies with

additional conditions.

Definition 1.10 Two time series, say, xt and yt, are said to be jointly sta-
tionary if they are each stationary, and the cross-covariance function

γxy(h) = cov(xt+h, yt) = E[(xt+h − µx)(yt − µy)] (1.26)

is a function only of lag h.

Definition 1.11 The cross-correlation function (CCF) of jointly station-
ary time series xt and yt is defined as

ρxy(h) =
γxy(h)√
γx(0)γy(0)

. (1.27)
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Again, we have the result −1 ≤ ρxy(h) ≤ 1 which enables comparison with
the extreme values −1 and 1 when looking at the relation between xt+h and
yt. The cross-correlation function is not generally symmetric about zero [i.e.,
typically ρxy(h) 6= ρxy(−h)]; however, it is the case that

ρxy(h) = ρyx(−h), (1.28)

which can be shown by manipulations similar to those used to show (1.25).

Example 1.21 Joint Stationarity

Consider the two series, xt and yt, formed from the sum and difference of
two successive values of a white noise process, say,

xt = wt + wt−1

and
yt = wt − wt−1,

where wt are independent random variables with zero means and variance
σ2
w. It is easy to show that γx(0) = γy(0) = 2σ2

w and γx(1) = γx(−1) =
σ2
w, γy(1) = γy(−1) = −σ2

w. Also,

γxy(1) = cov(xt+1, yt) = cov(wt+1 + wt, wt − wt−1) = σ2
w

because only one term is nonzero (recall footnote 3 on page 20). Similarly,
γxy(0) = 0, γxy(−1) = −σ2

w. We obtain, using (1.27),

ρxy(h) =


0 h = 0,

1/2 h = 1,

−1/2 h = −1,

0 |h| ≥ 2.

Clearly, the autocovariance and cross-covariance functions depend only on
the lag separation, h, so the series are jointly stationary.

Example 1.22 Prediction Using Cross-Correlation

As a simple example of cross-correlation, consider the problem of determin-
ing possible leading or lagging relations between two series xt and yt. If the
model

yt = Axt−` + wt

holds, the series xt is said to lead yt for ` > 0 and is said to lag yt for ` < 0.
Hence, the analysis of leading and lagging relations might be important in
predicting the value of yt from xt. Assuming, for convenience, that xt and
yt have zero means, and the noise wt is uncorrelated with the xt series, the
cross-covariance function can be computed as
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γyx(h) = cov(yt+h, xt) = cov(Axt+h−` + wt+h, xt)

= cov(Axt+h−`, xt) = Aγx(h− `).

The cross-covariance function will look like the autocovariance of the input
series xt, with a peak on the positive side if xt leads yt and a peak on the
negative side if xt lags yt.

The concept of weak stationarity forms the basis for much of the analy-
sis performed with time series. The fundamental properties of the mean and
autocovariance functions (1.21) and (1.22) are satisfied by many theoretical
models that appear to generate plausible sample realizations. In Examples 1.9
and 1.10, two series were generated that produced stationary looking realiza-
tions, and in Example 1.20, we showed that the series in Example 1.9 was, in
fact, weakly stationary. Both examples are special cases of the so-called linear
process.

Definition 1.12 A linear process, xt, is defined to be a linear combination
of white noise variates wt, and is given by

xt = µ+
∞∑

j=−∞
ψjwt−j ,

∞∑
j=−∞

|ψj | <∞. (1.29)

For the linear process (see Problem 1.11), we may show that the autoco-
variance function is given by

γ(h) = σ2
w

∞∑
j=−∞

ψj+hψj (1.30)

for h ≥ 0; recall that γ(−h) = γ(h). This method exhibits the autocovariance
function of the process in terms of the lagged products of the coefficients. Note
that, for Example 1.9, we have ψ0 = ψ−1 = ψ1 = 1/3 and the result in Ex-
ample 1.20 comes out immediately. The autoregressive series in Example 1.10
can also be put in this form, as can the general autoregressive moving average
processes considered in Chapter 3.

Finally, as previously mentioned, an important case in which a weakly
stationary series is also strictly stationary is the normal or Gaussian series.

Definition 1.13 A process, {xt}, is said to be a Gaussian process if the
n-dimensional vectors xxx = (xt1 , xt2 , . . . , xtn)′, for every collection of time
points t1, t2, . . . , tn, and every positive integer n, have a multivariate normal
distribution.

Defining the n × 1 mean vector E(xxx) ≡ µµµ = (µt1 , µt2 , . . . , µtn)′ and the
n× n covariance matrix as var(xxx) ≡ Γ = {γ(ti, tj); i, j = 1, . . . , n}, which is
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assumed to be positive definite, the multivariate normal density function can
be written as

f(xxx) = (2π)−n/2|Γ |−1/2 exp

{
−1

2
(xxx− µµµ)′Γ−1(xxx− µµµ)

}
, (1.31)

where |·| denotes the determinant. This distribution forms the basis for solving
problems involving statistical inference for time series. If a Gaussian time
series, {xt}, is weakly stationary, then µt = µ and γ(ti, tj) = γ(|ti − tj |),
so that the vector µµµ and the matrix Γ are independent of time. These facts
imply that all the finite distributions, (1.31), of the series {xt} depend only
on time lag and not on the actual times, and hence the series must be strictly
stationary.

1.6 Estimation of Correlation

Although the theoretical autocorrelation and cross-correlation functions are
useful for describing the properties of certain hypothesized models, most of
the analyses must be performed using sampled data. This limitation means
the sampled points x1, x2, . . . , xn only are available for estimating the mean,
autocovariance, and autocorrelation functions. From the point of view of clas-
sical statistics, this poses a problem because we will typically not have iid
copies of xt that are available for estimating the covariance and correlation
functions. In the usual situation with only one realization, however, the as-
sumption of stationarity becomes critical. Somehow, we must use averages
over this single realization to estimate the population means and covariance
functions.

Accordingly, if a time series is stationary, the mean function (1.21) µt = µ
is constant so that we can estimate it by the sample mean,

x̄ =
1

n

n∑
t=1

xt. (1.32)

The standard error of the estimate is the square root of var(x̄), which can be
computed using first principles (recall footnote 3 on page 20), and is given by

var(x̄) = var

(
1

n

n∑
t=1

xt

)
=

1

n2
cov

(
n∑
t=1

xt,

n∑
s=1

xs

)

=
1

n2

(
nγx(0) + (n− 1)γx(1) + (n− 2)γx(2) + · · ·+ γx(n− 1)

+ (n− 1)γx(−1) + (n− 2)γx(−2) + · · ·+ γx(1− n)
)

=
1

n

n∑
h=−n

(
1− |h|

n

)
γx(h). (1.33)
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If the process is white noise, (1.33) reduces to the familiar σ2
x/n recalling that

γx(0) = σ2
x. Note that, in the case of dependence, the standard error of x̄ may

be smaller or larger than the white noise case depending on the nature of the
correlation structure (see Problem 1.19)

The theoretical autocovariance function, (1.22), is estimated by the sample
autocovariance function defined as follows.

Definition 1.14 The sample autocovariance function is defined as

γ̂(h) = n−1
n−h∑
t=1

(xt+h − x̄)(xt − x̄), (1.34)

with γ̂(−h) = γ̂(h) for h = 0, 1, . . . , n− 1.

The sum in (1.34) runs over a restricted range because xt+h is not available
for t + h > n. The estimator in (1.34) is preferred to the one that would be
obtained by dividing by n−h because (1.34) is a non-negative definite function.
The autocovariance function, γ(h), of a stationary process is non-negative
definite (see Problem 1.25) ensuring that variances of linear combinations of
the variates xt will never be negative. And, because var(a1xt1 + · · ·+ anxtn)
is never negative, the estimate of that variance should also be non-negative.
The estimator in (1.34) guarantees this result, but no such guarantee exists if
we divide by n−h; this is explored further in Problem 1.25. Note that neither
dividing by n nor n− h in (1.34) yields an unbiased estimator of γ(h).

Definition 1.15 The sample autocorrelation function is defined, analo-
gously to (1.23), as

ρ̂(h) =
γ̂(h)

γ̂(0)
. (1.35)

The sample autocorrelation function has a sampling distribution that al-
lows us to assess whether the data comes from a completely random or white
series or whether correlations are statistically significant at some lags.

Property 1.1 Large-Sample Distribution of the ACF
Under general conditions,5 if xt is white noise, then for n large, the sample

ACF, ρ̂x(h), for h = 1, 2, . . . ,H, where H is fixed but arbitrary, is approxi-
mately normally distributed with zero mean and standard deviation given by

σρ̂x(h) =
1√
n
. (1.36)

5 The general conditions are that xt is iid with finite fourth moment. A sufficient
condition for this to hold is that xt is white Gaussian noise. Precise details are
given in Theorem A.7 in Appendix A.
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Based on the previous result, we obtain a rough method of assessing
whether peaks in ρ̂(h) are significant by determining whether the observed
peak is outside the interval ±2/

√
n (or plus/minus two standard errors); for

a white noise sequence, approximately 95% of the sample ACFs should be
within these limits. The applications of this property develop because many
statistical modeling procedures depend on reducing a time series to a white
noise series using various kinds of transformations. After such a procedure is
applied, the plotted ACFs of the residuals should then lie roughly within the
limits given above.

Definition 1.16 The estimators for the cross-covariance function, γxy(h), as
given in (1.26) and the cross-correlation, ρxy(h), in (1.27) are given, respec-
tively, by the sample cross-covariance function

γ̂xy(h) = n−1
n−h∑
t=1

(xt+h − x̄)(yt − ȳ), (1.37)

where γ̂xy(−h) = γ̂yx(h) determines the function for negative lags, and the
sample cross-correlation function

ρ̂xy(h) =
γ̂xy(h)√
γ̂x(0)γ̂y(0)

. (1.38)

The sample cross-correlation function can be examined graphically as a
function of lag h to search for leading or lagging relations in the data using
the property mentioned in Example 1.22 for the theoretical cross-covariance
function. Because −1 ≤ ρ̂xy(h) ≤ 1, the practical importance of peaks can
be assessed by comparing their magnitudes with their theoretical maximum
values. Furthermore, for xt and yt independent linear processes of the form
(1.29), we have the following property.

Property 1.2 Large-Sample Distribution of Cross-Correlation
Under Independence

The large sample distribution of ρ̂xy(h) is normal with mean zero and

σρ̂xy =
1√
n

(1.39)

if at least one of the processes is independent white noise (see Theorem A.8
in Appendix A).

Example 1.23 A Simulated Time Series

To give an example of the procedure for calculating numerically the auto-
covariance and cross-covariance functions, consider a contrived set of data
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Table 1.1. Sample Realization of the Contrived Series yt

t 1 2 3 4 5 6 7 8 9 10

Coin H H T H T T T H T H
xt 1 1 −1 1 −1 −1 −1 1 −1 1
yt 6.7 5.3 3.3 6.7 3.3 4.7 4.7 6.7 3.3 6.7

yt − ȳ 1.56 .16 −1.84 1.56 −1.84 −.44 −.44 1.56 −1.84 1.56

generated by tossing a fair coin, letting xt = 1 when a head is obtained and
xt = −1 when a tail is obtained. Construct yt as

yt = 5 + xt − .7xt−1. (1.40)

Table 1.1 shows sample realizations of the appropriate processes with x0 =
−1 and n = 10.

The sample autocorrelation for the series yt can be calculated using (1.34)
and (1.35) for h = 0, 1, 2, . . .. It is not necessary to calculate for negative
values because of the symmetry. For example, for h = 3, the autocorrelation
becomes the ratio of

γ̂y(3) = 1
10

7∑
t=1

(yt+3 − ȳ)(yt − ȳ)

= 1
10

[
(1.56)(1.56) + (−1.84)(.16) + (−.44)(−1.84) + (−.44)(1.56)

+ (1.56)(−1.84) + (−1.84)(−.44) + (1.56)(−.44)
]

= −.048

to
γ̂y(0) = 1

10 [(1.56)2 + (.16)2 + · · ·+ (1.56)2] = 2.030

so that

ρ̂y(3) =
−.048

2.030
= −.024.

The theoretical ACF can be obtained from the model (1.40) using the fact
that the mean of xt is zero and the variance of xt is one. It can be shown
that

ρy(1) =
−.7

1 + .72
= −.47

and ρy(h) = 0 for |h| > 1 (Problem 1.24). Table 1.2 compares the theo-
retical ACF with sample ACFs for a realization where n = 10 and another
realization where n = 100; we note the increased variability in the smaller
size sample.
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Table 1.2. Theoretical and Sample ACFs
for n = 10 and n = 100

n = 10 n = 100
h ρy(h) ρ̂y(h) ρ̂y(h)

0 1.00 1.00 1.00
±1 −.47 −.55 −.45
±2 .00 .17 −.12
±3 .00 −.02 .14
±4 .00 .15 .01
±5 .00 −.46 −.01

Example 1.24 ACF of a Speech Signal

Computing the sample ACF as in the previous example can be thought of
as matching the time series h units in the future, say, xt+h against itself, xt.
Figure 1.13 shows the ACF of the speech series of Figure 1.3. The original
series appears to contain a sequence of repeating short signals. The ACF
confirms this behavior, showing repeating peaks spaced at about 106-109
points. Autocorrelation functions of the short signals appear, spaced at the
intervals mentioned above. The distance between the repeating signals is
known as the pitch period and is a fundamental parameter of interest in
systems that encode and decipher speech. Because the series is sampled at
10,000 points per second, the pitch period appears to be between .0106 and
.0109 seconds.

To put the data into speech as a time series object (if it is not there
already from Example 1.3) and compute the sample ACF in R, use

1 acf(speech, 250)

Example 1.25 SOI and Recruitment Correlation Analysis

The autocorrelation and cross-correlation functions are also useful for an-
alyzing the joint behavior of two stationary series whose behavior may be
related in some unspecified way. In Example 1.5 (see Figure 1.5), we have
considered simultaneous monthly readings of the SOI and the number of
new fish (Recruitment) computed from a model. Figure 1.14 shows the au-
tocorrelation and cross-correlation functions (ACFs and CCF) for these two
series. Both of the ACFs exhibit periodicities corresponding to the correla-
tion between values separated by 12 units. Observations 12 months or one
year apart are strongly positively correlated, as are observations at multiples
such as 24, 36, 48, . . . Observations separated by six months are negatively
correlated, showing that positive excursions tend to be associated with nega-
tive excursions six months removed. This appearance is rather characteristic
of the pattern that would be produced by a sinusoidal component with a pe-
riod of 12 months. The cross-correlation function peaks at h = −6, showing
that the SOI measured at time t− 6 months is associated with the Recruit-
ment series at time t. We could say the SOI leads the Recruitment series by
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Fig. 1.13. ACF of the speech series.

six months. The sign of the ACF is negative, leading to the conclusion that
the two series move in different directions; that is, increases in SOI lead to
decreases in Recruitment and vice versa. Again, note the periodicity of 12
months in the CCF. The flat lines shown on the plots indicate ±2/

√
453,

so that upper values would be exceeded about 2.5% of the time if the noise
were white [see (1.36) and (1.39)].

To reproduce Figure 1.14 in R, use the following commands:
1 par(mfrow=c(3,1))

2 acf(soi, 48, main="Southern Oscillation Index")

3 acf(rec, 48, main="Recruitment")

4 ccf(soi, rec, 48, main="SOI vs Recruitment", ylab="CCF")

1.7 Vector-Valued and Multidimensional Series

We frequently encounter situations in which the relationships between a num-
ber of jointly measured time series are of interest. For example, in the previous
sections, we considered discovering the relationships between the SOI and Re-
cruitment series. Hence, it will be useful to consider the notion of a vector time
series xxxt = (xt1, xt2, . . . , xtp)

′, which contains as its components p univariate
time series. We denote the p × 1 column vector of the observed series as xxxt.
The row vector xxx′t is its transpose. For the stationary case, the p × 1 mean
vector

µµµ = E(xxxt) (1.41)

of the form µµµ = (µt1, µt2, . . . , µtp)
′ and the p× p autocovariance matrix
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Fig. 1.14. Sample ACFs of the SOI series (top) and of the Recruitment series
(middle), and the sample CCF of the two series (bottom); negative lags indicate
SOI leads Recruitment. The lag axes are in terms of seasons (12 months).

Γ (h) = E[(xxxt+h − µµµ)(xxxt − µµµ)′] (1.42)

can be defined, where the elements of the matrix Γ (h) are the cross-covariance
functions

γij(h) = E[(xt+h,i − µi)(xtj − µj)] (1.43)

for i, j = 1, . . . , p. Because γij(h) = γji(−h), it follows that

Γ (−h) = Γ ′(h). (1.44)

Now, the sample autocovariance matrix of the vector series xxxt is the p× p
matrix of sample cross-covariances, defined as

Γ̂ (h) = n−1
n−h∑
t=1

(xxxt+h − x̄xx)(xxxt − x̄xx)′, (1.45)



1.7 Vector-Valued and Multidimensional Series 35

rows

20

40

60

co
ls

10

20

30

tem
perature

4

6

8

10

Fig. 1.15. Two-dimensional time series of temperature measurements taken on a
rectangular field (64× 36 with 17-foot spacing). Data are from Bazza et al. (1988).

where

x̄xx = n−1
n∑
t=1

xxxt (1.46)

denotes the p×1 sample mean vector. The symmetry property of the theoret-
ical autocovariance (1.44) extends to the sample autocovariance (1.45), which
is defined for negative values by taking

Γ̂ (−h) = Γ̂ (h)′. (1.47)

In many applied problems, an observed series may be indexed by more
than time alone. For example, the position in space of an experimental unit
might be described by two coordinates, say, s1 and s2. We may proceed in
these cases by defining a multidimensional process xsss as a function of the r×1
vector sss = (s1, s2, . . . , sr)

′, where si denotes the coordinate of the ith index.

Example 1.26 Soil Surface Temperatures

As an example, the two-dimensional (r = 2) temperature series xs1,s2 in
Figure 1.15 is indexed by a row number s1 and a column number s2 that
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represent positions on a 64× 36 spatial grid set out on an agricultural field.
The value of the temperature measured at row s1 and column s2, is denoted
by xsss = xs1,s2. We can note from the two-dimensional plot that a distinct
change occurs in the character of the two-dimensional surface starting at
about row 40, where the oscillations along the row axis become fairly stable
and periodic. For example, averaging over the 36 columns, we may compute
an average value for each s1 as in Figure 1.16. It is clear that the noise
present in the first part of the two-dimensional series is nicely averaged out,
and we see a clear and consistent temperature signal.

To generate Figures 1.15 and 1.16 in R, use the following commands:
1 persp(1:64, 1:36, soiltemp, phi=30, theta=30, scale=FALSE, expand=4,

ticktype="detailed", xlab="rows", ylab="cols",

zlab="temperature")

2 plot.ts(rowMeans(soiltemp), xlab="row", ylab="Average Temperature")

The autocovariance function of a stationary multidimensional process, xsss,
can be defined as a function of the multidimensional lag vector, say, hhh =
(h1, h2, . . . , hr)

′, as

γ(hhh) = E[(xsss+hhh − µ)(xsss − µ)], (1.48)

where
µ = E(xsss) (1.49)

does not depend on the spatial coordinate sss. For the two dimensional tem-
perature process, (1.48) becomes

γ(h1, h2) = E[(xs1+h1,s2+h2
− µ)(xs1,s2 − µ)], (1.50)

which is a function of lag, both in the row (h1) and column (h2) directions.
The multidimensional sample autocovariance function is defined as

γ̂(hhh) = (S1S2 · · ·Sr)−1
∑
s1

∑
s2

· · ·
∑
sr

(xsss+hhh − x̄)(xsss − x̄), (1.51)

where sss = (s1, s2, . . . , sr)
′ and the range of summation for each argument is

1 ≤ si ≤ Si−hi, for i = 1, . . . , r. The mean is computed over the r-dimensional
array, that is,

x̄ = (S1S2 · · ·Sr)−1
∑
s1

∑
s2

· · ·
∑
sr

xs1,s2,··· ,sr , (1.52)

where the arguments si are summed over 1 ≤ si ≤ Si. The multidimensional
sample autocorrelation function follows, as usual, by taking the scaled ratio

ρ̂(hhh) =
γ̂(hhh)

γ̂(0)
. (1.53)
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Fig. 1.16. Row averages of the two-dimensional soil temperature profile. x̄s1 =∑
s2
xs1,s2/36.

Example 1.27 Sample ACF of the Soil Temperature Series

The autocorrelation function of the two-dimensional (2d) temperature pro-
cess can be written in the form

ρ̂(h1, h2) =
γ̂(h1, h2)

γ̂(0, 0)
,

where

γ̂(h1, h2) = (S1S2)−1
∑
s1

∑
s2

(xs1+h1,s2+h2
− x̄)(xs1,s2 − x̄)

Figure 1.17 shows the autocorrelation function for the temperature data,
and we note the systematic periodic variation that appears along the rows.
The autocovariance over columns seems to be strongest for h1 = 0, implying
columns may form replicates of some underlying process that has a period-
icity over the rows. This idea can be investigated by examining the mean
series over columns as shown in Figure 1.16.

The easiest way (that we know of) to calculate a 2d ACF in R is by
using the fast Fourier transform (FFT) as shown below. Unfortunately, the
material needed to understand this approach is given in Chapter 4, §4.4. The
2d autocovariance function is obtained in two steps and is contained in cs

below; γ̂(0, 0) is the (1,1) element so that ρ̂(h1, h2) is obtained by dividing
each element by that value. The 2d ACF is contained in rs below, and the
rest of the code is simply to arrange the results to yield a nice display.
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Fig. 1.17. Two-dimensional autocorrelation function for the soil temperature data.

1 fs = abs(fft(soiltemp-mean(soiltemp)))^2/(64*36)

2 cs = Re(fft(fs, inverse=TRUE)/sqrt(64*36)) # ACovF

3 rs = cs/cs[1,1] # ACF

4 rs2 = cbind(rs[1:41,21:2], rs[1:41,1:21])

5 rs3 = rbind(rs2[41:2,], rs2)

6 par(mar = c(1,2.5,0,0)+.1)

7 persp(-40:40, -20:20, rs3, phi=30, theta=30, expand=30,

scale="FALSE", ticktype="detailed", xlab="row lags",

ylab="column lags", zlab="ACF")

The sampling requirements for multidimensional processes are rather se-
vere because values must be available over some uniform grid in order to
compute the ACF. In some areas of application, such as in soil science, we
may prefer to sample a limited number of rows or transects and hope these
are essentially replicates of the basic underlying phenomenon of interest. One-
dimensional methods can then be applied. When observations are irregular in
time space, modifications to the estimators need to be made. Systematic ap-
proaches to the problems introduced by irregularly spaced observations have
been developed by Journel and Huijbregts (1978) or Cressie (1993). We shall
not pursue such methods in detail here, but it is worth noting that the intro-
duction of the variogram
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2Vx(hhh) = var{xsss+hhh − xsss} (1.54)

and its sample estimator

2V̂x(hhh) =
1

N(hhh)

∑
sss

(xsss+hhh − xsss)2 (1.55)

play key roles, where N(hhh) denotes both the number of points located within
hhh, and the sum runs over the points in the neighborhood. Clearly, substantial
indexing difficulties will develop from estimators of the kind, and often it
will be difficult to find non-negative definite estimators for the covariance
function. Problem 1.27 investigates the relation between the variogram and
the autocovariance function in the stationary case.

Problems

Section 1.2

1.1 To compare the earthquake and explosion signals, plot the data displayed
in Figure 1.7 on the same graph using different colors or different line types
and comment on the results. (The R code in Example 1.11 may be of help on
how to add lines to existing plots.)

1.2 Consider a signal-plus-noise model of the general form xt = st + wt,
where wt is Gaussian white noise with σ2

w = 1. Simulate and plot n = 200
observations from each of the following two models (Save the data or your
code for use in Problem 1.22 ):

(a) xt = st + wt, for t = 1, ..., 200, where

st =

{
0, t = 1, . . . , 100

10 exp{− (t−100)
20 } cos(2πt/4), t = 101, . . . , 200.

Hint:
1 s = c(rep(0,100), 10*exp(-(1:100)/20)*cos(2*pi*1:100/4))

2 x = ts(s + rnorm(200, 0, 1))

3 plot(x)

(b)xt = st + wt, for t = 1, . . . , 200, where

st =

{
0, t = 1, . . . , 100

10 exp{− (t−100)
200 } cos(2πt/4), t = 101, . . . , 200.

(c) Compare the general appearance of the series (a) and (b) with the earth-
quake series and the explosion series shown in Figure 1.7. In addition, plot
(or sketch) and compare the signal modulators (a) exp{−t/20} and (b)
exp{−t/200}, for t = 1, 2, . . . , 100.
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Section 1.3

1.3 (a) Generate n = 100 observations from the autoregression

xt = −.9xt−2 + wt

with σw = 1, using the method described in Example 1.10, page 13. Next,
apply the moving average filter

vt = (xt + xt−1 + xt−2 + xt−3)/4

to xt, the data you generated. Now plot xt as a line and superimpose vt
as a dashed line. Comment on the behavior of xt and how applying the
moving average filter changes that behavior. [Hints: Use v = filter(x,

rep(1/4, 4), sides = 1) for the filter and note that the R code in Ex-
ample 1.11 may be of help on how to add lines to existing plots.]

(b) Repeat (a) but with
xt = cos(2πt/4).

(c) Repeat (b) but with added N(0, 1) noise,

xt = cos(2πt/4) + wt.

(d) Compare and contrast (a)–(c).

Section 1.4

1.4 Show that the autocovariance function can be written as

γ(s, t) = E[(xs − µs)(xt − µt)] = E(xsxt)− µsµt,

where E[xt] = µt.

1.5 For the two series, xt, in Problem 1.2 (a) and (b):

(a) Compute and plot the mean functions µx(t), for t = 1, . . . , 200.
(b) Calculate the autocovariance functions, γx(s, t), for s, t = 1, . . . , 200.

Section 1.5

1.6 Consider the time series

xt = β1 + β2t+ wt,

where β1 and β2 are known constants and wt is a white noise process with
variance σ2

w.

(a) Determine whether xt is stationary.
(b) Show that the process yt = xt − xt−1 is stationary.
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(c) Show that the mean of the moving average

vt =
1

2q + 1

q∑
j=−q

xt−j

is β1+β2t, and give a simplified expression for the autocovariance function.

1.7 For a moving average process of the form

xt = wt−1 + 2wt + wt+1,

where wt are independent with zero means and variance σ2
w, determine the

autocovariance and autocorrelation functions as a function of lag h = s − t
and plot the ACF as a function of h.

1.8 Consider the random walk with drift model

xt = δ + xt−1 + wt,

for t = 1, 2, . . . , with x0 = 0, where wt is white noise with variance σ2
w.

(a) Show that the model can be written as xt = δt+
∑t
k=1 wk.

(b) Find the mean function and the autocovariance function of xt.
(c) Argue that xt is not stationary.

(d) Show ρx(t− 1, t) =
√

t−1
t → 1 as t→∞. What is the implication of this

result?
(e) Suggest a transformation to make the series stationary, and prove that the

transformed series is stationary. (Hint: See Problem 1.6b.)

1.9 A time series with a periodic component can be constructed from

xt = U1 sin(2πω0t) + U2 cos(2πω0t),

where U1 and U2 are independent random variables with zero means and
E(U2

1 ) = E(U2
2 ) = σ2. The constant ω0 determines the period or time it

takes the process to make one complete cycle. Show that this series is weakly
stationary with autocovariance function

γ(h) = σ2 cos(2πω0h).

1.10 Suppose we would like to predict a single stationary series xt with zero
mean and autocorrelation function γ(h) at some time in the future, say, t+ `,
for ` > 0.

(a) If we predict using only xt and some scale multiplier A, show that the
mean-square prediction error

MSE(A) = E[(xt+` −Axt)2]

is minimized by the value
A = ρ(`).
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(b) Show that the minimum mean-square prediction error is

MSE(A) = γ(0)[1− ρ2(`)].

(c) Show that if xt+` = Axt, then ρ(`) = 1 if A > 0, and ρ(`) = −1 if A < 0.

1.11 Consider the linear process defined in (1.29).

(a) Verify that the autocovariance function of the process is given by (1.30).
Use the result to verify your answer to Problem 1.7.

(b) Show that xt exists as a limit in mean square (see Appendix A).

1.12 For two weakly stationary series xt and yt, verify (1.28).

1.13 Consider the two series
xt = wt

yt = wt − θwt−1 + ut,

where wt and ut are independent white noise series with variances σ2
w and σ2

u,
respectively, and θ is an unspecified constant.

(a) Express the ACF, ρy(h), for h = 0,±1,±2, . . . of the series yt as a function
of σ2

w, σ
2
u, and θ.

(b) Determine the CCF, ρxy(h) relating xt and yt.
(c) Show that xt and yt are jointly stationary.

1.14 Let xt be a stationary normal process with mean µx and autocovariance
function γ(h). Define the nonlinear time series

yt = exp{xt}.

(a) Express the mean function E(yt) in terms of µx and γ(0). The moment
generating function of a normal random variable x with mean µ and vari-
ance σ2 is

Mx(λ) = E[exp{λx}] = exp

{
µλ+

1

2
σ2λ2

}
.

(b) Determine the autocovariance function of yt. The sum of the two normal
random variables xt+h + xt is still a normal random variable.

1.15 Let wt, for t = 0,±1,±2, . . . be a normal white noise process, and con-
sider the series

xt = wtwt−1.

Determine the mean and autocovariance function of xt, and state whether it
is stationary.
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1.16 Consider the series
xt = sin(2πUt),

t = 1, 2, . . ., where U has a uniform distribution on the interval (0, 1).

(a) Prove xt is weakly stationary.
(b) Prove xt is not strictly stationary. [Hint: consider the joint bivariate cdf

(1.18) at the points t = 1, s = 2 with h = 1, and find values of ct, cs where
strict stationarity does not hold.]

1.17 Suppose we have the linear process xt generated by

xt = wt − θwt−1,

t = 0, 1, 2, . . ., where {wt} is independent and identically distributed with
characteristic function φw(·), and θ is a fixed constant. [Replace “characteristic
function” with “moment generating function” if instructed to do so.]

(a) Express the joint characteristic function of x1, x2, . . . , xn, say,

φx1,x2,...,xn(λ1, λ2, . . . , λn),

in terms of φw(·).
(b) Deduce from (a) that xt is strictly stationary.

1.18 Suppose that xt is a linear process of the form (1.29). Prove

∞∑
h=−∞

|γ(h)| <∞.

Section 1.6

1.19 Suppose x1, . . . , xn is a sample from the process xt = µ + wt − .8wt−1,
where wt ∼ wn(0, σ2

w).

(a) Show that mean function is E(xt) = µ.
(b) Use (1.33) to calculate the standard error of x̄ for estimating µ.
(c) Compare (b) to the case where xt is white noise and show that (b) is

smaller. Explain the result.

1.20 (a) Simulate a series of n = 500 Gaussian white noise observations as in
Example 1.8 and compute the sample ACF, ρ̂(h), to lag 20. Compare the
sample ACF you obtain to the actual ACF, ρ(h). [Recall Example 1.19.]

(b) Repeat part (a) using only n = 50. How does changing n affect the results?

1.21 (a) Simulate a series of n = 500 moving average observations as in Ex-
ample 1.9 and compute the sample ACF, ρ̂(h), to lag 20. Compare the
sample ACF you obtain to the actual ACF, ρ(h). [Recall Example 1.20.]

(b) Repeat part (a) using only n = 50. How does changing n affect the results?
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1.22 Although the model in Problem 1.2(a) is not stationary (Why?), the
sample ACF can be informative. For the data you generated in that problem,
calculate and plot the sample ACF, and then comment.

1.23 Simulate a series of n = 500 observations from the signal-plus-noise
model presented in Example 1.12 with σ2

w = 1. Compute the sample ACF to
lag 100 of the data you generated and comment.

1.24 For the time series yt described in Example 1.23, verify the stated result
that ρy(1) = −.47 and ρy(h) = 0 for h > 1.

1.25 A real-valued function g(t), defined on the integers, is non-negative def-
inite if and only if

n∑
i=1

n∑
j=1

aig(ti − tj)aj ≥ 0

for all positive integers n and for all vectors aaa = (a1, a2, . . . , an)′ and ttt =
(t1, t2, . . . , tn)′. For the matrix G = {g(ti− tj); i, j = 1, 2, . . . , n}, this implies
that aaa′Gaaa ≥ 0 for all vectors aaa. It is called positive definite if we can replace
‘≥’ with ‘>’ for all aaa 6= 000, the zero vector.

(a) Prove that γ(h), the autocovariance function of a stationary process, is a
non-negative definite function.

(b) Verify that the sample autocovariance γ̂(h) is a non-negative definite func-
tion.

Section 1.7

1.26 Consider a collection of time series x1t, x2t, . . . , xNt that are observing
some common signal µt observed in noise processes e1t, e2t, . . . , eNt, with a
model for the j-th observed series given by

xjt = µt + ejt.

Suppose the noise series have zero means and are uncorrelated for different
j. The common autocovariance functions of all series are given by γe(s, t).
Define the sample mean

x̄t =
1

N

N∑
j=1

xjt.

(a) Show that E[x̄t] = µt.
(b) Show that E[(x̄t − µ)2)] = N−1γe(t, t).
(c) How can we use the results in estimating the common signal?
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1.27 A concept used in geostatistics, see Journel and Huijbregts (1978) or
Cressie (1993), is that of the variogram, defined for a spatial process xsss,
sss = (s1, s2), for s1, s2 = 0,±1,±2, ..., as

Vx(hhh) =
1

2
E[(xsss+hhh − xsss)2],

where hhh = (h1, h2), for h1, h2 = 0,±1,±2, ... Show that, for a stationary
process, the variogram and autocovariance functions can be related through

Vx(hhh) = γ(000)− γ(hhh),

where γ(hhh) is the usual lag hhh covariance function and 000 = (0, 0). Note the easy
extension to any spatial dimension.

The following problems require the material given in Appendix A

1.28 Suppose xt = β0 +β1t, where β0 and β1 are constants. Prove as n→∞,
ρ̂x(h)→ 1 for fixed h, where ρ̂x(h) is the ACF (1.35).

1.29 (a) Suppose xt is a weakly stationary time series with mean zero and
with absolutely summable autocovariance function, γ(h), such that

∞∑
h=−∞

γ(h) = 0.

Prove that
√
n x̄

p→ 0, where x̄ is the sample mean (1.32).
(b) Give an example of a process that satisfies the conditions of part (a). What

is special about this process?

1.30 Let xt be a linear process of the form (A.43)–(A.44). If we define

γ̃(h) = n−1
n∑
t=1

(xt+h − µx)(xt − µx),

show that
n1/2

(
γ̃(h)− γ̂(h)

)
= op(1).

Hint: The Markov Inequality

P{|x| ≥ ε} < E|x|
ε

can be helpful for the cross-product terms.

1.31 For a linear process of the form

xt =
∞∑
j=0

φjwt−j ,
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where {wt} satisfies the conditions of Theorem A.7 and |φ| < 1, show that

√
n

(ρ̂x(1)− ρx(1))√
1− ρ2x(1)

d→ N(0, 1),

and construct a 95% confidence interval for φ when ρ̂x(1) = .64 and n = 100.

1.32 Let {xt; t = 0,±1,±2, . . .} be iid(0, σ2).

(a) For h ≥ 1 and k ≥ 1, show that xtxt+h and xsxs+k are uncorrelated for
all s 6= t.

(b) For fixed h ≥ 1, show that the h× 1 vector

σ−2n−1/2
n∑
t=1

(xtxt+1, . . . , xtxt+h)′
d→ (z1, . . . , zh)′

where z1, . . . , zh are iid N(0, 1) random variables. [Note: the sequence
{xtxt+h; t = 1, 2, . . .} is h-dependent and white noise (0, σ4). Also, re-
call the Cramér-Wold device.]

(c) Show, for each h ≥ 1,

n−1/2

[
n∑
t=1

xtxt+h −
n−h∑
t=1

(xt − x̄)(xt+h − x̄)

]
p→ 0 as n→∞

where x̄ = n−1
∑n
t=1 xt.

(d) Noting that n−1
∑n
t=1 x

2
t
p→ σ2, conclude that

n1/2 [ρ̂(1), . . . , ρ̂(h)]
′ d→ (z1, . . . , zh)′

where ρ̂(h) is the sample ACF of the data x1, . . . , xn.
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Time Series Regression and Exploratory
Data Analysis

2.1 Introduction

The linear model and its applications are at least as dominant in the time
series context as in classical statistics. Regression models are important for
time domain models discussed in Chapters 3, 5, and 6, and in the frequency
domain models considered in Chapters 4 and 7. The primary ideas depend
on being able to express a response series, say xt, as a linear combination
of inputs, say zt1, zt2, . . . , ztq. Estimating the coefficients β1, β2, . . . , βq in the
linear combinations by least squares provides a method for modeling xt in
terms of the inputs.

In the time domain applications of Chapter 3, for example, we will express
xt as a linear combination of previous values xt−1, xt−2, . . . , xt−p, of the cur-
rently observed series. The outputs xt may also depend on lagged values of
another series, say yt−1, yt−2, . . . , yt−q, that have influence. It is easy to see
that forecasting becomes an option when prediction models can be formulated
in this form. Time series smoothing and filtering can be expressed in terms
of local regression models. Polynomials and regression splines also provide
important techniques for smoothing.

If one admits sines and cosines as inputs, the frequency domain ideas that
lead to the periodogram and spectrum of Chapter 4 follow from a regression
model. Extensions to filters of infinite extent can be handled using regression
in the frequency domain. In particular, many regression problems in the fre-
quency domain can be carried out as a function of the periodic components
of the input and output series, providing useful scientific intuition into fields
like acoustics, oceanographics, engineering, biomedicine, and geophysics.

The above considerations motivate us to include a separate chapter on
regression and some of its applications that is written on an elementary level
and is formulated in terms of time series. The assumption of linearity, sta-
tionarity, and homogeneity of variances over time is critical in the regression

© Springer Science+Business Media, LLC 2011 

R.H. Shumway and D.S. Stoffer, Time Series Analysis and Its Applications: With R Examples,
Springer Texts in Statistics, DOI 10.1007/978-1-4419-7865-3_2, 

47 



48 2 Time Series Regression and Exploratory Data Analysis

context, and therefore we include some material on transformations and other
techniques useful in exploratory data analysis.

2.2 Classical Regression in the Time Series Context

We begin our discussion of linear regression in the time series context by
assuming some output or dependent time series, say, xt, for t = 1, . . . , n,
is being influenced by a collection of possible inputs or independent series,
say, zt1, zt2, . . . , ztq, where we first regard the inputs as fixed and known.
This assumption, necessary for applying conventional linear regression, will
be relaxed later on. We express this relation through the linear regression
model

xt = β1zt1 + β2zt2 + · · ·+ βqztq + wt, (2.1)

where β1, β2, . . . , βq are unknown fixed regression coefficients, and {wt} is
a random error or noise process consisting of independent and identically
distributed (iid) normal variables with mean zero and variance σ2

w; we will
relax the iid assumption later. A more general setting within which to embed
mean square estimation and linear regression is given in Appendix B, where
we introduce Hilbert spaces and the Projection Theorem.

Example 2.1 Estimating a Linear Trend

Consider the global temperature data, say xt, shown in Figures 1.2 and 2.1.
As discussed in Example 1.2, there is an apparent upward trend in the series
that has been used to argue the global warming hypothesis. We might use
simple linear regression to estimate that trend by fitting the model

xt = β1 + β2t+ wt, t = 1880, 1857, . . . , 2009.

This is in the form of the regression model (2.1) when we make the identifi-
cation q = 2, zt1 = 1 and zt2 = t. Note that we are making the assumption
that the errors, wt, are an iid normal sequence, which may not be true.
We will address this problem further in §2.3; the problem of autocorrelated
errors is discussed in detail in §5.5. Also note that we could have used, for
example, t = 1, . . . , 130, without affecting the interpretation of the slope
coefficient, β2; only the intercept, β1, would be affected.

Using simple linear regression, we obtained the estimated coefficients β̂1 =
−11.2, and β̂2 = .006 (with a standard error of .0003) yielding a highly
significant estimated increase of .6 degrees centigrade per 100 years. We
discuss the precise way in which the solution was accomplished after the
example. Finally, Figure 2.1 shows the global temperature data, say xt, with
the estimated trend, say x̂t = −11.2 + .006t, superimposed. It is apparent
that the estimated trend line obtained via simple linear regression does not
quite capture the trend of the data and better models will be needed.

To perform this analysis in R, use the following commands:
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Fig. 2.1. Global temperature deviations shown in Figure 1.2 with fitted linear trend
line.

1 summary(fit <- lm(gtemp~time(gtemp))) # regress gtemp on time

2 plot(gtemp, type="o", ylab="Global Temperature Deviation")

3 abline(fit) # add regression line to the plot

The linear model described by (2.1) above can be conveniently written in
a more general notation by defining the column vectors zzzt = (zt1, zt2, . . . , ztq)

′

and βββ = (β1, β2, . . . , βq)
′, where ′ denotes transpose, so (2.1) can be written

in the alternate form
xt = βββ′zzzt + wt. (2.2)

where wt ∼ iid N(0, σ2
w). It is natural to consider estimating the unknown

coefficient vector βββ by minimizing the error sum of squares

Q =

n∑
t=1

w2
t =

n∑
t=1

(xt − βββ′zzzt)2, (2.3)

with respect to β1, β2, . . . , βq. Minimizing Q yields the ordinary least squares
estimator of βββ. This minimization can be accomplished by differentiating (2.3)
with respect to the vector βββ or by using the properties of projections. In the
notation above, this procedure gives the normal equations( n∑

t=1

zzztzzz
′
t

)
β̂ββ =

n∑
t=1

zzztxt. (2.4)

The notation can be simplified by defining Z = [zzz1 | zzz2 | · · · | zzzn]′ as the
n × q matrix composed of the n samples of the input variables, the ob-
served n × 1 vector xxx = (x1, x2, . . . , xn)′ and the n × 1 vector of errors
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www = (w1, w2, . . . , wn)′. In this case, model (2.2) may be written as

xxx = Zβββ +www. (2.5)

The normal equations, (2.4), can now be written as

(Z ′Z) β̂ββ = Z ′xxx (2.6)

and the solution
β̂ββ = (Z ′Z)−1Z ′xxx (2.7)

when the matrix Z ′Z is nonsingular. The minimized error sum of squares
(2.3), denoted SSE, can be written as

SSE =
n∑
t=1

(xt − β̂ββ
′
zzzt)

2

= (xxx− Zβ̂ββ)′(xxx− Zβ̂ββ)

= xxx′xxx− β̂ββ
′
Z ′xxx

= xxx′xxx− xxx′Z(Z ′Z)−1Z ′xxx,

(2.8)

to give some useful versions for later reference. The ordinary least squares
estimators are unbiased, i.e., E(β̂ββ) = βββ, and have the smallest variance within
the class of linear unbiased estimators.

If the errors wt are normally distributed, β̂ββ is also the maximum likelihood
estimator for βββ and is normally distributed with

cov(β̂ββ) = σ2
w

( n∑
t=1

zzztzzz
′
t

)−1
= σ2

w(Z ′Z)−1 = σ2
wC, (2.9)

where
C = (Z ′Z)−1 (2.10)

is a convenient notation for later equations. An unbiased estimator for the
variance σ2

w is

s2w = MSE =
SSE

n− q
, (2.11)

where MSE denotes the mean squared error, which is contrasted with the
maximum likelihood estimator σ̂2

w = SSE/n. Under the normal assumption,
s2w is distributed proportionally to a chi-squared random variable with n− q
degrees of freedom, denoted by χ2

n−q, and independently of β̂. It follows that

tn−q =
(β̂i − βi)
sw
√
cii

(2.12)

has the t-distribution with n − q degrees of freedom; cii denotes the i-th
diagonal element of C, as defined in (2.10).
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Table 2.1. Analysis of Variance for Regression

Source df Sum of Squares Mean Square

zt,r+1, . . . , zt,q q − r SSR = SSEr − SSE MSR = SSR/(q − r)
Error n− q SSE MSE = SSE/(n− q)
Total n− r SSEr

Various competing models are of interest to isolate or select the best subset
of independent variables. Suppose a proposed model specifies that only a
subset r < q independent variables, say, zzzt:r = (zt1, zt2, . . . , ztr)

′ is influencing
the dependent variable xt. The reduced model is

xxx = Zrβββr +www (2.13)

where βββr = (β1, β2, . . . , βr)
′ is a subset of coefficients of the original q variables

and Zr = [zzz1:r | · · · | zzzn:r]′ is the n × r matrix of inputs. The null hypothesis
in this case is H0: βr+1 = · · · = βq = 0. We can test the reduced model (2.13)
against the full model (2.2) by comparing the error sums of squares under the
two models using the F -statistic

Fq−r,n−q =
(SSEr − SSE)/(q − r)

SSE/(n− q)
, (2.14)

which has the central F -distribution with q − r and n− q degrees of freedom
when (2.13) is the correct model. Note that SSEr is the error sum of squares
under the reduced model (2.13) and it can be computed by replacing Z with
Zr in (2.8). The statistic, which follows from applying the likelihood ratio
criterion, has the improvement per number of parameters added in the nu-
merator compared with the error sum of squares under the full model in the
denominator. The information involved in the test procedure is often summa-
rized in an Analysis of Variance (ANOVA) table as given in Table 2.1 for this
particular case. The difference in the numerator is often called the regression
sum of squares

In terms of Table 2.1, it is conventional to write the F -statistic (2.14) as
the ratio of the two mean squares, obtaining

Fq−r,n−q =
MSR

MSE
, (2.15)

where MSR, the mean squared regression, is the numerator of (2.14). A special
case of interest is r = 1 and zt1 ≡ 1, when the model in (2.13) becomes

xt = β1 + wt,

and we may measure the proportion of variation accounted for by the other
variables using
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R2 =
SSE1 − SSE

SSE1
, (2.16)

where the residual sum of squares under the reduced model

SSE1 =
n∑
t=1

(xt − x̄)2, (2.17)

in this case is just the sum of squared deviations from the mean x̄. The mea-
sure R2 is also the squared multiple correlation between xt and the variables
zt2, zt3, . . . , ztq.

The techniques discussed in the previous paragraph can be used to test
various models against one another using the F test given in (2.14), (2.15),
and the ANOVA table. These tests have been used in the past in a stepwise
manner, where variables are added or deleted when the values from the F -
test either exceed or fail to exceed some predetermined levels. The procedure,
called stepwise multiple regression, is useful in arriving at a set of useful
variables. An alternative is to focus on a procedure for model selection that
does not proceed sequentially, but simply evaluates each model on its own
merits. Suppose we consider a normal regression model with k coefficients
and denote the maximum likelihood estimator for the variance as

σ̂2
k =

SSEk
n

, (2.18)

where SSEk denotes the residual sum of squares under the model with k
regression coefficients. Then, Akaike (1969, 1973, 1974) suggested measuring
the goodness of fit for this particular model by balancing the error of the fit
against the number of parameters in the model; we define the following.1

Definition 2.1 Akaike’s Information Criterion (AIC)

AIC = log σ̂2
k +

n+ 2k

n
, (2.19)

where σ̂2
k is given by (2.18) and k is the number of parameters in the model.

The value of k yielding the minimum AIC specifies the best model. The
idea is roughly that minimizing σ̂2

k would be a reasonable objective, except
that it decreases monotonically as k increases. Therefore, we ought to penalize
the error variance by a term proportional to the number of parameters. The
choice for the penalty term given by (2.19) is not the only one, and a consid-
erable literature is available advocating different penalty terms. A corrected

1 Formally, AIC is defined as −2 logLk + 2k where Lk is the maximized log-
likelihood and k is the number of parameters in the model. For the normal regres-
sion problem, AIC can be reduced to the form given by (2.19). AIC is an estimate
of the Kullback-Leibler discrepency between a true model and a candidate model;
see Problems 2.4 and 2.5 for further details.
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form, suggested by Sugiura (1978), and expanded by Hurvich and Tsai (1989),
can be based on small-sample distributional results for the linear regression
model (details are provided in Problems 2.4 and 2.5). The corrected form is
defined as follows.

Definition 2.2 AIC, Bias Corrected (AICc)

AICc = log σ̂2
k +

n+ k

n− k − 2
, (2.20)

where σ̂2
k is given by (2.18), k is the number of parameters in the model, and

n is the sample size.

We may also derive a correction term based on Bayesian arguments, as in
Schwarz (1978), which leads to the following.

Definition 2.3 Bayesian Information Criterion (BIC)

BIC = log σ̂2
k +

k log n

n
, (2.21)

using the same notation as in Definition 2.2.

BIC is also called the Schwarz Information Criterion (SIC); see also Ris-
sanen (1978) for an approach yielding the same statistic based on a minimum
description length argument. Various simulation studies have tended to ver-
ify that BIC does well at getting the correct order in large samples, whereas
AICc tends to be superior in smaller samples where the relative number of
parameters is large; see McQuarrie and Tsai (1998) for detailed comparisons.
In fitting regression models, two measures that have been used in the past are
adjusted R-squared, which is essentially s2w, and Mallows Cp, Mallows (1973),
which we do not consider in this context.

Example 2.2 Pollution, Temperature and Mortality

The data shown in Figure 2.2 are extracted series from a study by Shumway
et al. (1988) of the possible effects of temperature and pollution on weekly
mortality in Los Angeles County. Note the strong seasonal components in all
of the series, corresponding to winter-summer variations and the downward
trend in the cardiovascular mortality over the 10-year period.

A scatterplot matrix, shown in Figure 2.3, indicates a possible linear rela-
tion between mortality and the pollutant particulates and a possible relation
to temperature. Note the curvilinear shape of the temperature mortality
curve, indicating that higher temperatures as well as lower temperatures
are associated with increases in cardiovascular mortality.

Based on the scatterplot matrix, we entertain, tentatively, four models
where Mt denotes cardiovascular mortality, Tt denotes temperature and Pt
denotes the particulate levels. They are
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Fig. 2.2. Average weekly cardiovascular mortality (top), temperature (middle)
and particulate pollution (bottom) in Los Angeles County. There are 508 six-day
smoothed averages obtained by filtering daily values over the 10 year period 1970-
1979.

Mt = β1 + β2t+ wt (2.22)

Mt = β1 + β2t+ β3(Tt − T·) + wt (2.23)

Mt = β1 + β2t+ β3(Tt − T·) + β4(Tt − T·)2 + wt (2.24)

Mt = β1 + β2t+ β3(Tt − T·) + β4(Tt − T·)2 + β5Pt + wt (2.25)

where we adjust temperature for its mean, T· = 74.6, to avoid scaling prob-
lems. It is clear that (2.22) is a trend only model, (2.23) is linear temperature,
(2.24) is curvilinear temperature and (2.25) is curvilinear temperature and
pollution. We summarize some of the statistics given for this particular case
in Table 2.2. The values of R2 were computed by noting that SSE1 = 50, 687
using (2.17).

We note that each model does substantially better than the one before
it and that the model including temperature, temperature squared, and
particulates does the best, accounting for some 60% of the variability and
with the best value for AIC and BIC (because of the large sample size, AIC
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Fig. 2.3. Scatterplot matrix showing plausible relations between mortality, temper-
ature, and pollution.

Table 2.2. Summary Statistics for Mortality Models

Model k SSE df MSE R2 AIC BIC

(2.22) 2 40,020 506 79.0 .21 5.38 5.40
(2.23) 3 31,413 505 62.2 .38 5.14 5.17
(2.24) 4 27,985 504 55.5 .45 5.03 5.07
(2.25) 5 20,508 503 40.8 .60 4.72 4.77

and AICc are nearly the same). Note that one can compare any two models
using the residual sums of squares and (2.14). Hence, a model with only
trend could be compared to the full model using q = 5, r = 2, n = 508, so

F3,503 =
(40, 020− 20, 508)/3

20, 508/503
= 160,
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which exceeds F3,503(.001) = 5.51. We obtain the best prediction model,

M̂t = 81.59− .027(.002)t− .473(.032)(Tt − 74.6)

+ .023(.003)(Tt − 74.6)2 + .255(.019)Pt,

for mortality, where the standard errors, computed from (2.9)-(2.11), are
given in parentheses. As expected, a negative trend is present in time as
well as a negative coefficient for adjusted temperature. The quadratic effect
of temperature can clearly be seen in the scatterplots of Figure 2.3. Pollution
weights positively and can be interpreted as the incremental contribution to
daily deaths per unit of particulate pollution. It would still be essential to
check the residuals ŵt = Mt − M̂t for autocorrelation (of which there is a
substantial amount), but we defer this question to to §5.6 when we discuss
regression with correlated errors.

Below is the R code to plot the series, display the scatterplot matrix, fit
the final regression model (2.25), and compute the corresponding values of
AIC, AICc and BIC.2 Finally, the use of na.action in lm() is to retain the
time series attributes for the residuals and fitted values.

1 par(mfrow=c(3,1))

2 plot(cmort, main="Cardiovascular Mortality", xlab="", ylab="")

3 plot(tempr, main="Temperature", xlab="", ylab="")

4 plot(part, main="Particulates", xlab="", ylab="")

5 dev.new() # open a new graphic device for the scatterplot matrix

6 pairs(cbind(Mortality=cmort, Temperature=tempr, Particulates=part))

7 temp = tempr-mean(tempr) # center temperature

8 temp2 = temp^2

9 trend = time(cmort) # time

10 fit = lm(cmort~ trend + temp + temp2 + part, na.action=NULL)

11 summary(fit) # regression results

12 summary(aov(fit)) # ANOVA table (compare to next line)

13 summary(aov(lm(cmort~cbind(trend, temp, temp2, part)))) # Table 2.1

14 num = length(cmort) # sample size

15 AIC(fit)/num - log(2*pi) # AIC

16 AIC(fit, k=log(num))/num - log(2*pi) # BIC

17 (AICc = log(sum(resid(fit)^2)/num) + (num+5)/(num-5-2)) # AICc

As previously mentioned, it is possible to include lagged variables in time
series regression models and we will continue to discuss this type of problem
throughout the text. This concept is explored further in Problems 2.2 and
2.11. The following is a simple example of lagged regression.

2 The easiest way to extract AIC and BIC from an lm() run in R is to use the
command AIC(). Our definitions differ from R by terms that do not change from
model to model. In the example, we show how to obtain (2.19) and (2.21) from
the R output. It is more difficult to obtain AICc.
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Example 2.3 Regression With Lagged Variables

In Example 1.25, we discovered that the Southern Oscillation Index (SOI)
measured at time t− 6 months is associated with the Recruitment series at
time t, indicating that the SOI leads the Recruitment series by six months.
Although there is evidence that the relationship is not linear (this is dis-
cussed further in Example 2.7), we may consider the following regression,

Rt = β1 + β2St−6 + wt, (2.26)

where Rt denotes Recruitment for month t and St−6 denotes SOI six months
prior. Assuming the wt sequence is white, the fitted model is

R̂t = 65.79− 44.28(2.78)St−6 (2.27)

with σ̂w = 22.5 on 445 degrees of freedom. This result indicates the strong
predictive ability of SOI for Recruitment six months in advance. Of course,
it is still essential to check the the model assumptions, but again we defer
this until later.

Performing lagged regression in R is a little difficult because the series
must be aligned prior to running the regression. The easiest way to do this
is to create a data frame that we call fish using ts.intersect, which aligns
the lagged series.

1 fish = ts.intersect(rec, soiL6=lag(soi,-6), dframe=TRUE)

2 summary(lm(rec~soiL6, data=fish, na.action=NULL))

2.3 Exploratory Data Analysis

In general, it is necessary for time series data to be stationary, so averag-
ing lagged products over time, as in the previous section, will be a sensible
thing to do. With time series data, it is the dependence between the values
of the series that is important to measure; we must, at least, be able to es-
timate autocorrelations with precision. It would be difficult to measure that
dependence if the dependence structure is not regular or is changing at every
time point. Hence, to achieve any meaningful statistical analysis of time series
data, it will be crucial that, if nothing else, the mean and the autocovariance
functions satisfy the conditions of stationarity (for at least some reasonable
stretch of time) stated in Definition 1.7. Often, this is not the case, and we
will mention some methods in this section for playing down the effects of
nonstationarity so the stationary properties of the series may be studied.

A number of our examples came from clearly nonstationary series. The
Johnson & Johnson series in Figure 1.1 has a mean that increases exponen-
tially over time, and the increase in the magnitude of the fluctuations around
this trend causes changes in the covariance function; the variance of the pro-
cess, for example, clearly increases as one progresses over the length of the
series. Also, the global temperature series shown in Figure 1.2 contains some
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evidence of a trend over time; human-induced global warming advocates seize
on this as empirical evidence to advance their hypothesis that temperatures
are increasing.

Perhaps the easiest form of nonstationarity to work with is the trend sta-
tionary model wherein the process has stationary behavior around a trend.
We may write this type of model as

xt = µt + yt (2.28)

where xt are the observations, µt denotes the trend, and yt is a stationary
process. Quite often, strong trend, µt, will obscure the behavior of the sta-
tionary process, yt, as we shall see in numerous examples. Hence, there is some
advantage to removing the trend as a first step in an exploratory analysis of
such time series. The steps involved are to obtain a reasonable estimate of the
trend component, say µ̂t, and then work with the residuals

ŷt = xt − µ̂t. (2.29)

Consider the following example.

Example 2.4 Detrending Global Temperature

Here we suppose the model is of the form of (2.28),

xt = µt + yt,

where, as we suggested in the analysis of the global temperature data pre-
sented in Example 2.1, a straight line might be a reasonable model for the
trend, i.e.,

µt = β1 + β2 t.

In that example, we estimated the trend using ordinary least squares3 and
found

µ̂t = −11.2 + .006 t.

Figure 2.1 shows the data with the estimated trend line superimposed. To
obtain the detrended series we simply subtract µ̂t from the observations, xt,
to obtain the detrended series

ŷt = xt + 11.2− .006 t.

The top graph of Figure 2.4 shows the detrended series. Figure 2.5 shows
the ACF of the original data (top panel) as well as the ACF of the detrended
data (middle panel).

3 Because the error term, yt, is not assumed to be iid, the reader may feel that
weighted least squares is called for in this case. The problem is, we do not know
the behavior of yt and that is precisely what we are trying to assess at this stage.
A notable result by Grenander and Rosenblatt (1957, Ch 7), however, is that
under mild conditions on yt, for polynomial regression or periodic regression,
asymptotically, ordinary least squares is equivalent to weighted least squares.
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Fig. 2.4. Detrended (top) and differenced (bottom) global temperature series. The
original data are shown in Figures 1.2 and 2.1.

To detrend in the series in R, use the following commands. We also show
how to difference and plot the differenced data; we discuss differencing af-
ter this example. In addition, we show how to generate the sample ACFs
displayed in Figure 2.5.

1 fit = lm(gtemp~time(gtemp), na.action=NULL) # regress gtemp on time

2 par(mfrow=c(2,1))

3 plot(resid(fit), type="o", main="detrended")

4 plot(diff(gtemp), type="o", main="first difference")

5 par(mfrow=c(3,1)) # plot ACFs

6 acf(gtemp, 48, main="gtemp")

7 acf(resid(fit), 48, main="detrended")

8 acf(diff(gtemp), 48, main="first difference")

In Example 1.11 and the corresponding Figure 1.10 we saw that a random
walk might also be a good model for trend. That is, rather than modeling
trend as fixed (as in Example 2.4), we might model trend as a stochastic
component using the random walk with drift model,

µt = δ + µt−1 + wt, (2.30)
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Fig. 2.5. Sample ACFs of the global temperature (top), and of the detrended
(middle) and the differenced (bottom) series.

where wt is white noise and is independent of yt. If the appropriate model is
(2.28), then differencing the data, xt, yields a stationary process; that is,

xt − xt−1 = (µt + yt)− (µt−1 + yt−1) (2.31)

= δ + wt + yt − yt−1.

It is easy to show zt = yt − yt−1 is stationary using footnote 3 of Chapter 1
on page 20. That is, because yt is stationary,

γz(h) = cov(zt+h, zt) = cov(yt+h − yt+h−1, yt − yt−1)

= 2γy(h)− γy(h+ 1)− γy(h− 1)

is independent of time; we leave it as an exercise (Problem 2.7) to show that
xt − xt−1 in (2.31) is stationary.
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One advantage of differencing over detrending to remove trend is that
no parameters are estimated in the differencing operation. One disadvantage,
however, is that differencing does not yield an estimate of the stationary
process yt as can be seen in (2.31). If an estimate of yt is essential, then
detrending may be more appropriate. If the goal is to coerce the data to
stationarity, then differencing may be more appropriate. Differencing is also
a viable tool if the trend is fixed, as in Example 2.4. That is, e.g., if µt =
β1 + β2 t in the model (2.28), differencing the data produces stationarity (see
Problem 2.6):

xt − xt−1 = (µt + yt)− (µt−1 + yt−1) = β2 + yt − yt−1.

Because differencing plays a central role in time series analysis, it receives
its own notation. The first difference is denoted as

∇xt = xt − xt−1. (2.32)

As we have seen, the first difference eliminates a linear trend. A second differ-
ence, that is, the difference of (2.32), can eliminate a quadratic trend, and so
on. In order to define higher differences, we need a variation in notation that
we will use often in our discussion of ARIMA models in Chapter 3.

Definition 2.4 We define the backshift operator by

Bxt = xt−1

and extend it to powers B2xt = B(Bxt) = Bxt−1 = xt−2, and so on. Thus,

Bkxt = xt−k. (2.33)

It is clear that we may then rewrite (2.32) as

∇xt = (1−B)xt, (2.34)

and we may extend the notion further. For example, the second difference
becomes

∇2xt = (1−B)2xt = (1− 2B +B2)xt
= xt − 2xt−1 + xt−2

by the linearity of the operator. To check, just take the difference of the first
difference ∇(∇xt) = ∇(xt − xt−1) = (xt − xt−1)− (xt−1 − xt−2).

Definition 2.5 Differences of order d are defined as

∇d = (1−B)d, (2.35)

where we may expand the operator (1−B)d algebraically to evaluate for higher
integer values of d. When d = 1, we drop it from the notation.
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The first difference (2.32) is an example of a linear filter applied to elim-
inate a trend. Other filters, formed by averaging values near xt, can pro-
duce adjusted series that eliminate other kinds of unwanted fluctuations, as
in Chapter 3. The differencing technique is an important component of the
ARIMA model of Box and Jenkins (1970) (see also Box et al., 1994), to be
discussed in Chapter 3.

Example 2.5 Differencing Global Temperature

The first difference of the global temperature series, also shown in Figure 2.4,
produces different results than removing trend by detrending via regression.
For example, the differenced series does not contain the long middle cycle
we observe in the detrended series. The ACF of this series is also shown in
Figure 2.5. In this case it appears that the differenced process shows minimal
autocorrelation, which may imply the global temperature series is nearly a
random walk with drift. It is interesting to note that if the series is a random
walk with drift, the mean of the differenced series, which is an estimate of
the drift, is about .0066 (but with a large standard error):

1 mean(diff(gtemp)) # = 0.00659 (drift)

2 sd(diff(gtemp))/sqrt(length(diff(gtemp))) # = 0.00966 (SE)

An alternative to differencing is a less-severe operation that still assumes
stationarity of the underlying time series. This alternative, called fractional
differencing, extends the notion of the difference operator (2.35) to fractional
powers −.5 < d < .5, which still define stationary processes. Granger and
Joyeux (1980) and Hosking (1981) introduced long memory time series, which
corresponds to the case when 0 < d < .5. This model is often used for en-
vironmental time series arising in hydrology. We will discuss long memory
processes in more detail in §5.2.

Often, obvious aberrations are present that can contribute nonstationary
as well as nonlinear behavior in observed time series. In such cases, transfor-
mations may be useful to equalize the variability over the length of a single
series. A particularly useful transformation is

yt = log xt, (2.36)

which tends to suppress larger fluctuations that occur over portions of the
series where the underlying values are larger. Other possibilities are power
transformations in the Box–Cox family of the form

yt =

{
(xλt − 1)/λ λ 6= 0,

log xt λ = 0.
(2.37)

Methods for choosing the power λ are available (see Johnson and Wichern,
1992, §4.7) but we do not pursue them here. Often, transformations are also
used to improve the approximation to normality or to improve linearity in
predicting the value of one series from another.
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Fig. 2.6. Glacial varve thicknesses (top) from Massachusetts for n = 634 years
compared with log transformed thicknesses (bottom).

Example 2.6 Paleoclimatic Glacial Varves

Melting glaciers deposit yearly layers of sand and silt during the spring
melting seasons, which can be reconstructed yearly over a period ranging
from the time deglaciation began in New England (about 12,600 years ago)
to the time it ended (about 6,000 years ago). Such sedimentary deposits,
called varves, can be used as proxies for paleoclimatic parameters, such as
temperature, because, in a warm year, more sand and silt are deposited
from the receding glacier. Figure 2.6 shows the thicknesses of the yearly
varves collected from one location in Massachusetts for 634 years, beginning
11,834 years ago. For further information, see Shumway and Verosub (1992).
Because the variation in thicknesses increases in proportion to the amount
deposited, a logarithmic transformation could remove the nonstationarity
observable in the variance as a function of time. Figure 2.6 shows the original
and transformed varves, and it is clear that this improvement has occurred.
We may also plot the histogram of the original and transformed data, as
in Problem 2.8, to argue that the approximation to normality is improved.
The ordinary first differences (2.34) are also computed in Problem 2.8, and
we note that the first differences have a significant negative correlation at
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lag h = 1. Later, in Chapter 5, we will show that perhaps the varve series
has long memory and will propose using fractional differencing.

Figure 2.6 was generated in R as follows:
1 par(mfrow=c(2,1))

2 plot(varve, main="varve", ylab="")

3 plot(log(varve), main="log(varve)", ylab="" )

Next, we consider another preliminary data processing technique that is
used for the purpose of visualizing the relations between series at different lags,
namely, scatterplot matrices. In the definition of the ACF, we are essentially
interested in relations between xt and xt−h; the autocorrelation function tells
us whether a substantial linear relation exists between the series and its own
lagged values. The ACF gives a profile of the linear correlation at all possible
lags and shows which values of h lead to the best predictability. The restriction
of this idea to linear predictability, however, may mask a possible nonlinear
relation between current values, xt, and past values, xt−h. This idea extends
to two series where one may be interested in examining scatterplots of yt
versus xt−h

Example 2.7 Scatterplot Matrices, SOI and Recruitment

To check for nonlinear relations of this form, it is convenient to display a
lagged scatterplot matrix, as in Figure 2.7, that displays values of the SOI,
St, on the vertical axis plotted against St−h on the horizontal axis. The
sample autocorrelations are displayed in the upper right-hand corner and
superimposed on the scatterplots are locally weighted scatterplot smoothing
(lowess) lines that can be used to help discover any nonlinearities. We discuss
smoothing in the next section, but for now, think of lowess as a robust
method for fitting nonlinear regression.

In Figure 2.7, we notice that the lowess fits are approximately linear,
so that the sample autocorrelations are meaningful. Also, we see strong
positive linear relations at lags h = 1, 2, 11, 12, that is, between St and
St−1, St−2, St−11, St−12, and a negative linear relation at lags h = 6, 7. These
results match up well with peaks noticed in the ACF in Figure 1.14.

Similarly, we might want to look at values of one series, say Recruitment,
denoted Rt plotted against another series at various lags, say the SOI, St−h,
to look for possible nonlinear relations between the two series. Because,
for example, we might wish to predict the Recruitment series, Rt, from
current or past values of the SOI series, St−h, for h = 0, 1, 2, ... it would be
worthwhile to examine the scatterplot matrix. Figure 2.8 shows the lagged
scatterplot of the Recruitment series Rt on the vertical axis plotted against
the SOI index St−h on the horizontal axis. In addition, the figure exhibits
the sample cross-correlations as well as lowess fits.

Figure 2.8 shows a fairly strong nonlinear relationship between Recruit-
ment, Rt, and the SOI series at St−5, St−6, St−7, St−8, indicating the SOI
series tends to lead the Recruitment series and the coefficients are negative,
implying that increases in the SOI lead to decreases in the Recruitment. The
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Fig. 2.7. Scatterplot matrix relating current SOI values, St, to past SOI values,
St−h, at lags h = 1, 2, ..., 12. The values in the upper right corner are the sample
autocorrelations and the lines are a lowess fit.

nonlinearity observed in the scatterplots (with the help of the superimposed
lowess fits) indicate that the behavior between Recruitment and the SOI is
different for positive values of SOI than for negative values of SOI.

Simple scatterplot matrices for one series can be obtained in R using
the lag.plot command. Figures 2.7 and 2.8 may be reproduced using the
following scripts provided with the text (see Appendix R for detials):

1 lag.plot1(soi, 12) # Fig 2.7

2 lag.plot2(soi, rec, 8) # Fig 2.8

As a final exploratory tool, we discuss assessing periodic behavior in time
series data using regression analysis and the periodogram; this material may
be thought of as an introduction to spectral analysis, which we discuss in
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Fig. 2.8. Scatterplot matrix of the Recruitment series, Rt, on the vertical axis
plotted against the SOI series, St−h, on the horizontal axis at lags h = 0, 1, . . . , 8.
The values in the upper right corner are the sample cross-correlations and the lines
are a lowess fit.

detail in Chapter 4. In Example 1.12, we briefly discussed the problem of
identifying cyclic or periodic signals in time series. A number of the time
series we have seen so far exhibit periodic behavior. For example, the data
from the pollution study example shown in Figure 2.2 exhibit strong yearly
cycles. Also, the Johnson & Johnson data shown in Figure 1.1 make one cycle
every year (four quarters) on top of an increasing trend and the speech data
in Figure 1.2 is highly repetitive. The monthly SOI and Recruitment series in
Figure 1.6 show strong yearly cycles, but hidden in the series are clues to the
El Niño cycle.
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Example 2.8 Using Regression to Discover a Signal in Noise

In Example 1.12, we generated n = 500 observations from the model

xt = A cos(2πωt+ φ) + wt, (2.38)

where ω = 1/50, A = 2, φ = .6π, and σw = 5; the data are shown on
the bottom panel of Figure 1.11 on page 16. At this point we assume the
frequency of oscillation ω = 1/50 is known, but A and φ are unknown
parameters. In this case the parameters appear in (2.38) in a nonlinear way,
so we use a trigonometric identity4 and write

A cos(2πωt+ φ) = β1 cos(2πωt) + β2 sin(2πωt),

where β1 = A cos(φ) and β2 = −A sin(φ). Now the model (2.38) can be
written in the usual linear regression form given by (no intercept term is
needed here)

xt = β1 cos(2πt/50) + β2 sin(2πt/50) + wt. (2.39)

Using linear regression on the generated data, the fitted model is

x̂t = −.71(.30) cos(2πt/50)− 2.55(.30) sin(2πt/50) (2.40)

with σ̂w = 4.68, where the values in parentheses are the standard er-
rors. We note the actual values of the coefficients for this example are
β1 = 2 cos(.6π) = −.62 and β2 = −2 sin(.6π) = −1.90. Because the pa-
rameter estimates are significant and close to the actual values, it is clear
that we are able to detect the signal in the noise using regression, even
though the signal appears to be obscured by the noise in the bottom panel
of Figure 1.11. Figure 2.9 shows data generated by (2.38) with the fitted
line, (2.40), superimposed.

To reproduce the analysis and Figure 2.9 in R, use the following com-
mands:

1 set.seed(1000) # so you can reproduce these results

2 x = 2*cos(2*pi*1:500/50 + .6*pi) + rnorm(500,0,5)

3 z1 = cos(2*pi*1:500/50); z2 = sin(2*pi*1:500/50)

4 summary(fit <- lm(x~0+z1+z2)) # zero to exclude the intercept

5 plot.ts(x, lty="dashed")

6 lines(fitted(fit), lwd=2)

Example 2.9 Using the Periodogram to Discover a Signal in Noise

The analysis in Example 2.8 may seem like cheating because we assumed we
knew the value of the frequency parameter ω. If we do not know ω, we could
try to fit the model (2.38) using nonlinear regression with ω as a parameter.
Another method is to try various values of ω in a systematic way. Using the

4 cos(α± β) = cos(α) cos(β)∓ sin(α) sin(β).
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Fig. 2.9. Data generated by (2.38) [dashed line] with the fitted [solid] line, (2.40),
superimposed.

regression results of §2.2, we can show the estimated regression coefficients
in Example 2.8 take on the special form given by

β̂1 =

∑n
t=1 xt cos(2πt/50)∑n
t=1 cos2(2πt/50)

=
2

n

n∑
t=1

xt cos(2πt/50); (2.41)

β̂2 =

∑n
t=1 xt sin(2πt/50)∑n
t=1 sin2(2πt/50)

=
2

n

n∑
t=1

xt sin(2πt/50). (2.42)

This suggests looking at all possible regression parameter estimates,5 say

β̂1(j/n) =
2

n

n∑
t=1

xt cos(2πt j/n); (2.43)

β̂2(j/n) =
2

n

n∑
t=1

xt sin(2πt j/n), (2.44)

where, n = 500 and j = 1, . . . , n2 − 1, and inspecting the results for large

values. For the endpoints, j = 0 and j = n/2, we have β̂1(0) = n−1
∑n
t=1 xt

and β̂1( 1
2 ) = n−1

∑n
t=1(−1)txt, and β̂2(0) = β̂2( 1

2 ) = 0.
For this particular example, the values calculated in (2.41) and (2.42) are

β̂1(10/500) and β̂2(10/500). By doing this, we have regressed a series, xt, of

5 In the notation of §2.2, the estimates are of the form
∑n
t=1 xtzt

/ ∑n
t=1 z

2
t where

zt = cos(2πtj/n) or zt = sin(2πtj/n). In this setup, unless j = 0 or j = n/2 if n
is even,

∑n
t=1 z

2
t = n/2; see Problem 2.10.
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Fig. 2.10. The scaled periodogram, (2.45), of the 500 observations generated by
(2.38); the data are displayed in Figures 1.11 and 2.9.

length n using n regression parameters, so that we will have a perfect fit.
The point, however, is that if the data contain any cyclic behavior we are
likely to catch it by performing these saturated regressions.

Next, note that the regression coefficients β̂1(j/n) and β̂2(j/n), for each
j, are essentially measuring the correlation of the data with a sinusoid os-
cillating at j cycles in n time points.6 Hence, an appropriate measure of the
presence of a frequency of oscillation of j cycles in n time points in the data
would be

P (j/n) = β̂2
1(j/n) + β̂2

2(j/n), (2.45)

which is basically a measure of squared correlation. The quantity (2.45)
is sometimes called the periodogram, but we will call P (j/n) the scaled
periodogram and we will investigate its properties in Chapter 4. Figure 2.10
shows the scaled periodogram for the data generated by (2.38), and it easily
discovers the periodic component with frequency ω = .02 = 10/500 even
though it is difficult to visually notice that component in Figure 1.11 due
to the noise.

Finally, we mention that it is not necessary to run a large regression

xt =

n/2∑
j=0

β1(j/n) cos(2πtj/n) + β2(j/n) sin(2πtj/n) (2.46)

to obtain the values of β1(j/n) and β2(j/n) [with β2(0) = β2(1/2) = 0]
because they can be computed quickly if n (assumed even here) is a highly

6 Sample correlations are of the form
∑
t xtzt

/ (∑
t x

2
t

∑
t z

2
t

)1/2
.
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composite integer. There is no error in (2.46) because there are n obser-
vations and n parameters; the regression fit will be perfect. The discrete
Fourier transform (DFT) is a complex-valued weighted average of the data
given by

d(j/n) = n−1/2
n∑
t=1

xt exp(−2πitj/n)

= n−1/2

(
n∑
t=1

xt cos(2πtj/n)− i
n∑
t=1

xt sin(2πtj/n)

) (2.47)

where the frequencies j/n are called the Fourier or fundamental frequencies.
Because of a large number of redundancies in the calculation, (2.47) may be
computed quickly using the fast Fourier transform (FFT)7, which is available
in many computing packages such as Matlab R©, S-PLUS R© and R. Note that8

|d(j/n)|2 =
1

n

(
n∑
t=1

xt cos(2πtj/n)

)2

+
1

n

(
n∑
t=1

xt sin(2πtj/n)

)2

(2.48)

and it is this quantity that is called the periodogram; we will write

I(j/n) = |d(j/n)|2.

We may calculate the scaled periodogram, (2.45), using the periodogram as

P (j/n) =
4

n
I(j/n). (2.49)

We will discuss this approach in more detail and provide examples with data
in Chapter 4.

Figure 2.10 can be created in R using the following commands (and the
data already generated in x):

1 I = abs(fft(x))^2/500 # the periodogram

2 P = (4/500)*I[1:250] # the scaled periodogram

3 f = 0:249/500 # frequencies

4 plot(f, P, type="l", xlab="Frequency", ylab="Scaled Periodogram")

2.4 Smoothing in the Time Series Context

In §1.4, we introduced the concept of smoothing a time series, and in Ex-
ample 1.9, we discussed using a moving average to smooth white noise. This
method is useful in discovering certain traits in a time series, such as long-term

7 Different packages scale the FFT differently; consult the documentation. R cal-
culates (2.47) without scaling by n−1/2.

8 If z = a− ib is complex, then |z|2 = zz = (a− ib)(a+ ib) = a2 + b2.
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Fig. 2.11. The weekly cardiovascular mortality series discussed in Example 2.2
smoothed using a five-week moving average and a 53-week moving average.

trend and seasonal components. In particular, if xt represents the observations,
then

mt =
k∑

j=−k

ajxt−j , (2.50)

where aj = a−j ≥ 0 and
∑k
j=−k aj = 1 is a symmetric moving average of the

data.

Example 2.10 Moving Average Smoother

For example, Figure 2.11 shows the weekly mortality series discussed in
Example 2.2, a five-point moving average (which is essentially a monthly
average with k = 2) that helps bring out the seasonal component and a
53-point moving average (which is essentially a yearly average with k = 26)
that helps bring out the (negative) trend in cardiovascular mortality. In both
cases, the weights, a−k, . . . , a0, . . . , ak, we used were all the same, and equal
to 1/(2k + 1).9

To reproduce Figure 2.11 in R:
1 ma5 = filter(cmort, sides=2, rep(1,5)/5)

2 ma53 = filter(cmort, sides=2, rep(1,53)/53)

3 plot(cmort, type="p", ylab="mortality")

4 lines(ma5); lines(ma53)

9 Sometimes, the end weights, a−k and ak are set equal to half the value of the
other weights.



72 2 Time Series Regression and Exploratory Data Analysis

Fig. 2.12. The weekly cardiovascular mortality series with a cubic trend and cubic
trend plus periodic regression.

Many other techniques are available for smoothing time series data based
on methods from scatterplot smoothers. The general setup for a time plot is

xt = ft + yt, (2.51)

where ft is some smooth function of time, and yt is a stationary process. We
may think of the moving average smoother mt, given in (2.50), as an estimator
of ft. An obvious choice for ft in (2.51) is polynomial regression

ft = β0 + β1t+ · · ·+ βpt
p. (2.52)

We have seen the results of a linear fit on the global temperature data in
Example 2.1. For periodic data, one might employ periodic regression

ft = α0 + α1 cos(2πω1t) + β1 sin(2πω1t)

+ · · ·+ αp cos(2πωpt) + βp sin(2πωpt), (2.53)

where ω1, . . . , ωp are distinct, specified frequencies. In addition, one might
consider combining (2.52) and (2.53). These smoothers can be applied using
classical linear regression.

Example 2.11 Polynomial and Periodic Regression Smoothers

Figure 2.12 shows the weekly mortality series with an estimated (via ordi-
nary least squares) cubic smoother

f̂t = β̂0 + β̂1t+ β̂2t
2 + β̂3t

3
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the degree of smoothness used in the previous examples were chosen arbitrarily
to bring out what might be considered obvious features in the data set.

Problems

Section 2.2

2.1 For the Johnson & Johnson data, say yt, shown in Figure 1.1, let xt =
log(yt).

(a) Fit the regression model

xt = βt+ α1Q1(t) + α2Q2(t) + α3Q3(t) + α4Q4(t) + wt

where Qi(t) = 1 if time t corresponds to quarter i = 1, 2, 3, 4, and zero
otherwise. The Qi(t)’s are called indicator variables. We will assume for
now that wt is a Gaussian white noise sequence. What is the interpreta-
tion of the parameters β, α1, α2, α3, and α4? (Detailed code is given in
Appendix R on page 574.)

(b) What happens if you include an intercept term in the model in (a)?
(c) Graph the data, xt, and superimpose the fitted values, say x̂t, on the

graph. Examine the residuals, xt− x̂t, and state your conclusions. Does it
appear that the model fits the data well (do the residuals look white)?

2.2 For the mortality data examined in Example 2.2:

(a) Add another component to the regression in (2.25) that accounts for the
particulate count four weeks prior; that is, add Pt−4 to the regression in
(2.25). State your conclusion.

(b) Draw a scatterplot matrix of Mt, Tt, Pt and Pt−4 and then calculate the
pairwise correlations between the series. Compare the relationship between
Mt and Pt versus Mt and Pt−4.

2.3 Repeat the following exercise six times and then discuss the results. Gen-
erate a random walk with drift, (1.4), of length n = 100 with δ = .01 and
σw = 1. Call the data xt for t = 1, . . . , 100. Fit the regression xt = βt + wt
using least squares. Plot the data, the mean function (i.e., µt = .01 t) and the

fitted line, x̂t = β̂ t, on the same graph. Discuss your results.

The following R code may be useful:

1 par(mfcol = c(3,2)) # set up graphics

2 for (i in 1:6){

3 x = ts(cumsum(rnorm(100,.01,1))) # the data

4 reg = lm(x~0+time(x), na.action=NULL) # the regression

5 plot(x) # plot data

6 lines(.01*time(x), col="red", lty="dashed") # plot mean

7 abline(reg, col="blue") } # plot regression line



3

ARIMA Models

3.1 Introduction

In Chapters 1 and 2, we introduced autocorrelation and cross-correlation func-
tions (ACFs and CCFs) as tools for clarifying relations that may occur within
and between time series at various lags. In addition, we explained how to
build linear models based on classical regression theory for exploiting the as-
sociations indicated by large values of the ACF or CCF. The time domain, or
regression, methods of this chapter are appropriate when we are dealing with
possibly nonstationary, shorter time series; these series are the rule rather
than the exception in many applications. In addition, if the emphasis is on
forecasting future values, then the problem is easily treated as a regression
problem. This chapter develops a number of regression techniques for time se-
ries that are all related to classical ordinary and weighted or correlated least
squares.

Classical regression is often insufficient for explaining all of the interesting
dynamics of a time series. For example, the ACF of the residuals of the sim-

Chapter 2) reveals additional structure in the data that the regression did not
capture. Instead, the introduction of correlation as a phenomenon that may
be generated through lagged linear relations leads to proposing the autore-
gressive (AR) and autoregressive moving average (ARMA) models. Adding
nonstationary models to the mix leads to the autoregressive integrated mov-
ing average (ARIMA) model popularized in the landmark work by Box and
Jenkins (1970). The Box–Jenkins method for identifying a plausible ARIMA
model is given in this chapter along with techniques for parameter estimation
and forecasting for these models. A partial theoretical justification of the use
of ARMA models is discussed in Appendix B, §B.4.
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3.2 Autoregressive Moving Average Models

The classical regression model of Chapter 2 was developed for the static case,
namely, we only allow the dependent variable to be influenced by current
values of the independent variables. In the time series case, it is desirable
to allow the dependent variable to be influenced by the past values of the
independent variables and possibly by its own past values. If the present can
be plausibly modeled in terms of only the past values of the independent
inputs, we have the enticing prospect that forecasting will be possible.

Introduction to Autoregressive Models

Autoregressive models are based on the idea that the current value of the
series, xt, can be explained as a function of p past values, xt−1, xt−2, . . . , xt−p,
where p determines the number of steps into the past needed to forecast
the current value. As a typical case, recall Example 1.10 in which data were
generated using the model

xt = xt−1 − .90xt−2 + wt,

where wt is white Gaussian noise with σ2
w = 1. We have now assumed the

current value is a particular linear function of past values. The regularity that
persists in Figure 1.9 gives an indication that forecasting for such a model
might be a distinct possibility, say, through some version such as

xnn+1 = xn − .90xn−1,

where the quantity on the left-hand side denotes the forecast at the next
period n + 1 based on the observed data, x1, x2, . . . , xn. We will make this
notion more precise in our discussion of forecasting (§3.5).

The extent to which it might be possible to forecast a real data series from
its own past values can be assessed by looking at the autocorrelation function
and the lagged scatterplot matrices discussed in Chapter 2. For example, the
lagged scatterplot matrix for the Southern Oscillation Index (SOI), shown
in Figure 2.7, gives a distinct indication that lags 1 and 2, for example, are
linearly associated with the current value. The ACF shown in Figure 1.14
shows relatively large positive values at lags 1, 2, 12, 24, and 36 and large
negative values at 18, 30, and 42. We note also the possible relation between
the SOI and Recruitment series indicated in the scatterplot matrix shown in
Figure 2.8. We will indicate in later sections on transfer function and vector
AR modeling how to handle the dependence on values taken by other series.

The preceding discussion motivates the following definition.

Definition 3.1 An autoregressive model of order p, abbreviated AR(p),
is of the form

xt = φ1xt−1 + φ2xt−2 + · · ·+ φpxt−p + wt, (3.1)
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3.3 Difference Equations

The study of the behavior of ARMA processes and their ACFs is greatly
enhanced by a basic knowledge of difference equations, simply because they
are difference equations. This topic is also useful in the study of time domain
models and stochastic processes in general. We will give a brief and heuristic
account of the topic along with some examples of the usefulness of the theory.
For details, the reader is referred to Mickens (1990).

Suppose we have a sequence of numbers u0, u1, u2, . . . such that

un − αun−1 = 0, α 6= 0, n = 1, 2, . . . . (3.29)

For example, recall (3.9) in which we showed that the ACF of an AR(1)
process is a sequence, ρ(h), satisfying

ρ(h)− φρ(h− 1) = 0, h = 1, 2, . . . .

Equation (3.29) represents a homogeneous difference equation of order 1. To
solve the equation, we write:

u1 = αu0

u2 = αu1 = α2u0
...

un = αun−1 = αnu0.

Given an initial condition u0 = c, we may solve (3.29), namely, un = αnc.
In operator notation, (3.29) can be written as (1− αB)un = 0. The poly-

nomial associated with (3.29) is α(z) = 1 − αz, and the root, say, z0, of this
polynomial is z0 = 1/α; that is α(z0) = 0. We know a solution (in fact, the
solution) to (3.29), with initial condition u0 = c, is

un = αnc =
(
z−10

)n
c. (3.30)

That is, the solution to the difference equation (3.29) depends only on the
initial condition and the inverse of the root to the associated polynomial α(z).

Now suppose that the sequence satisfies

un − α1un−1 − α2un−2 = 0, α2 6= 0, n = 2, 3, . . . (3.31)

This equation is a homogeneous difference equation of order 2. The corre-
sponding polynomial is

α(z) = 1− α1z − α2z
2,

which has two roots, say, z1 and z2; that is, α(z1) = α(z2) = 0. We will
consider two cases. First suppose z1 6= z2. Then the general solution to (3.31)
is
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with initial conditions

ψj −
j∑

k=1

φkψj−k = θj , 0 ≤ j < max(p, q + 1). (3.41)

The general solution depends on the roots of the AR polynomial φ(z) =
1 − φ1z − · · · − φpz

p, as seen from (3.40). The specific solution will, of
course, depend on the initial conditions.

Consider the ARMA process given in (3.27), xt = .9xt−1 + .5wt−1 + wt.
Because max(p, q+ 1) = 2, using (3.41), we have ψ0 = 1 and ψ1 = .9 + .5 =
1.4. By (3.40), for j = 2, 3, . . . , the ψ-weights satisfy ψj − .9ψj−1 = 0. The
general solution is ψj = c .9j . To find the specific solution, use the initial
condition ψ1 = 1.4, so 1.4 = .9c or c = 1.4/.9. Finally, ψj = 1.4(.9)j−1, for
j ≥ 1, as we saw in Example 3.7.

To view, for example, the first 50 ψ-weights in R, use:
1 ARMAtoMA(ar=.9, ma=.5, 50) # for a list

2 plot(ARMAtoMA(ar=.9, ma=.5, 50)) # for a graph

3.4 Autocorrelation and Partial Autocorrelation

We begin by exhibiting the ACF of an MA(q) process, xt = θ(B)wt, where
θ(B) = 1+θ1B+ · · ·+θqB

q. Because xt is a finite linear combination of white
noise terms, the process is stationary with mean

E(xt) =

q∑
j=0

θjE(wt−j) = 0,

where we have written θ0 = 1, and with autocovariance function

γ(h) = cov (xt+h, xt) = cov
( q∑
j=0

θjwt+h−j ,

q∑
k=0

θkwt−k

)

=

{
σ2
w

∑q−h
j=0 θjθj+h, 0 ≤ h ≤ q

0 h > q.
(3.42)

Recall that γ(h) = γ(−h), so we will only display the values for h ≥ 0. The
cutting off of γ(h) after q lags is the signature of the MA(q) model. Dividing
(3.42) by γ(0) yields the ACF of an MA(q):

ρ(h) =


∑q−h
j=0 θjθj+h

1 + θ21 + · · ·+ θ2q
1 ≤ h ≤ q

0 h > q.

(3.43)

For a causal ARMA(p, q) model, φ(B)xt = θ(B)wt, where the zeros of
φ(z) are outside the unit circle, write
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Table 3.1. Behavior of the ACF and PACF for ARMA Models

AR(p) MA(q) ARMA(p, q)

ACF Tails off Cuts off Tails off
after lag q

PACF Cuts off Tails off Tails off
after lag p

Example 3.17 Preliminary Analysis of the Recruitment Series

We consider the problem of modeling the Recruitment series shown in Fig-
ure 1.5. There are 453 months of observed recruitment ranging over the
years 1950-1987. The ACF and the PACF given in Figure 3.5 are con-
sistent with the behavior of an AR(2). The ACF has cycles correspond-
ing roughly to a 12-month period, and the PACF has large values for
h = 1, 2 and then is essentially zero for higher order lags. Based on Ta-
ble 3.1, these results suggest that a second-order (p = 2) autoregres-
sive model might provide a good fit. Although we will discuss estimation
in detail in §3.6, we ran a regression (see §2.2) using the data triplets
{(x; z1, z2) : (x3;x2, x1), (x4;x3, x2), . . . , (x453;x452, x451)} to fit a model of
the form

xt = φ0 + φ1xt−1 + φ2xt−2 + wt

for t = 3, 4, . . . , 453. The values of the estimates were φ̂0 = 6.74(1.11),

φ̂1 = 1.35(.04), φ̂2 = −.46(.04), and σ̂2
w = 89.72, where the estimated standard

errors are in parentheses.
The following R code can be used for this analysis. We use the script acf2

to print and plot the ACF and PACF; see Appendix R for details.
1 acf2(rec, 48) # will produce values and a graphic

2 (regr = ar.ols(rec, order=2, demean=FALSE, intercept=TRUE))

3 regr$asy.se.coef # standard errors of the estimates

3.5 Forecasting

In forecasting, the goal is to predict future values of a time series, xn+m, m =
1, 2, . . ., based on the data collected to the present, xxx = {xn, xn−1, . . . , x1}.
Throughout this section, we will assume xt is stationary and the model pa-
rameters are known. The problem of forecasting when the model parameters
are unknown will be discussed in the next section; also, see Problem 3.26. The
minimum mean square error predictor of xn+m is

xnn+m = E(xn+m
∣∣ xxx) (3.57)

because the conditional expectation minimizes the mean square error
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Fig. 3.5. ACF and PACF of the Recruitment series. Note that the lag axes are in
terms of season (12 months in this case).

E [xn+m − g(xxx)]
2
, (3.58)

where g(xxx) is a function of the observations xxx; see Problem 3.14.
First, we will restrict attention to predictors that are linear functions of

the data, that is, predictors of the form

xnn+m = α0 +
n∑
k=1

αkxk, (3.59)

where α0, α1, . . . , αn are real numbers. Linear predictors of the form (3.59)
that minimize the mean square prediction error (3.58) are called best linear
predictors (BLPs). As we shall see, linear prediction depends only on the
second-order moments of the process, which are easy to estimate from the
data. Much of the material in this section is enhanced by the theoretical
material presented in Appendix B. For example, Theorem B.3 states that
if the process is Gaussian, minimum mean square error predictors and best
linear predictors are the same. The following property, which is based on the
Projection Theorem, Theorem B.1 of Appendix B, is a key result.

Property 3.3 Best Linear Prediction for Stationary Processes
Given data x1, . . . , xn, the best linear predictor, xnn+m = α0 +

∑n
k=1 αkxk,

of xn+m, for m ≥ 1, is found by solving

E
[(
xn+m − xnn+m

)
xk
]

= 0, k = 0, 1, . . . , n, (3.60)

where x0 = 1, for α0, α1, . . . αn.
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3.6 Estimation

Throughout this section, we assume we have n observations, x1, . . . , xn, from
a causal and invertible Gaussian ARMA(p, q) process in which, initially, the
order parameters, p and q, are known. Our goal is to estimate the parameters,
φ1, . . . , φp, θ1, . . . , θq, and σ2

w. We will discuss the problem of determining p
and q later in this section.

We begin with method of moments estimators. The idea behind these esti-
mators is that of equating population moments to sample moments and then
solving for the parameters in terms of the sample moments. We immediately
see that, if E(xt) = µ, then the method of moments estimator of µ is the
sample average, x̄. Thus, while discussing method of moments, we will as-
sume µ = 0. Although the method of moments can produce good estimators,
they can sometimes lead to suboptimal estimators. We first consider the case
in which the method leads to optimal (efficient) estimators, that is, AR(p)
models.

When the process is AR(p),

xt = φ1xt−1 + · · ·+ φpxt−p + wt,

the first p+ 1 equations of (3.47) and (3.48) lead to the following:

Definition 3.10 The Yule–Walker equations are given by

γ(h) = φ1γ(h− 1) + · · ·+ φpγ(h− p), h = 1, 2, . . . , p, (3.98)

σ2
w = γ(0)− φ1γ(1)− · · · − φpγ(p). (3.99)

In matrix notation, the Yule–Walker equations are

Γpφφφ = γγγp, σ2
w = γ(0)− φφφ′γγγp, (3.100)

where Γp = {γ(k−j)}pj,k=1 is a p×p matrix, φφφ = (φ1, . . . , φp)
′ is a p×1 vector,

and γγγp = (γ(1), . . . , γ(p))
′

is a p × 1 vector. Using the method of moments,
we replace γ(h) in (3.100) by γ̂(h) [see equation (1.34)] and solve

φ̂̂φ̂φ = Γ̂−1p γ̂̂γ̂γp, σ̂2
w = γ̂(0)− γ̂̂γ̂γ′pΓ̂−1p γ̂̂γ̂γp. (3.101)

These estimators are typically called the Yule–Walker estimators. For calcula-
tion purposes, it is sometimes more convenient to work with the sample ACF.
By factoring γ̂(0) in (3.101), we can write the Yule–Walker estimates as

φ̂̂φ̂φ = R̂̂R̂R
−1
p ρ̂̂ρ̂ρp, σ̂2

w = γ̂(0)
[
1− ρ̂̂ρ̂ρ′pR̂̂R̂R

−1
p ρ̂̂ρ̂ρp

]
, (3.102)

where R̂p = {ρ̂(k − j)}pj,k=1 is a p × p matrix and ρ̂̂ρ̂ρp = (ρ̂(1), . . . , ρ̂(p))
′

is a
p× 1 vector.

For AR(p) models, if the sample size is large, the Yule–Walker estimators
are approximately normally distributed, and σ̂2

w is close to the true value of
σ2
w. We state these results in Property 3.8; for details, see Appendix B, §B.3.
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Fig. 3.10. Finite sample density of the Yule–Walker estimate of φ in Example 3.35.

To assess the finite sample distribution of φ̂ when n = 100, we simulated
1000 realizations of this AR(1) process and estimated the parameters via
Yule–Walker. The finite sampling density of the Yule–Walker estimate of φ,
based on the 1000 repeated simulations, is shown in Figure 3.10. Clearly
the sampling distribution is not close to normality for this sample size.
The mean of the distribution shown in Figure 3.10 is .89, and the variance
of the distribution is .052; these values are considerably different than the
asymptotic values. Some of the quantiles of the finite sample distribution
are .79 (5%), .86 (25%), .90 (50%), .93 (75%), and .95 (95%). The R code
to perform the simulation and plot the histogram is as follows:

1 set.seed(111)

2 phi.yw = rep(NA, 1000)

3 for (i in 1:1000){

4 e = rexp(150, rate=.5); u = runif(150,-1,1); de = e*sign(u)

5 x = 50 + arima.sim(n=100,list(ar=.95), innov=de, n.start=50)

6 phi.yw[i] = ar.yw(x, order=1)$ar }

7 hist(phi.yw, prob=TRUE, main="")

8 lines(density(phi.yw, bw=.015))

Before discussing the bootstrap, we first investigate the sample innovation
process, xt−xt−1t , with corresponding variances P t−1t . For the AR(1) model
in this example,

xt−1t = µ+ φ(xt−1 − µ), t = 2, . . . , 100.

From this, it follows that
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3.7 Integrated Models for Nonstationary Data

In Chapters 1 and 2, we saw that if xt is a random walk, xt = xt−1 + wt,
then by differencing xt, we find that ∇xt = wt is stationary. In many situa-
tions, time series can be thought of as being composed of two components, a
nonstationary trend component and a zero-mean stationary component. For
example, in §2.2 we considered the model

xt = µt + yt, (3.142)

where µt = β0 +β1t and yt is stationary. Differencing such a process will lead
to a stationary process:

∇xt = xt − xt−1 = β1 + yt − yt−1 = β1 +∇yt.

Another model that leads to first differencing is the case in which µt in (3.142)
is stochastic and slowly varying according to a random walk. That is,

µt = µt−1 + vt

where vt is stationary. In this case,

∇xt = vt +∇yt,

is stationary. If µt in (3.142) is a k-th order polynomial, µt =
∑k
j=0 βjt

j ,

then (Problem 3.27) the differenced series ∇kyt is stationary. Stochastic trend
models can also lead to higher order differencing. For example, suppose

µt = µt−1 + vt and vt = vt−1 + et,

where et is stationary. Then, ∇xt = vt +∇yt is not stationary, but

∇2xt = et +∇2yt

is stationary.
The integrated ARMA, or ARIMA, model is a broadening of the class of

ARMA models to include differencing.

Definition 3.11 A process xt is said to be ARIMA(p, d, q) if

∇dxt = (1−B)dxt

is ARMA(p, q). In general, we will write the model as

φ(B)(1−B)dxt = θ(B)wt. (3.143)

If E(∇dxt) = µ, we write the model as

φ(B)(1−B)dxt = δ + θ(B)wt,

where δ = µ(1− φ1 − · · · − φp).
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From (3.149), we see that the new forecast is a linear combination of the
old forecast and the new observation. Based on (3.149) and the fact that we
only observe x1, . . . , xn, and consequently y1, . . . , yn (because yt = xt−xt−1;
x0 = 0), the truncated forecasts are

x̃nn+1 = (1− λ)xn + λx̃n−1n , n ≥ 1, (3.150)

with x̃01 = x1 as an initial value. The mean-square prediction error can be
approximated using (3.144) by noting that ψ∗(z) = (1 − λz)/(1 − z) =
1 + (1− λ)

∑∞
j=1 z

j for |z| < 1; consequently, for large n, (3.144) leads to

Pnn+m ≈ σ2
w[1 + (m− 1)(1− λ)2].

In EWMA, the parameter 1− λ is often called the smoothing parameter
and is restricted to be between zero and one. Larger values of λ lead to
smoother forecasts. This method of forecasting is popular because it is easy
to use; we need only retain the previous forecast value and the current
observation to forecast the next time period. Unfortunately, as previously
suggested, the method is often abused because some forecasters do not verify
that the observations follow an IMA(1, 1) process, and often arbitrarily pick
values of λ. In the following, we show how to generate 100 observations from
an IMA(1,1) model with λ = −θ = .8 and then calculate and display the
fitted EWMA superimposed on the data. This is accomplished using the
Holt-Winters command in R (see the help file ?HoltWinters for details; no
output is shown):

1 set.seed(666)

2 x = arima.sim(list(order = c(0,1,1), ma = -0.8), n = 100)

3 (x.ima = HoltWinters(x, beta=FALSE, gamma=FALSE)) # α below is 1− λ
Smoothing parameter: alpha: 0.1663072

4 plot(x.ima)

3.8 Building ARIMA Models

There are a few basic steps to fitting ARIMA models to time series data.
These steps involve plotting the data, possibly transforming the data, identi-
fying the dependence orders of the model, parameter estimation, diagnostics,
and model choice. First, as with any data analysis, we should construct a
time plot of the data, and inspect the graph for any anomalies. If, for ex-
ample, the variability in the data grows with time, it will be necessary to
transform the data to stabilize the variance. In such cases, the Box–Cox class
of power transformations, equation (2.37), could be employed. Also, the par-
ticular application might suggest an appropriate transformation. For example,
suppose a process evolves as a fairly small and stable percent-change, such as
an investment. For example, we might have

xt = (1 + pt)xt−1,
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3.9 Multiplicative Seasonal ARIMA Models

In this section, we introduce several modifications made to the ARIMA model
to account for seasonal and nonstationary behavior. Often, the dependence
on the past tends to occur most strongly at multiples of some underlying
seasonal lag s. For example, with monthly economic data, there is a strong
yearly component occurring at lags that are multiples of s = 12, because
of the strong connections of all activity to the calendar year. Data taken
quarterly will exhibit the yearly repetitive period at s = 4 quarters. Natural
phenomena such as temperature also have strong components corresponding
to seasons. Hence, the natural variability of many physical, biological, and
economic processes tends to match with seasonal fluctuations. Because of this,
it is appropriate to introduce autoregressive and moving average polynomials
that identify with the seasonal lags. The resulting pure seasonal autoregressive
moving average model, say, ARMA(P,Q)s, then takes the form

ΦP (Bs)xt = ΘQ(Bs)wt, (3.155)

with the following definition.

Definition 3.12 The operators

ΦP (Bs) = 1− Φ1B
s − Φ2B

2s − · · · − ΦPBPs (3.156)

and
ΘQ(Bs) = 1 +Θ1B

s +Θ2B
2s + · · ·+ΘQB

Qs (3.157)

are the seasonal autoregressive operator and the seasonal moving av-
erage operator of orders P and Q, respectively, with seasonal period s.

Analogous to the properties of nonseasonal ARMA models, the pure sea-
sonal ARMA(P,Q)s is causal only when the roots of ΦP (zs) lie outside the
unit circle, and it is invertible only when the roots of ΘQ(zs) lie outside the
unit circle.

Example 3.43 A Seasonal ARMA Series

A first-order seasonal autoregressive moving average series that might run
over months could be written as

(1− ΦB12)xt = (1 +ΘB12)wt

or
xt = Φxt−12 + wt +Θwt−12.

This model exhibits the series xt in terms of past lags at the multiple of the
yearly seasonal period s = 12 months. It is clear from the above form that
estimation and forecasting for such a process involves only straightforward
modifications of the unit lag case already treated. In particular, the causal
condition requires |Φ| < 1, and the invertible condition requires |Θ| < 1.
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Fig. 3.25. Diagnostics for the ARIMA(2, 1, 0) × (0, 1, 3)12 fit on the Production
Index.

The following R code can be used to perform the analysis.
1 acf2(prodn, 48)

2 acf2(diff(prodn), 48)

3 acf2(diff(diff(prodn), 12), 48)

4 sarima(prodn, 2, 1, 1, 0, 1, 3, 12) # fit model (ii)

5 sarima.for(prodn, 12, 2, 1, 1, 0, 1, 3, 12) # forecast

Problems

Section 3.2

3.1 For an MA(1), xt = wt + θwt−1, show that |ρx(1)| ≤ 1/2 for any number
θ. For which values of θ does ρx(1) attain its maximum and minimum?

3.2 Let wt be white noise with variance σ2
w and let |φ| < 1 be a constant.

Consider the process x1 = w1, and

xt = φxt−1 + wt, t = 2, 3, . . . .
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Spectral Analysis and Filtering

4.1 Introduction

The notion that a time series exhibits repetitive or regular behavior over time
is of fundamental importance because it distinguishes time series analysis
from classical statistics, which assumes complete independence over time. We
have seen how dependence over time can be introduced through models that
describe in detail the way certain empirical data behaves, even to the extent
of producing forecasts based on the models. It is natural that models based on
predicting the present as a regression on the past, such as are provided by the
celebrated ARIMA or state-space forms, will be attractive to statisticians, who
are trained to view nature in terms of linear models. In fact, the difference
equations used to represent these kinds of models are simply the discrete
versions of linear differential equations that may, in some instances, provide
the ideal physical model for a certain phenomenon. An alternate version of
the way nature behaves exists, however, and is based on a decomposition of
an empirical series into its regular components.

In this chapter, we argue, the concept of regularity of a series can best

that produced the series, expressed as Fourier frequencies being driven by
sines and cosines. Such a possibility was discussed in Chapters 1 and 2. From
a regression point of view, we may imagine a system responding to various
driving frequencies by producing linear combinations of sine and cosine func-
tions. Expressed in these terms, the time domain approach may be thought
of as regression of the present on the past, whereas the frequency domain
approach may be considered as regression of the present on periodic sines and
cosines. The frequency domain approaches are the focus of this chapter and
Chapter 7. To illustrate the two methods for generating series with a single
primary periodic component, consider Figure 1.9, which was generated from a
simple second-order autoregressive model, and the middle and bottom panels
of Figure 1.11, which were generated by adding a cosine wave with a period
of 50 points to white noise. Both series exhibit strong periodic fluctuations,
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be expressed in terms of periodic variations of the underlying phenomenon
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we show later that this coherence also measures the performance of the best
linear filter relating the two series. Linear filtering can also be an important
step in isolating a signal embedded in noise. For example, the lower panels
of Figure 1.11 contain a signal contaminated with an additive noise, whereas
the upper panel contains the pure signal. It might also be appropriate to
ask whether a linear filter transformation exists that could be applied to the
lower panel to produce a series closer to the signal in the upper panel. The
use of filtering for reducing noise will also be a part of the presentation in this
chapter. We emphasize, throughout, the analogy between filtering techniques
and conventional linear regression.

Many frequency scales will often coexist, depending on the nature of the
problem. For example, in the Johnson & Johnson data set in Figure 1.1,
the predominant frequency of oscillation is one cycle per year (4 quarters),
or .25 cycles per observation. The predominant frequency in the SOI and fish
populations series in Figure 1.5 is also one cycle per year, but this corresponds
to 1 cycle every 12 months, or .083 cycles per observation. For simplicity, we
measure frequency, ω, at cycles per time point and discuss the implications
of certain frequencies in terms of the problem context. Of descriptive interest
is the period of a time series, defined as the number of points in a cycle, i.e.,
1/ω. Hence, the predominant period of the Johnson & Johnson series is 1/.25
or 4 quarters per cycle, whereas the predominant period of the SOI series is
12 months per cycle.

4.2 Cyclical Behavior and Periodicity

As previously mentioned, we have already encountered the notion of period-
icity in numerous examples in Chapters 1, 2 and 3. The general notion of
periodicity can be made more precise by introducing some terminology. In or-
der to define the rate at which a series oscillates, we first define a cycle as one
complete period of a sine or cosine function defined over a unit time interval.
As in (1.5), we consider the periodic process

xt = A cos(2πωt+ φ) (4.1)

for t = 0,±1,±2, . . ., where ω is a frequency index, defined in cycles per unit
time with A determining the height or amplitude of the function and φ, called
the phase, determining the start point of the cosine function. We can introduce
random variation in this time series by allowing the amplitude and phase to
vary randomly.

As discussed in Example 2.8, for purposes of data analysis, it is easier to
use a trigonometric identity1 and write (4.1) as

1 cos(α± β) = cos(α) cos(β)∓ sin(α) sin(β).
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Figure 4.31 in the Problems section) is a sample based statistic. In Exam-
ple 4.2, we discussed the fact that the periodogram may be giving us an idea
of the variance components associated with each frequency, as presented in
(4.5), of a time series. These variance components, however, are population
parameters. The concepts of population parameters and sample statistics, as
they relate to spectral analysis of time series can be generalized to cover sta-
tionary time series and that is the topic of the next section.

4.3 The Spectral Density

The idea that a time series is composed of periodic components, appearing in
proportion to their underlying variances, is fundamental in the spectral repre-
sentation given in Theorem C.2 of Appendix C. The result is quite technical
because it involves stochastic integration; that is, integration with respect to a
stochastic process. The essence of Theorem C.2 is that (4.3) is approximately
true for any stationary time series. In other words, we have the following.

Property 4.1 Spectral Representation of a Stationary Process
In nontechnical terms, Theorem C.2 states that any stationary time series

may be thought of, approximately, as the random superposition of sines and
cosines oscillating at various frequencies.

Given that (4.3) is approximately true for all stationary time series, the
next question is whether a meaningful representation for its autocovariance
function, like the one displayed in (4.4), also exists. The answer is yes, and
this representation is given in Theorem C.1 of Appendix C. The following
example will help explain the result.

Example 4.3 A Periodic Stationary Process

Consider a periodic stationary random process given by (4.2), with a fixed
frequency ω0, say,

xt = U1 cos(2πω0t) + U2 sin(2πω0t),

where U1 and U2 are independent zero-mean random variables with equal
variance σ2. The number of time periods needed for the above series to
complete one cycle is exactly 1/ω0, and the process makes exactly ω0 cycles
per point for t = 0,±1,±2, . . .. It is easily shown that3

γ(h) = σ2 cos(2πω0h) =
σ2

2
e−2πiω0h +

σ2

2
e2πiω0h

=

∫ 1/2

−1/2
e2πiωhdF (ω)

3 Some identities may be helpful here: eiα = cos(α) + i sin(α) and consequently,
cos(α) = (eiα + e−iα)/2 and sin(α) = (eiα − e−iα)/2i.
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4.4 Periodogram and Discrete Fourier Transform

We are now ready to tie together the periodogram, which is the sample-based
concept presented in §4.2, with the spectral density, which is the population-
based concept of §4.3.

Definition 4.1 Given data x1, . . . , xn, we define the discrete Fourier trans-
form (DFT) to be

d(ωj) = n−1/2
n∑
t=1

xte
−2πiωjt (4.18)

for j = 0, 1, . . . , n− 1, where the frequencies ωj = j/n are called the Fourier
or fundamental frequencies.

If n is a highly composite integer (i.e., it has many factors), the DFT
can be computed by the fast Fourier transform (FFT) introduced in Cooley
and Tukey (1965). Also, different packages scale the FFT differently, so it is
a good idea to consult the documentation. R computes the DFT defined in
(4.18) without the factor n−1/2, but with an additional factor of e2πiωj that
can be ignored because we will be interested in the squared modulus of the
DFT. Sometimes it is helpful to exploit the inversion result for DFTs which
shows the linear transformation is one-to-one. For the inverse DFT we have,

xt = n−1/2
n−1∑
j=0

d(ωj)e
2πiωjt (4.19)

for t = 1, . . . , n. The following example shows how to calculate the DFT and
its inverse in R for the data set {1, 2, 3, 4}; note that R writes a complex
number z = a+ ib as a+bi.

1 (dft = fft(1:4)/sqrt(4))

[1] 5+0i -1+1i -1+0i -1-1i

2 (idft = fft(dft, inverse=TRUE)/sqrt(4))

[1] 1+0i 2+0i 3+0i 4+0i

3 (Re(idft)) # keep it real

[1] 1 2 3 4

We now define the periodogram as the squared modulus5 of the DFT.

Definition 4.2 Given data x1, . . . , xn, we define the periodogram to be

I(ωj) = |d(ωj)|2 (4.20)

for j = 0, 1, 2, . . . , n− 1.

5 Recall that if z = a+ ib, then z̄ = a− ib, and |z|2 = zz̄ = a2 + b2.
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structure of the two adjacent estimators given in Example 4.9 suggests that
for neighboring frequencies, these assumptions are approximately true.

4.5 Nonparametric Spectral Estimation

To continue the discussion that ended the previous section, we introduce a
frequency band, B, of L << n contiguous fundamental frequencies, centered
around frequency ωj = j/n, which is chosen close to a frequency of interest,
ω. For frequencies of the form ω∗ = ωj + k/n, let

B =

{
ω∗ : ωj −

m

n
≤ ω∗ ≤ ωj +

m

n

}
, (4.44)

where
L = 2m+ 1 (4.45)

is an odd number, chosen such that the spectral values in the interval B,

f(ωj + k/n), k = −m, . . . , 0, . . . ,m

are approximately equal to f(ω). This structure can be realized for large
sample sizes, as shown formally in §C.2.

We now define an averaged (or smoothed) periodogram as the average of
the periodogram values, say,

f̄(ω) =
1

L

m∑
k=−m

I(ωj + k/n), (4.46)

over the band B. Under the assumption that the spectral density is fairly
constant in the band B, and in view of (4.41) we can show that under appro-
priate conditions,11 for large n, the periodograms in (4.46) are approximately
distributed as independent f(ω)χ2

2/2 random variables, for 0 < ω < 1/2, as
long as we keep L fairly small relative to n. This result is discussed formally
in §C.2. Thus, under these conditions, Lf̄(ω) is the sum of L approximately
independent f(ω)χ2

2/2 random variables. It follows that, for large n,

2Lf̄(ω)

f(ω)

·∼ χ2
2L (4.47)

where
·∼ means is approximately distributed as.

In this scenario, where we smooth the periodogram by simple averaging, it
seems reasonable to call the width of the frequency interval defined by (4.44),

11 The conditions, which are sufficient, are that xt is a linear process, as described
in Property 4.4, with

∑
j

√
|j| |ψj | <∞, and wt has a finite fourth moment.
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For lag window estimators, the width of the idealized rectangular window
that leads to the same asymptotic variance as a given lag window estimator
is sometimes called the equivalent bandwidth. For example, the bandwidth of
the idealized rectangular window is br = 1/r and the asymptotic variance is
1
nbr

f2. The asymptotic variance of the triangular window is 2r
3nf

2, so setting
1
nbr

f2 = 2r
3nf

2 and solving we get br = 3/2r as the equivalent bandwidth.

4.6 Parametric Spectral Estimation

The methods of §4.5 lead to estimators generally referred to as nonparamet-
ric spectra because no assumption is made about the parametric form of the
spectral density. In Property 4.3, we exhibited the spectrum of an ARMA
process and we might consider basing a spectral estimator on this function,
substituting the parameter estimates from an ARMA(p, q) fit on the data into
the formula for the spectral density fx(ω) given in (4.15). Such an estimator is
called a parametric spectral estimator. For convenience, a parametric spectral
estimator is obtained by fitting an AR(p) to the data, where the order p is de-
termined by one of the model selection criteria, such as AIC, AICc, and BIC,
defined in (2.19)-(2.21). Parametric autoregressive spectral estimators will of-
ten have superior resolution in problems when several closely spaced narrow
spectral peaks are present and are preferred by engineers for a broad vari-
ety of problems (see Kay, 1988). The development of autoregressive spectral
estimators has been summarized by Parzen (1983).

If φ̂1, φ̂2, . . . , φ̂p and σ̂2
w are the estimates from an AR(p) fit to xt, then

based on Property 4.3, a parametric spectral estimate of fx(ω) is attained by
substituting these estimates into (4.15), that is,

f̂x(ω) =
σ̂2
w

|φ̂(e−2πiω)|2
, (4.75)

where
φ̂(z) = 1− φ̂1z − φ̂2z2 − · · · − φ̂pzp. (4.76)

The asymptotic distribution of the autoregressive spectral estimator has been
obtained by Berk (1974) under the conditions p→∞, p3/n→ 0 as p, n→∞,
which may be too severe for most applications. The limiting results imply a
confidence interval of the form

f̂x(ω)

(1 + Czα/2)
≤ fx(ω) ≤ f̂x(ω)

(1− Czα/2)
, (4.77)

where C =
√

2p/n and zα/2 is the ordinate corresponding to the upper α/2
probability of the standard normal distribution. If the sampling distribution is
to be checked, we suggest applying the bootstrap estimator to get the sampling
distribution of f̂x(ω) using a procedure similar to the one used for p = 1 in
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4.7 Multiple Series and Cross-Spectra

The notion of analyzing frequency fluctuations using classical statistical ideas
extends to the case in which there are several jointly stationary series, for
example, xt and yt. In this case, we can introduce the idea of a correlation
indexed by frequency, called the coherence. The results in Appendix C, §C.2,
imply the covariance function

γxy(h) = E[(xt+h − µx)(yt − µy)]

has the representation

γxy(h) =

∫ 1/2

−1/2
fxy(ω)e2πiωh dω h = 0,±1,±2, ..., (4.79)

where the cross-spectrum is defined as the Fourier transform

fxy(ω) =
∞∑

h=−∞

γxy(h) e−2πiωh − 1/2 ≤ ω ≤ 1/2, (4.80)

assuming that the cross-covariance function is absolutely summable, as was
the case for the autocovariance. The cross-spectrum is generally a complex-
valued function, and it is often written as14

fxy(ω) = cxy(ω)− iqxy(ω), (4.81)

where

cxy(ω) =
∞∑

h=−∞

γxy(h) cos(2πωh) (4.82)

and

qxy(ω) =
∞∑

h=−∞

γxy(h) sin(2πωh) (4.83)

are defined as the cospectrum and quadspectrum, respectively. Because of
the relationship γyx(h) = γxy(−h), it follows, by substituting into (4.80) and
rearranging, that

fyx(ω) = fxy(ω). (4.84)

This result, in turn, implies that the cospectrum and quadspectrum satisfy

cyx(ω) = cxy(ω) (4.85)

and
qyx(ω) = −qxy(ω). (4.86)

14 For this section, it will be useful to recall the facts e−iα = cos(α) − i sin(α) and
if z = a+ ib, then z = a− ib.
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small. Finally, we note that the coherence is persistent at the seasonal har-
monic frequencies.

This example may be reproduced using the following R commands.
1 sr=spec.pgram(cbind(soi,rec),kernel("daniell",9),taper=0,plot=FALSE)

2 sr$df # df = 35.8625

3 f = qf(.999, 2, sr$df-2) # = 8.529792

4 C = f/(18+f) # = 0.318878

5 plot(sr, plot.type = "coh", ci.lty = 2)

6 abline(h = C)

4.8 Linear Filters

Some of the examples of the previous sections have hinted at the possibility the
distribution of power or variance in a time series can be modified by making
a linear transformation. In this section, we explore that notion further by
defining a linear filter and showing how it can be used to extract signals from
a time series. The linear filter modifies the spectral characteristics of a time
series in a predictable way, and the systematic development of methods for
taking advantage of the special properties of linear filters is an important topic
in time series analysis.

A linear filter uses a set of specified coefficients aj , for j = 0,±1,±2, . . .,
to transform an input series, xt, producing an output series, yt, of the form

yt =
∞∑

j=−∞
ajxt−j ,

∞∑
j=−∞

|aj | <∞. (4.99)

The form (4.99) is also called a convolution in some statistical contexts. The
coefficients, collectively called the impulse response function, are required to
satisfy absolute summability so yt in (4.99) exists as a limit in mean square
and the infinite Fourier transform

Ayx(ω) =
∞∑

j=−∞
aj e−2πiωj , (4.100)

called the frequency response function, is well defined. We have already en-
countered several linear filters, for example, the simple three-point moving
average in Example 4.16, which can be put into the form of (4.99) by letting
a−1 = a0 = a1 = 1/3 and taking at = 0 for |j| ≥ 2.

The importance of the linear filter stems from its ability to enhance certain
parts of the spectrum of the input series. To see this, assuming that xt is
stationary with spectral density fxx(ω), the autocovariance function of the
filtered output yt in (4.99) can be derived as
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Fig. 4.16. Squared frequency response functions of the first difference and 12-month
moving average filters.

Ayx(ω) =
fyx(ω)

fxx(ω)
(4.104)

=
cyx(ω)

fxx(ω)
− i qyx(ω)

fxx(ω)
, (4.105)

where we have used (4.81) to get the last form. Then, we may write (4.105)
in polar coordinates as

Ayx(ω) = |Ayx(ω)| exp{−i φyx(ω)}, (4.106)

where the amplitude and phase of the filter are defined by

|Ayx(ω)| =

√
c2yx(ω) + q2yx(ω)

fxx(ω)
(4.107)

and

φyx(ω) = tan−1
(
−qyx(ω)

cyx(ω)

)
. (4.108)

A simple interpretation of the phase of a linear filter is that it exhibits time
delays as a function of frequency in the same way as the spectrum represents
the variance as a function of frequency. Additional insight can be gained by
considering the simple delaying filter
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The above tendency of the frequencies to arrive at different times in the
filtered version of the series remains as one of two annoying features of the
difference type filters. The other weakness is the gentle increase in the fre-
quency response function. If low frequencies are really unimportant and high
frequencies are to be preserved, we would like to have a somewhat sharper
response than is obvious in Figure 4.16. Similarly, if low frequencies are impor-
tant and high frequencies are not, the moving average filters are also not very
efficient at passing the low frequencies and attenuating the high frequencies.
Improvement is possible by using longer filters, obtained by approximations
to the infinite inverse Fourier transform. The design of filters will be discussed
in §4.10 and §4.11.

We will occasionally use results for multivariate series xxxt = (xt1, . . . , xtp)
′

that are comparable to the simple property shown in (4.101). Consider the
matrix filter

yyyt =
∞∑

j=−∞
Ajxxxt−j , (4.109)

where {Aj} denotes a sequence of q×p matrices such that
∑∞
j=−∞ ‖Aj‖ <∞

and ‖ · ‖ denotes any matrix norm, xxxt = (xt1, . . . , xtp)
′ is a p × 1 stationary

vector process with mean vector µµµx and p × p, matrix covariance function
Γxx(h) and spectral matrix fxx(ω), and yyyt is the q× 1 vector output process.
Then, we can obtain the following property.

Property 4.8 Output Spectral Matrix of a Linearly Filtered
Stationary Vector Series

The spectral matrix of the filtered output yyyt in (4.109) is related to the
spectrum of the input xxxt by

fyy(ω) = A(ω)fxx(ω)A∗(ω), (4.110)

where the matrix frequency response function A(ω) is defined by

A(ω) =

∞∑
j=−∞

Aj exp(−2πiωj). (4.111)

4.9 Dynamic Fourier Analysis and Wavelets

If a time series, xt, is stationary, its second-order behavior remains the same,
regardless of the time t. It makes sense to match a stationary time series with
sines and cosines because they, too, behave the same forever. Indeed, based
on the Spectral Representation Theorem (Appendix C, §C.1), we may regard
a stationary series as the superposition of sines and cosines that oscillate at
various frequencies. As seen in this text, however, many time series are not
stationary. Typically, the data are coerced into stationarity via transforma-
tions, or we restrict attention to parts of the data where stationarity appears
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Fig. 4.26. Waveshrink estimates of the earthquake and explosion signals.

The goal here is to remove the noise from the data, and obtain an estimate of
the signal, st, without having to specify a parametric form of the signal. The
technique based on wavelets is referred to as waveshrink.

The basic idea behind waveshrink is to shrink the wavelet coefficients in
the DWT of xt toward zero in an attempt to denoise the data and then to
estimate the signal via (4.116) with the new coefficients. One obvious way to
shrink the coefficients toward zero is to simply zero out any coefficient smaller
in magnitude than some predetermined value, λ. Such a shrinkage rule is
discontinuous and sometimes it is preferable to use a continuous shrinkage
function. One such method, termed soft shrinkage, proceeds as follows. If the
value of a coefficient is a, we set that coefficient to zero if |a| ≤ λ, and to
sign(a)(|a| − λ) if |a| > λ. The choice of a shrinkage method is based on
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the goal of the signal extraction. This process entails choosing a value for the
shrinkage threshold, λ, and we may wish to use a different threshold value, say,
λj , for each level of scale j = 1, . . . , J . One particular method that works well
if we are interested in a relatively high degree of smoothness in the estimate
is to choose λ = σ̂ε

√
2 log n for all scale levels, where σ̂ε is an estimate of

the scale of the noise, σε. Typically a robust estimate of σε is used, e.g., the
median of the absolute deviations of the data from the median (MAD). For
other thresholding techniques or for a better understanding of waveshrink, see
Donoho and Johnstone (1994, 1995), or the S-PLUS wavelets module manual
(Bruce and Gao, 1996, Ch 6).

Example 4.23 Waveshrink Analysis of Earthquake and Explosion

Figure 4.26 shows the results of a waveshrink analysis on the earthquake and
explosion series. In this example, soft shrinkage was used with a universal
threshold of λ = σ̂ε

√
2 log n where σ̂ε is the MAD. Figure 4.26 displays the

data xt, the estimated signal ŝt, as well as the residuals xt− ŝt. According to
this analysis, the earthquake is mostly signal and characterized by prolonged
energy, whereas the explosion is comprised of short bursts of energy.

Figure 4.26 was generated in S-PLUS using the wavelets module. For
example, the analysis of the earthquake series was performed as follows.

1 eq.dwt <- dwt(eq)

2 eq.shrink <- waveshrink(eq.dwt, shrink.rule="universal",

shrink.fun="soft")

In R, using the wavethresh package, use the following commands for the
earthquake series.

1 library(wavethresh)

2 eq = scale(EQ5)

3 par(mfrow=c(3,1))

4 eq.dwt = wd(eq, filter.number=8)

5 eq.smo = wr(threshold(eq.dwt, levels=5:10))

6 ts.plot(eq, main="Earthquake", ylab="Data")

7 ts.plot(eq.smo, ylab="Signal")

8 ts.plot(eq-eq.smo, ylab="Resid")

4.10 Lagged Regression Models

One of the intriguing possibilities offered by the coherence analysis of the
relation between the SOI and Recruitment series discussed in Example 4.18
would be extending classical regression to the analysis of lagged regression
models of the form

yt =
∞∑

r=−∞
βrxt−r + vt, (4.122)

where vt is a stationary noise process, xt is the observed input series, and
yt is the observed output series. We are interested in estimating the filter



4.11 Signal Extraction and Optimum Filtering 247

for jointly distributed random variables x and y with zero means, variances
σ2
x and σ2

y, and covariance σxy = ρxyσxσy. Because the mean squared error
in (4.131) satisfies MSE ≥ 0 with fyy(ω) a non-negative function, it follows
that the coherence satisfies

0 ≤ ρ2xy(ω) ≤ 1

for all ω. Furthermore, Problem 4.33 shows the squared coherence is one when
the output are linearly related by the filter relation (4.122), and there is
no noise, i.e., vt = 0. Hence, the multiple coherence gives a measure of the
association or correlation between the input and output series as a function
of frequency.

The matter of verifying that the F -distribution claimed for (4.97) will hold
when the sample coherence values are substituted for theoretical values still
remains. Again, the form of the F -statistic is exactly analogous to the usual
t-test for no correlation in a regression context. We give an argument lead-
ing to this conclusion later using the results in Appendix C, §C.3. Another
question that has not been resolved in this section is the extension to the
case of multiple inputs xt1, xt2, . . . , xtq. Often, more than just a single input
series is present that can possibly form a lagged predictor of the output series
yt. An example is the cardiovascular mortality series that depended on possi-
bly a number of pollution series and temperature. We discuss this particular
extension as a part of the multivariate time series techniques considered in
Chapter 7.

4.11 Signal Extraction and Optimum Filtering

A model closely related to regression can be developed by assuming again that

yt =

∞∑
r=−∞

βrxt−r + vt, (4.132)

but where the βs are known and xt is some unknown random signal that is
uncorrelated with the noise process vt. In this case, we observe only yt and
are interested in an estimator for the signal xt of the form

x̂t =
∞∑

r=−∞
aryt−r. (4.133)

In the frequency domain, it is convenient to make the additional assumptions
that the series xt and vt are both mean-zero stationary series with spectra
fxx(ω) and fvv(ω), often referred to as the signal spectrum and noise spec-
trum, respectively. Often, the special case βt = δt, in which δt is the Kronecker
delta, is of interest because (4.132) reduces to the simple signal plus noise
model
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φ(e−2πiω) = 1−
p∑
k=1

φke−2πikω

and

θ(e−2πiω) = 1−
q∑

k=1

θke−2πikω.

Recursive filters such as those given by (4.144) distort the phases of arriving
frequencies, and we do not consider the problem of designing such filters in
any detail.

4.12 Spectral Analysis of Multidimensional Series

Multidimensional series of the form xsss, where sss = (s1, s2, . . . , sr)
′ is an r-

dimensional vector of spatial coordinates or a combination of space and time
coordinates, were introduced in §1.7. The example given there, shown in Fig-
ure 1.15, was a collection of temperature measurements taking on a rectan-
gular field. These data would form a two-dimensional process, indexed by
row and column in space. In that section, the multidimensional autocovari-
ance function of an r-dimensional stationary series was given as γx(hhh) =
E[xsss+hhhxsss], where the multidimensional lag vector is hhh = (h1, h2, . . . , hr)

′.
The multidimensional wavenumber spectrum is given as the Fourier trans-

form of the autocovariance, namely,

fx(ωωω) =
∑
hhh

γx(hhh)e−2πiωωω
′hhh. (4.145)

Again, the inverse result

γx(hhh) =

∫ 1/2

−1/2
fx(ωωω)e2πiωωω

′hhhdωωω (4.146)

holds, where the integral is over the multidimensional range of the vector ωωω.
The wavenumber argument is exactly analogous to the frequency argument,
and we have the corresponding intuitive interpretation as the cycling rate ωi
per distance traveled si in the i-th direction.

Two-dimensional processes occur often in practical applications, and the
representations above reduce to

fx(ω1, ω2) =
∞∑

h1=−∞

∞∑
h2=−∞

γx(h1, h2)e−2πi(ω1h1+ω2h2) (4.147)

and

γx(h1, h2) =

∫ 1/2

−1/2

∫ 1/2

−1/2
fx(ω1, ω2)e2πi(ω1h1+ω2h2)dω1 dω2 (4.148)
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Another application of two-dimensional spectral analysis of agricultural
field trials is given in McBratney and Webster (1981), who used it to de-
tect ridge and furrow patterns in yields. The requirement for regular, equally
spaced samples on fairly large grids has tended to limit enthusiasm for strict
two-dimensional spectral analysis. An exception is when a propagating signal
from a given velocity and azimuth is present so predicting the wavenumber
spectrum as a function of velocity and azimuth becomes feasible (see Shumway
et al., 1999).

Problems

Section 4.2

4.1 Repeat the simulations and analyses in Examples 4.1 and 4.2 with the
following changes:

(a) Change the sample size to n = 128 and generate and plot the same series
as in Example 4.1:

xt1 = 2 cos(2π .06 t) + 3 sin(2π .06 t),

xt2 = 4 cos(2π .10 t) + 5 sin(2π .10 t),

xt3 = 6 cos(2π .40 t) + 7 sin(2π .40 t),

xt = xt1 + xt2 + xt3.

What is the major difference between these series and the series generated
in Example 4.1? (Hint: The answer is fundamental. But if your answer is
the series are longer, you may be punished severely.)

(b) As in Example 4.2, compute and plot the periodogram of the series, xt,
generated in (a) and comment.

(c) Repeat the analyses of (a) and (b) but with n = 100 (as in Example 4.1),
and adding noise to xt; that is

xt = xt1 + xt2 + xt3 + wt

where wt ∼ iid N(0, 25). That is, you should simulate and plot the data,
and then plot the periodogram of xt and comment.

4.2 With reference to equations (4.1) and (4.2), let Z1 = U1 and Z2 = −U2

be independent, standard normal variables. Consider the polar coordinates of
the point (Z1, Z2), that is,

A2 = Z2
1 + Z2

2 and φ = tan−1(Z2/Z1).

(a) Find the joint density of A2 and φ, and from the result, conclude that
A2 and φ are independent random variables, where A2 is a chi-squared
random variable with 2 df, and φ is uniformly distributed on (−π, π).
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Fig. 4.31. Smoothed 12-month sunspot numbers (sunspotz) sampled twice per
year.

(a) Prove
fx(ω) = [1 +A2 + 2A cos(2πωD)]fs(ω) + fn(ω).

(b) How could the periodicity expected in the spectrum derived in (a) be used
to estimate the delay D? (Hint: Consider the case where fn(ω) = 0; i.e.,
there is no noise.)

4.7 Suppose xt and yt are stationary zero-mean time series with xt indepen-
dent of ys for all s and t. Consider the product series

zt = xtyt.

Prove the spectral density for zt can be written as

fz(ω) =

∫ 1/2

−1/2
fx(ω − ν)fy(ν) dν.

Section 4.4

4.8 Figure 4.31 shows the biyearly smoothed (12-month moving average) num-
ber of sunspots from June 1749 to December 1978 with n = 459 points that
were taken twice per year; the data are contained in sunspotz. With Exam-
ple 4.10 as a guide, perform a periodogram analysis identifying the predom-
inant periods and obtaining confidence intervals for the identified periods.
Interpret your findings.

4.9 The levels of salt concentration known to have occurred over rows, corre-
sponding to the average temperature levels for the soil science data considered
in Figures 1.15 and 1.16, are in salt and saltemp. Plot the series and then
identify the dominant frequencies by performing separate spectral analyses on
the two series. Include confidence intervals for the dominant frequencies and
interpret your findings.
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Additional Time Domain Topics

5.1 Introduction

In this chapter, we present material that may be considered special or ad-
vanced topics in the time domain. Chapter 6 is devoted to one of the most
useful and interesting time domain topics, state-space models. Consequently,
we do not cover state-space models or related topics—of which there are
many—in this chapter. This chapter consists of sections of independent topics
that may be read in any order. Most of the sections depend on a basic knowl-
edge of ARMA models, forecasting and estimation, which is the material that
is covered in Chapter 3, §3.1-§3.8. A few sections, for example the section on
long memory models, require some knowledge of spectral analysis and related
topics covered in Chapter 4. In addition to long memory, we discuss unit root
testing, GARCH models, threshold models, regression with autocorrelated er-
rors, lagged regression or transfer functions, and selected topics in multivariate
ARMAX models.

5.2 Long Memory ARMA and Fractional Differencing

The conventional ARMA(p, q) process is often referred to as a short-memory
process because the coefficients in the representation

xt =

∞∑
j=0

ψjwt−j ,

obtained by solving
φ(z)ψ(z) = θ(z),

are dominated by exponential decay. As pointed out in §3.3, this result implies
the ACF of the short memory process ρ(h)→ 0 exponentially fast as h→∞.
When the sample ACF of a time series decays slowly, the advice given in

© Springer Science+Business Media, LLC 2011 

R.H. Shumway and D.S. Stoffer, Time Series Analysis and Its Applications: With R Examples,
Springer Texts in Statistics, DOI 10.1007/978-1-4419-7865-3_5, 

267



5.3 Unit Root Testing 277

and jointly estimating the parameters d and θθθ using the Newton–Raphson
method. If we are interested in a nonparametric estimator, using the conven-
tional smoothed spectral estimator for the periodogram, adjusted for the long
memory component, say gdk I(ωk) might be a possible approach.

5.3 Unit Root Testing

As discussed in the previous section, the use of the first difference ∇xt =
(1−B)xt can be too severe a modification in the sense that the nonstationary
model might represent an overdifferencing of the original process. For example,
consider a causal AR(1) process (we assume throughout this section that the
noise is Gaussian),

xt = φxt−1 + wt. (5.26)

Applying (1−B) to both sides shows that differencing, ∇xt = φ∇xt−1 +∇wt,
or

yt = φyt−1 + wt − wt−1,

where yt = ∇xt, introduces extraneous correlation and invertibility problems.
That is, while xt is a causal AR(1) process, working with the differenced
process yt will be problematic because it is a non-invertible ARMA(1, 1).

A unit root test provides a way to test whether (5.26) is a random walk
(the null case) as opposed to a causal process (the alternative). That is, it
provides a procedure for testing

H0 : φ = 1 versus H1 : |φ| < 1.

An obvious test statistic would be to consider (φ̂− 1), appropriately normal-

ized, in the hope to develop an asymptotically normal test statistic, where φ̂
is one of the optimal estimators discussed in Chapter 3, §3.6. Unfortunately,
the theory of §3.6 will not work in the null case because the process is non-
stationary. Moreover, as seen in Example 3.35, estimation near the boundary
of stationarity produces highly skewed sample distributions (see Figure 3.10)
and this is a good indication that the problem will be atypical.

To examine the behavior of (φ̂− 1) under the null hypothesis that φ = 1,
or more precisely that the model is a random walk, xt =

∑t
j=1 wj , or xt =

xt−1 +wt with x0 = 0, consider the least squares estimator of φ. Noting that
µx = 0, the least squares estimator can be written as

φ̂ =
1
n

∑n
t=1 xtxt−1

1
n

∑n
t=1 x

2
t−1

= 1 +
1
n

∑n
t=1 wtxt−1

1
n

∑n
t=1 x

2
t−1

, (5.27)

where we have written xt = xt−1 + wt in the numerator; recall that x0 = 0
and in the least squares setting, we are regressing xt on xt−1 for t = 1, . . . , n.
Hence, under H0, we have that
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interest here is testing the null that (β1, φ) = (0, 1), simultaneously, versus the
alternative that β1 6= 0 and |φ| < 1. In this case, the null hypothesis is that the
process is a random walk with drift, versus the alternative hypothesis that the
process is stationary around a global trend (consider the global temperature
series examined in Example 2.1).

Example 5.3 Testing Unit Roots in the Glacial Varve Series

In this example we use the R package tseries to test the null hypothesis
that the log of the glacial varve series has a unit root, versus the alternate
hypothesis that the process is stationary. We test the null hypothesis using
the available DF, ADF and PP tests; note that in each case, the general
regression equation incorporates a constant and a linear trend. In the ADF
test, the default number of AR components included in the model, say k, is
[[(n− 1)

1
3 ]], which corresponds to the suggested upper bound on the rate at

which the number of lags, k, should be made to grow with the sample size
for the general ARMA(p, q) setup. For the PP test, the default value of k is

[[.04n
1
4 ]].

1 library(tseries)

2 adf.test(log(varve), k=0) # DF test

Dickey-Fuller = -12.8572, Lag order = 0, p-value < 0.01

alternative hypothesis: stationary

3 adf.test(log(varve)) # ADF test

Dickey-Fuller = -3.5166, Lag order = 8, p-value = 0.04071

alternative hypothesis: stationary

4 pp.test(log(varve)) # PP test

Dickey-Fuller Z(alpha) = -304.5376,

Truncation lag parameter = 6, p-value < 0.01

alternative hypothesis: stationary

In each test, we reject the null hypothesis that the logged varve series has
a unit root. The conclusion of these tests supports the conclusion of the
previous section that the logged varve series is long memory rather than
integrated.

5.4 GARCH Models

Recent problems in finance have motivated the study of the volatility, or vari-
ability, of a time series. Although ARMA models assume a constant variance,
models such as the autoregressive conditionally heteroscedastic or ARCH
model, first introduced by Engle (1982), were developed to model changes in
volatility. These models were later extended to generalized ARCH, or GARCH
models by Bollerslev (1986).

In §3.8, we discussed the return or growth rate of a series. For example, if
xt is the value of a stock at time t, then the return or relative gain, yt, of the
stock at time t is
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Fig. 5.7. U.S. monthly pneumonia and influenza deaths per 10,000.

5.5 Threshold Models

In §3.5 we discussed the fact that, for a stationary time series, best linear
prediction forward in time is the same as best linear prediction backward in
time. This result followed from the fact that the variance–covariance matrix
of xxx1:n = (x1, x2, ..., xn)′, say, Γ = {γ(i−j)}ni,j=1, is the same as the variance–
covariance matrix of xxxn:1 = (xn, xn−1, ..., x1)′. In addition, if the process is
Gaussian, the distributions of xxx1:n and xxxn:1 are identical. In this case, a time
plot of xxx1:n (that is, the data plotted forward in time) should look similar to
a time plot of xxxn:1 (that is, the data plotted backward in time).

There are, however, many series that do not fit into this category. For
example, Figure 5.7 shows a plot of monthly pneumonia and influenza deaths
per 10,000 in the U.S. for 11 years, 1968 to 1978. Typically, the number of
deaths tends to increase slower than it decreases. Thus, if the data were plotted
backward in time, the backward series would tend to increase faster than it
decreases. Also, if monthly pneumonia and influenza deaths followed a linear
Gaussian process, we would not expect to see such large bursts of positive and
negative changes that occur periodically in this series. Moreover, although the
number of deaths is typically largest during the winter months, the data are
not perfectly seasonal. That is, although the peak of the series often occurs
in January, in other years, the peak occurs in February or in March.
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5.6 Regression with Autocorrelated Errors

In §2.2, we covered the classical regression model with uncorrelated errors wt.
In this section, we discuss the modifications that might be considered when
the errors are correlated. That is, consider the regression model

yt = βββ′zzzt + xt, (5.57)

where βββ is an r × 1 vector of regression parameters and zt is an r × 1 vector
of regressors (fixed inputs), for t = 1, . . . , n, where xt is a process with some
covariance function γ(s, t). Then, we have the matrix form

yyy = Zβββ + xxx, (5.58)

where xxx = (x1, . . . , xn)′ is a n × 1 vector with n × n covariance matrix Γ =
{γ(s, t)}, assumed to be positive definite. Note that Z = [zzz1, zzz2, . . . , zzzn]′ is the
n × r matrix of input variables, as before. If we know the covariance matrix
Γ , it is possible to find a transformation matrix A, such that AΓA′ = I,
where I denotes the n × n identity matrix. Then, the underlying model can
be transformed into

Ayyy = AZβββ +Axxx = Uβββ +www,

where U = AZ and www is a white noise vector with covariance matrix I. Then,
applying least squares or maximum likelihood to the vector Ayyy gives what is
typically called the weighted least squares estimator,

β̂ββw = (U ′U)−1U ′Ayyy = (Z ′A′AZ)−1Z ′A′Ayyy

= (Z ′Γ−1Z)−1Z ′Γ−1yyy,
(5.59)

because Γ−1 = A′A; the variance-covariance matrix of the estimator is

var(β̂ββw) = (Z ′Γ−1Z)−1.

The difficulty in applying (5.59) is, we do not know the form of the matrix Γ .
It may be possible, however, in the time series case, to assume a station-

ary covariance structure for the error process xt that corresponds to a linear
process and try to find an ARMA representation for xt. For example, if we
have a pure AR(p) error, then

φ(B)xt = wt,

and φ(B) is the linear transformation that, when applied to the error process,
produces the white noise wt. Regarding this transformation as the appropriate
matrix A of the preceding paragraph produces the transformed regression
equation

φ(B)yt = βββ′φ(B)zzzt + wt,
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7 acf2(resid(fit2), 52) # no obvious departures from whiteness

8 (Q = Box.test(resid(fit2), 12, type="Ljung")$statistic) # = 6.91

9 pchisq(as.numeric(Q), df=(12-2), lower=FALSE) # p-value = .73

The sample ACF and PACF of the residuals (not shown) show no obvi-
ous departure from whiteness. The Q-statistic supports the whiteness of
the residuals (note the residuals are from an AR(2) fit, and this is used in
the calculation of the p-value). We also note that the trend is no longer
significant, and we may wish to rerun the analysis with the trend removed.

5.7 Lagged Regression: Transfer Function Modeling

In §3.9, we considered lagged regression in a frequency domain approach based
on coherency. In this section we focus on a time domain approach to the same
problem. In the previous section, we looked at autocorrelated errors but, still
regarded the input series zzzt as being fixed unknown functions of time. This
consideration made sense for the time argument t, but was less satisfactory
for the other inputs, which are probably stochastic processes. For example,
consider the SOI and Recruitment series that were presented in Example 1.5.
The series are displayed in Figure 1.5. In this case, the interest is in predicting
the output Recruitment series, say, yt, from the input SOI, say xt. We might
consider the lagged regression model

yt =
∞∑
j=0

αjxt−j + ηt = α(B)xt + ηt, (5.65)

where
∑
j |αj | < ∞. We assume the input process xt and noise process

ηt in (5.65) are both stationary and mutually independent. The coefficients
α0, α1, . . . describe the weights assigned to past values of xt used in predicting
yt and we have used the notation

α(B) =

∞∑
j=0

αjB
j . (5.66)

In the Box and Jenkins (1970) formulation, we assign ARIMA models,
say, ARIMA(p, d, q) and ARIMA(pη, dη, qη), to the series xt and ηt, respec-
tively. The components of (5.65) in backshift notation, for the case of simple
ARMA(p, q) modeling of the input and noise, would have the representation

φ(B)xt = θ(B)wt (5.67)

and
φη(B)ηt = θη(B)zt, (5.68)

where wt and zt are independent white noise processes with variances σ2
w and

σ2
z , respectively. Box and Jenkins (1970) proposed that systematic patterns
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where σ̂2
w = .092. Using the model determined in Example 5.8, we run the

regression
yt = ω1yt−1 + δ0xt−5 + ut,

yielding ω̂1 = .853, δ̂0 = −18.86, where the residuals satisfy

ût = (1− .853B)ηt.

This completes step (iv). To complete the specification, we apply the moving
average operator above to estimate the original noise series ηt and fit a
second-order autoregressive model, based on the ACF and PACF shown in
Figure 5.12. We obtain

(1− 1.426B + 1.30B2 − .356B3)ηt = zt,

with σ̂2
z = 50.85 as the estimated error variance.

The following R code was used for this example.
1 rec.d = resid(lm(rec~time(rec), na.action=NULL))

2 soi.d = resid(lm(soi~time(soi), na.action=NULL))

3 fish = ts.intersect(rec.d, rec.d1=lag(rec.d,-1), soi.d5=lag(soi,-5),

dframe=TRUE)

4 summary(fish.fit <- lm(rec.d~0+rec.d1+soi.d5, data=fish))

Estimate Std Error t value Pr(>|t|)

rec.d1 0.8531 0.0144 59.23 <2e-16

soi.d5 -18.8627 1.0038 -18.79 <2e-16

Residual standard error: 8.02 on 446 degrees of freedom

5 om1 = as.numeric(fish.fit$coef[1])

6 eta.hat = filter(resid(fish.fit), filter=c(1,-om1), method="recur",

sides=1)

7 acf2(eta.hat)

8 (eta.fit <- arima(eta.hat, order=c(3,0,0)))

Coefficients: ar1 ar2 ar3 intercept

1.4261 -1.3017 0.3557 1.6015

s.e. 0.0441 0.0517 0.0441 0.6483

sigma^2 estimated as 50.85

5.8 Multivariate ARMAX Models

To understand multivariate time series models and their capabilities, we
first present an introduction to multivariate time series regression techniques.
A useful extension of the basic univariate regression model presented in §2.2
is the case in which we have more than one output series, that is, multivariate
regression analysis. Suppose, instead of a single output variable yt, a collection
of k output variables yt1, yt2, . . . , ytk exist that are related to the inputs as
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Fig. 5.12. ACF and PACF of the estimated noise η̂t departures from the transfer
function model.

yti = βi1zt1 + βi2zt2 + · · ·+ βirztr + wti (5.76)

for each of the i = 1, 2, . . . , k output variables. We assume the wti variables
are correlated over the variable identifier i, but are still independent over
time. Formally, we assume cov{wsi, wtj} = σij for s = t and is zero otherwise.
Then, writing (5.76) in matrix notation, with yyyt = (yt1, yt2, . . . , ytk)′ being
the vector of outputs, and B = {βij}, i = 1, . . . , k, j = 1, . . . , r being a k × r
matrix containing the regression coefficients, leads to the simple looking form

yyyt = Bzzzt +wwwt. (5.77)

Here, the k×1 vector process wwwt is assumed to be a collection of independent
vectors with common covariance matrix E{wwwtwww′t} = Σw, the k × k matrix
containing the covariances σij . The maximum likelihood estimator, under the
assumption of normality, for the regression matrix in this case is

B̂ = Y ′Z(Z ′Z)−1, (5.78)

where Z ′ = [zzz1, zzz2, . . . , zzzn] is as before and Y ′ = [yyy1, yyy2, . . . , yyyn]. The error
covariance matrix Σw is estimated by

Σ̂w =
1

n− r

n∑
t=1

(yyyt − B̂zzzt)(yyyt − B̂zzzt)′. (5.79)

The uncertainty in the estimators can be evaluated from
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zzzt = (1, xxx′t−1, ..., xxx
′
t−p,www

′
t−1, ...,www

′
t−q)

′ (5.108)

and
B = [ααα,Φ1, ..., Φp, Θ1, ..., Θq], (5.109)

for t = p + 1, ..., n. Given an initial estimator B0, of B, we can reconstruct
{wwwt−1, ...,wwwt−q} by setting

wwwt−j = xxxt−j − B0zzzt−j , t = p+ 1, ..., n, j = 1, ..., q, (5.110)

where, if q > p, we put wwwt−j = 000 for t − j ≤ 0. The new values of
{wwwt−1, ...,wwwt−q} are then put into the regressors zzzt and a new estimate, say,
B1, is obtained. The initial value, B0, can be computed by fitting a pure autore-
gression of order p or higher, and taking Θ1 = · · · = Θq = 0. The procedure
is then iterated until the parameter estimates stabilize. The algorithm often
converges, but not to the maximum likelihood estimators. Experience suggests
the estimators can be reasonably close to the maximum likelihood estimators.
The algorithm can be considered as a quick and easy way to fit an initial
VARMA model as a starting point to using maximum likelihood estimation,
which is best done via state-space models covered in the next chapter.

Problems

Section 5.2

5.1 The data set arf is 1000 simulated observations from an ARFIMA(1, 1, 0)
model with φ = .75 and d = .4.

(a) Plot the data and comment.
(b) Plot the ACF and PACF of the data and comment.

(c) Estimate the parameters and test for the significance of the estimates φ̂

and d̂.
(d) Explain why, using the results of parts (a) and (b), it would seem reason-

able to difference the data prior to the analysis. That is, if xt represents
the data, explain why we might choose to fit an ARMA model to ∇xt.

(e) Plot the ACF and PACF of ∇xt and comment.
(f) Fit an ARMA model to ∇xt and comment.

5.2 Compute the sample ACF of the absolute values of the NYSE returns
displayed in Figure 1.4 up to lag 200, and comment on whether the ACF
indicates long memory. Fit an ARFIMA model to the absolute values and
comment.
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State-Space Models

6.1 Introduction

A very general model that seems to subsume a whole class of special cases of
interest in much the same way that linear regression does is the state-space
model or the dynamic linear model, which was introduced in Kalman (1960)
and Kalman and Bucy (1961). Although the model was originally introduced
as a method primarily for use in aerospace-related research, it has been applied
to modeling data from economics (Harrison and Stevens, 1976; Harvey and
Pierse, 1984; Harvey and Todd, 1983; Kitagawa and Gersch 1984, Shumway
and Stoffer, 1982), medicine (Jones, 1984) and the soil sciences (Shumway,
1988, §3.4.5). An excellent modern treatment of time series analysis based on
the state space model is the text by Durbin and Koopman (2001).

The state-space model or dynamic linear model (DLM), in its basic form,
employs an order one, vector autoregression as the state equation,

xxxt = Φxxxt−1 +wwwt, (6.1)

state vector xxxt from the past p×1 state xxxt−1, for time points t = 1, . . . , n. We
assume the wwwt are p × 1 independent and identically distributed, zero-mean
normal vectors with covariance matrix Q. In the DLM, we assume the process
starts with a normal vector xxx0 that has mean µµµ0 and p× p covariance matrix
Σ0.

The DLM, however, adds an additional component to the model in assum-
ing we do not observe the state vector xxxt directly, but only a linear transformed
version of it with noise added, say

yyyt = Atxxxt + vvvt, (6.2)

where At is a q×p measurement or observation matrix; equation (6.2) is called
the observation equation. The model arose originally in the space tracking
setting, where the state equation defines the motion equations for the position
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where the state equation determines the rule for the generation of the p × 1
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6.2 Filtering, Smoothing, and Forecasting

From a practical view, the primary aims of any analysis involving the state-
space model as defined by (6.1)-(6.2), or by (6.3)-(6.4), would be to pro-
duce estimators for the underlying unobserved signal xxxt, given the data
Ys = {yyy1, . . . , yyys}, to time s. When s < t, the problem is called forecast-
ing or prediction. When s = t, the problem is called filtering, and when
s > t, the problem is called smoothing. In addition to these estimates, we
would also want to measure their precision. The solution to these problems
is accomplished via the Kalman filter and smoother and is the focus of this
section.

Throughout this chapter, we will use the following definitions:

xxxst = E(xxxt
∣∣ Ys) (6.17)

and
P st1,t2 = E

{
(xxxt1 − xxxst1)(xxxt2 − xxxst2)′

}
. (6.18)

When t1 = t2 (= t say) in (6.18), we will write P st for convenience.
In obtaining the filtering and smoothing equations, we will rely heavily

on the Gaussian assumption. Some knowledge of the material covered in Ap-
pendix B, §B.1, will be helpful in understanding the details of this section
(although these details may be skipped on a casual reading of the material).
Even in the non-Gaussian case, the estimators we obtain are the minimum
mean-squared error estimators within the class of linear estimators. That is, we
can think of E in (6.17) as the projection operator in the sense of §B.1 rather
than expectation and Ys as the space of linear combinations of {yyy1, . . . , yyys};
in this case, P st is the corresponding mean-squared error. When we assume,
as in this section, the processes are Gaussian, (6.18) is also the conditional
error covariance; that is,

P st1,t2 = E
{

(xxxt1 − xxxst1)(xxxt2 − xxxst2)′
∣∣ Ys} .

This fact can be seen, for example, by noting the covariance matrix between
(xxxt −xxxst ) and Ys, for any t and s, is zero; we could say they are orthogonal in
the sense of §B.1. This result implies that (xxxt − xxxst ) and Ys are independent
(because of the normality), and hence, the conditional distribution of (xxxt−xxxst )
given Ys is the unconditional distribution of (xxxt − xxxst ). Derivations of the
filtering and smoothing equations from a Bayesian perspective are given in
Meinhold and Singpurwalla (1983); more traditional approaches based on the
concept of projection and on multivariate normal distribution theory are given
in Jazwinski (1970) and Anderson and Moore (1979).

First, we present the Kalman filter, which gives the filtering and forecasting
equations. The name filter comes from the fact that xxxtt is a linear filter of the
observations yyy1, . . . , yyyt; that is, xxxtt =

∑t
s=1Bsyyys for suitably chosen p × q

matrices Bs. The advantage of the Kalman filter is that it specifies how to
update the filter from xxxt−1t−1 to xxxtt once a new observation yyyt is obtained, without
having to reprocess the entire data set yyy1, . . . , yyyt.
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P t−2t−1,t−2 −Kt−1At−1P
t−2
t−1,t−2 + Jt−1ΦKt−1At−1P

t−2
t−1,t−2

+ Jt−1ΦE(xxxt−1t−1xxx
t−2′
t−2 )Φ′J ′t−2.

(6.60)

In (6.59), write

E(xxxnt xxx
n′

t−1) = E(xxxtxxx
′
t−1)− Pnt,t−1 = ΦE(xxxt−1xxx

′
t−2)Φ′ + ΦQ− Pnt,t−1,

and in (6.60), write

E(xxxt−1t−1xxx
t−2′
t−2 ) = E(xxxt−2t−1xxx

t−2′
t−2 ) = E(xxxt−1xxx

′
t−2)− P t−2t−1,t−2.

Equating (6.59) to (6.60) using these relationships and simplifying the result
leads to (6.56). ut

6.3 Maximum Likelihood Estimation

The estimation of the parameters that specify the state-space model, (6.3)
and (6.4), is quite involved. We use Θ = {µµµ0, Σ0, Φ,Q,R, Υ, Γ} to represent
the vector of parameters containing the elements of the initial mean and co-
variance µµµ0 and Σ0, the transition matrix Φ, and the state and observation
covariance matrices Q and R and the input coefficient matrices, Υ and Γ . We
use maximum likelihood under the assumption that the initial state is normal,
xxx0 ∼ N(µµµ0, Σ0), and the errors www1, . . . ,wwwn and vvv1, . . . , vvvn are jointly normal
and uncorrelated vector variables. We continue to assume, for simplicity, {wwwt}
and {vvvt} are uncorrelated.

The likelihood is computed using the innovations εεε1, εεε2, . . . , εεεn, defined by
(6.24),

εεεt = yyyt −Atxxxt−1t − Γuuut.

The innovations form of the likelihood function, which was first given by
Schweppe (1965), is obtained using an argument similar to the one leading
to (3.116) and proceeds by noting the innovations are independent Gaussian
random vectors with zero means and, as shown in (6.25), covariance matrices

Σt = AtP
t−1
t A′t +R. (6.61)

Hence, ignoring a constant, we may write the likelihood, LY (Θ), as

− lnLY (Θ) =
1

2

n∑
t=1

log |Σt(Θ)|+ 1

2

n∑
t=1

εεεt(Θ)′Σt(Θ)−1εεεt(Θ), (6.62)

where we have emphasized the dependence of the innovations on the parame-
ters Θ. Of course, (6.62) is a highly nonlinear and complicated function of the
unknown parameters. The usual procedure is to fix xxx0 and then develop a set
of recursions for the log likelihood function and its first two derivatives (for
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Together, (6.74) and (6.75) make up the steady-state innovations form of the
dynamic linear model.

In the following property, we assume the Gaussian state-space model (6.1)
and (6.2), is time invariant, i.e., At ≡ A, the eigenvalues of Φ are within the
unit circle and the model has the smallest possible dimension (see Hannan
and Diestler, 1988, Section 2.3 for details). We denote the true parameters by
Θ0, and we assume the dimension of Θ0 is the dimension of the parameter
space. Although it is not necessary to assume wwwt and vvvt are Gaussian, certain
additional conditions would have to apply and adjustments to the asymptotic
covariance matrix would have to be made (see Caines, 1988, Chapter 8).

Property 6.4 Asymptotic Distribution of the Estimators
Under general conditions, let Θ̂n be the estimator of Θ0 obtained by maxi-

mizing the innovations likelihood, LY (Θ), as given in (6.62). Then, as n→∞,

√
n
(
Θ̂n −Θ0

)
d→ N

[
0, I(Θ0)−1

]
,

where I(Θ) is the asymptotic information matrix given by

I(Θ) = lim
n→∞

n−1E
[
−∂2 lnLY (Θ)/∂Θ ∂Θ′

]
.

Precise details and the proof of Property 6.4 are given in Caines (1988,
Chapter 7) and in Hannan and Deistler (1988, Chapter 4). For a Newton
procedure, the Hessian matrix (as described in Example 6.6) at the time of
convergence can be used as an estimate of nI(Θ0) to obtain estimates of the
standard errors. In the case of the EM algorithm, no derivatives are calculated,
but we may include a numerical evaluation of the Hessian matrix at the time of
convergence to obtain estimated standard errors. Also, extensions of the EM
algorithm exist, such as the SEM algorithm (Meng and Rubin, 1991), that
include a procedure for the estimation of standard errors. In the examples of
this section, the estimated standard errors were obtained from the numerical
Hessian matrix of − lnLY (Θ̂), where Θ̂ is the vector of parameters estimates
at the time of convergence.

6.4 Missing Data Modifications

An attractive feature available within the state-space framework is its ability
to treat time series that have been observed irregularly over time. For exam-
ple, Jones (1980) used the state-space representation to fit ARMA models to
series with missing observations, and Palma and Chan (1997) used the model
for estimation and forecasting of ARFIMA series with missing observations.
Shumway and Stoffer (1982) described the modifications necessary to fit mul-
tivariate state-space models via the EM algorithm when data are missing. We
will discuss the procedure in detail in this section. Throughout this section,
for notational simplicity, we assume the model is of the form (6.1) and (6.2).
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6.5 Structural Models: Signal Extraction and
Forecasting

In order to develop computing techniques for handling a versatile cross section
of possible models, it is necessary to restrict the state-space model somewhat,
and we consider one possible class of specializations in this section. The com-
ponents of the model are taken as linear processes that can be adapted to
represent fixed and disturbed trends and periodicities as well as classical au-
toregressions. The observed series is regarded as being a sum of component
signal series. To illustrate the possibilities, we consider an example that shows
how to fit a sum of trend, seasonal, and irregular components to the quarterly
earnings data that we have considered before.

Example 6.10 Johnson & Johnson Quarterly Earnings

Consider the quarterly earnings series from the U.S. company Johnson &
Johnson as given in Figure 1.1. The series is highly nonstationary, and there
is both a trend signal that is gradually increasing over time and a seasonal
component that cycles every four quarters or once per year. The seasonal
component is getting larger over time as well. Transforming into logarithms
or even taking the nth root does not seem to make the series stationary, as
there is a slight bend to the transformed curve. Suppose, however, we con-
sider the series to be the sum of a trend component, a seasonal component,
and a white noise. That is, let the observed series be expressed as

yt = Tt + St + vt, (6.94)

where Tt is trend and St is the seasonal component. Suppose we allow the
trend to increase exponentially; that is,

Tt = φTt−1 + wt1, (6.95)

where the coefficient φ > 1 characterizes the increase. Let the seasonal
component be modeled as

St + St−1 + St−2 + St−3 = wt2, (6.96)

which corresponds to assuming the seasonal component is expected to sum
to zero over a complete period or four quarters. To express this model in
state-space form, let xxxt = (Tt, St, St−1, St−2)′ be the state vector so the
observation equation (6.2) can be written as

yt =
(
1 1 0 0

)
Tt
St
St−1
St−2

+ vt,

with the state equation written as
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6.6 State-Space Models with Correlated Errors

Sometimes it is advantageous to write the state-space model in a slightly
different way, as is done by numerous authors; for example, Anderson and
Moore (1979) and Hannan and Deistler (1988). Here, we write the state-space
model as

xxxt+1 = Φxxxt + Υuuut+1 +Θwwwt t = 0, 1, . . . , n (6.97)

yyyt = Atxxxt + Γuuut + vvvt t = 1, . . . , n (6.98)

where, in the state equation, xxx0 ∼ Np(µµµ0, Σ0), Φ is p × p, and Υ is p × r,
Θ is p ×m and wwwt ∼ iid Nm(000, Q). In the observation equation, At is q × p
and Γ is q × r, and vvvt ∼ iid Nq(000, R). In this model, while wwwt and vvvt are still
white noise series (both independent of xxx0), we also allow the state noise and
observation noise to be correlated at time t; that is,

cov(wwws, vvvt) = S δts , (6.99)

where δts is Kronecker’s delta; note that S is an m × q matrix. The major
difference between this form of the model and the one specified by (6.3)–(6.4)
is that this model starts the state noise process at t = 0 in order to ease
the notation related to the concurrent covariance between wwwt and vvvt. Also,
the inclusion of the matrix Θ allows us to avoid using a singular state noise
process as was done in Example 6.10.

To obtain the innovations, εεεt = yyyt − Atxxxt−1t − Γuuut, and the innovation
variance Σt = AtP

t−1
t A′t + R, in this case, we need the one-step-ahead state

predictions. Of course, the filtered estimates will also be of interest, and they
will be needed for smoothing. Property 6.2 (the smoother) as displayed in
§6.2 still holds. The following property generates the predictor xxxtt+1 from the

past predictor xxxt−1t when the noise terms are correlated and exhibits the filter
update.

Property 6.5 The Kalman Filter with Correlated Noise
For the state-space model specified in (6.97) and (6.98), with initial con-

ditions xxx01 and P 0
1 , for t = 1, . . . , n,

xxxtt+1 = Φxxxt−1t + Υuuut+1 +Ktεεεt (6.100)

P tt+1 = ΦP t−1t Φ′ +ΘQΘ′ −KtΣtK
′
t (6.101)

where εεεt = yyyt −Atxxxt−1t − Γuuut and the gain matrix is given by

Kt = [ΦP t−1t A′t +ΘS][AtP
t−1
t A′t +R]−1. (6.102)

The filter values are given by

xxxtt = xxxt−1t + P t−1t A′t
[
AtP

t−1
t A′t +R

]−1
εεεt+1, (6.103)

P tt = P t−1t − P t−1t A′t+1

[
AtP

t−1
t A′t +R

]−1
AtP

t−1
t . (6.104)
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The derivation of Property 6.5 is similar to the derivation of the Kalman
filter in Property 6.1 (Problem 6.18); we note that the gain matrix Kt dif-
fers in the two properties. The filter values, (6.103)–(6.104), are symbolically
identical to (6.19) and (6.20). To initialize the filter, we note that

xxx01 = E(xxx1) = Φµµµ0 + Υuuu1, and P 0
1 = var(xxx1) = ΦΣ0Φ

′ +ΘQΘ′.

In the next two subsections, we show how to use the model (6.97)-(6.98) for
fitting ARMAX models and for fitting (multivariate) regression models with
autocorrelated errors. To put it succinctly, for ARMAX models, the inputs
enter in the state equation and for regression with autocorrelated errors, the
inputs enter in the observation equation. It is, of course, possible to combine
the two models and we give an example of this at the end of the section.

6.6.1 ARMAX Models

Consider a k-dimensional ARMAX model given by

yyyt = Υuuut +

p∑
j=1

Φjyyyt−j +

q∑
k=1

Θkvvvt−k + vvvt. (6.105)

The observations yyyt are a k-dimensional vector process, the Φs and Θs are
k × k matrices, Υ is k × r, uuut is the r × 1 input, and vvvt is a k × 1 white noise
process; in fact, (6.105) and (5.98) are identical models, but here, we have
written the observations as yyyt. We now have the following property.

Property 6.6 A State-Space Form of ARMAX
For p ≥ q, let

F =



Φ1 I 0 · · · 0

Φ2 0 I · · · 0

...
...

...
. . .

...

Φp−1 0 0 · · · I

Φp 0 0 · · · 0


G =



Θ1 + Φ1

...
Θq + Φq
Φq+1

...
Φp


H =


Υ
0
...
0

 (6.106)

where F is kp×kp, G is kp×k, and H is kp× r. Then, the state-space model
given by

xxxt+1 = Fxxxt +Huuut+1 +Gvvvt, (6.107)

yyyt = Axxxt + vvvt, (6.108)

where A =
[
I, 0, · · · , 0

]
is k × pk and I is the k × k identity matrix, implies

the ARMAX model (6.105). If p < q, set Φp+1 = · · · = Φq = 0, in which
case p = q and (6.107)–(6.108) still apply. Note that the state process is kp-
dimensional, whereas the observations are k-dimensional.
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This form of the model is somewhat different than the form suggested in
§6.1, equations (6.6)-(6.8). For example, in (6.8), by setting At equal to the
p× p identity matrix (for all t) and setting R = 0 implies the data yt in (6.8)
follow a VAR(m) process. In doing so, however, we do not make use of the
ability to allow for correlated state and observation error, so a singularity is
introduced into the system in the form of R = 0. The method in Property 6.6
avoids that problem, and points out the fact that the same model can take
many forms. We do not prove Property 6.6 directly, but the following example
should suggest how to establish the general result.

Example 6.11 Univariate ARMAX(1, 1) in State-Space Form

Consider the univariate ARMAX(1, 1) model

yt = αt + φyt−1 + θvt−1 + vt,

where αt = Υuuut to ease the notation. For a simple example, if Υ = (β0, β1)
and uuut = (1, t)′, the model for yt would be ARMA(1,1) with linear trend,
yt = β0 + β1t + φyt−1 + θvt−1 + vt. Using Property 6.6, we can write the
model as

xt+1 = φxt + αt+1 + (θ + φ)vt, (6.109)

and
yt = xt + vt. (6.110)

In this case, (6.109) is the state equation with wt ≡ vt and (6.110) is
the observation equation. Consequently, cov(wt, vt) = var(vt) = R, and
cov(wt, vs) = 0 when s 6= t, so Property 6.5 would apply. To verify (6.109)
and (6.110) specify an ARMAX(1, 1) model, we have

yt = xt + vt from (6.110)
= φxt−1 + αt + (θ + φ)vt−1 + vt from (6.109)
= αt + φ(xt−1 + vt−1) + θvt−1 + vt rearrange terms
= αt + φyt−1 + θvt−1 + vt, from (6.110).

Together, Properties 6.5 and 6.6 can be used to accomplish maximum
likelihood estimation as described in §6.3 for ARMAX models. The ARMAX
model is only a special case of the model (6.97)–(6.98), which is quite rich, as
will be discovered in the next subsection.

6.6.2 Multivariate Regression with Autocorrelated Errors

In regression with autocorrelated errors, we are interested in fitting the re-
gression model

yyyt = Γuuut + εεεt (6.111)

to a k × 1 vector process, yyyt, with r regressors uuut = (ut1, . . . , utr)
′ where εεεt

is vector ARMA(p, q) and Γ is a k × r matrix of regression parameters. We
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6.7 Bootstrapping State-Space Models

Although in §6.3 we discussed the fact that under general conditions (which
we assume to hold in this section) the MLEs of the parameters of a DLM
are consistent and asymptotically normal, time series data are often of short
or moderate length. Several researchers have found evidence that samples
must be fairly large before asymptotic results are applicable (Dent and Min,
1978; Ansley and Newbold, 1980). Moreover, as we discussed in Example 3.35,
problems occur if the parameters are near the boundary of the parameter
space. In this section, we discuss an algorithm for bootstrapping state-space
models; this algorithm and its justification, including the non-Gaussian case,
along with numerous examples, can be found in Stoffer and Wall (1991) and
in Stoffer and Wall (2004). In view of §6.6, anything we do or say here about
DLMs applies equally to ARMAX models.

Using the DLM given by (6.97)–(6.99) and Property 6.5, we write the
innovations form of the filter as

εεεt = yyyt −Atxxxt−1t − Γuuut, (6.115)

Σt = AtP
t−1
t A′t +R, (6.116)

Kt = [ΦP t−1t A′t +ΘS]Σ−1t , (6.117)

xxxtt+1 = Φxxxt−1t + Υuuut+1 +Ktεεεt, (6.118)

P tt+1 = ΦP t−1t Φ′ +ΘQΘ′ −KtΣtK
′
t. (6.119)

This form of the filter is just a rearrangement of the filter given in Property 6.5.
In addition, we can rewrite the model to obtain its innovations form,

xxxtt+1 = Φxxxt−1t + Υuuut+1 +Ktεεεt, (6.120)

yyyt = Atxxx
t−1
t + Γuuut + εεεt. (6.121)

This form of the model is a rewriting of (6.115) and (6.118), and it accommo-
dates the bootstrapping algorithm.

As discussed in Example 6.5, although the innovations εεεt are uncorrelated,
initially, Σt can be vastly different for different time points t. Thus, in a
resampling procedure, we can either ignore the first few values of εεεt until Σt
stabilizes or we can work with the standardized innovations

eeet = Σ
−1/2
t εεεt, (6.122)

so we are guaranteed these innovations have, at least, the same first two

moments. In (6.122), Σ
1/2
t denotes the unique square root matrix of Σt defined

by Σ
1/2
t Σ

1/2
t = Σt. In what follows, we base the bootstrap procedure on

the standardized innovations, but we stress the fact that, even in this case,
ignoring startup values might be necessary, as noted by Stoffer and Wall
(1991).
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52 y <- h$counts; y <- y/max(y)

53 rect(breaks[-nB], 0, breaks[-1], y, ...)}

54 u = cbind(phi, sigw); colnames(u) = c("f","s")

55 pairs(u, cex=1.5, pch=1, diag.panel=panel.hist, cex.labels=1.5,

font.labels=5)

6.8 Dynamic Linear Models with Switching

The problem of modeling changes in regimes for vector-valued time series
has been of interest in many different fields. In §5.5, we explored the idea
that the dynamics of the system of interest might change over the course
of time. In Example 5.6, we saw that pneumonia and influenza mortality
rates behave differently when a flu epidemic occurs than when no epidemic
occurs. As another example, some authors (for example, Hamilton, 1989, or
McCulloch and Tsay, 1993) have explored the possibility the dynamics of
the quarterly U.S. GNP series (say, yt) analyzed in Example 3.35 might be
different during expansion (∇ log yt > 0) than during contraction (∇ log yt <
0). In this section, we will concentrate on the method presented in Shumway
and Stoffer (1991). One way of modeling change in an evolving time series is
by assuming the dynamics of some underlying model changes discontinuously
at certain undetermined points in time. Our starting point is the DLM given
by (6.1) and (6.2), namely,

xxxt = Φxxxt−1 +wwwt, (6.125)

to describe the p× 1 state dynamics, and

yyyt = Atxxxt + vvvt (6.126)

to describe the q × 1 observation dynamics. Recall wwwt and vvvt are Gaussian
white noise sequences with var(wwwt) = Q, var(vvvt) = R, and cov(wwwt, vvvs) = 0 for
all s and t.

Generalizations of (6.125) and (6.126) to include the possibility of changes
occurring over time have been approached by allowing changes in the error
covariances (Harrison and Stevens, 1976, Gordon and Smith, 1988, 1990) or
by assigning mixture distributions to the observation errors vvvt (Peña and
Guttman, 1988). Approximations to filtering were derived in all of the afore-
mentioned articles. An application to monitoring renal transplants was de-
scribed in Smith and West (1983) and in Gordon and Smith (1990). Changes
can also be modeled in the classical regression case by allowing switches in
the design matrix, as in Quandt (1972).

Switching via a stationary Markov chain with independent observations
has been developed by Lindgren (1978) and Goldfeld and Quandt (1973). In
the Markov chain approach, we declare the dynamics of the system at time t
are generated by one of m possible regimes evolving according to a Markov
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56 lines(Time, xfilter[3,,k]); lines(Time, xfilter[4,,k])

57 text(1979,.35,"(b)")

58 plot(Time, y[k], type="p", pch=1, ylim=c(.1,.9),ylab="")

59 prde1 = 2*sqrt(innov.sig[1]); prde2 = 2*sqrt(innov.sig[2])

60 prde = ifelse(predepi[k]<.5, prde1,prde2)

61 lines(Time, yp[k]+prde, lty=2, lwd=1.5)

62 lines(Time, yp[k]-prde, lty=2, lwd=1.5)

63 text(1979,.85,"(c)")

6.9 Stochastic Volatility

Recently, there has been considerable interest in stochastic volatility models.
These models are similar to the ARCH models presented in Chapter 5, but
they add a stochastic noise term to the equation for σt. Recall from §5.4 that
a GARCH(1, 1) model for a return, which we denote here by rt, is given by

rt = σtεt (6.170)

σ2
t = α0 + α1r

2
t−1 + β1σ

2
t−1, (6.171)

where εt is Gaussian white noise. If we define

ht = log σ2
t and yt = log r2t ,

then (6.170) can be written as

yt = ht + log ε2t . (6.172)

Equation (6.172) is considered the observation equation, and the stochastic
variance ht is considered to be an unobserved state process. Instead of (6.171),
however, the model assumes the volatility process follows, in its basic form,
an autoregression,

ht = φ0 + φ1ht−1 + wt, (6.173)

where wt is white Gaussian noise with variance σ2
w.

Together, (6.172) and (6.173) make up the stochastic volatility model due
to Taylor (1982). If ε2t had a log-normal distribution, (6.172)–(6.173) would
form a Gaussian state-space model, and we could then use standard DLM
results to fit the model to data. Unfortunately, yt = log r2t is rarely normal, so
we typically keep the ARCH normality assumption on εt; in which case, log ε2t
is distributed as the log of a chi-squared random variable with one degree of
freedom. This density is given by

f(x) =
1√
2π

exp

{
−1

2
(ex − x)

}
−∞ < x <∞, (6.174)

and its mean and variance are −1.27 and π2/2, respectively; the density
(6.174) is highly skewed with a long tail on the left (see Figure 6.12).
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Fig. 6.12. Density of the log of a χ2
1 as given by (6.174) (solid line) and the fitted

normal mixture (dashed line) form the NYSE example.

ξξξt =

[
htt+1

yt

]
.

Combining (6.177) and (6.184) results in a vector first-order equation for ξξξt
given by

ξξξt = Fξξξt−1 +Gt +Hteeet, (6.186)

where

F =

[
φ1 0
1 0

]
, Gt =

[
φ0

α+ πt1µ1

]
, Ht =

[
πt0Kt0Σ

1/2
t0 πt1Kt1Σ

1/2
t1

πt0Σ
1/2
t0 πt1Σ

1/2
t1

]
.

Hence, the steps in bootstrapping for this case are the same as steps 1 through
5 described in §5.8, but with (6.124) replaced by the following first-order
equation:

ξξξ∗t = F (Θ̂)ξξξ∗t−1 +Gt(Θ̂; π̂t1) +Ht(Θ̂; π̂t1)eee∗t , (6.187)

where Θ̂ = (φ̂0, φ̂1, σ̂
2
0 , α̂, µ̂1, σ̂

2
1 , σ̂

2
w)′ is the MLE of Θ, and π̂t1 is estimated via

(6.182), replacing f1(t
∣∣ t− 1) and f0(t

∣∣ t − 1) by their respective estimated
normal densities (π̂t0 = 1− π̂t1).

Example 6.19 Analysis of the U.S. GNP Growth Rate

In Example 5.4, we fit an ARCH model to the U.S. GNP growth rate. In
this example, we will fit a stochastic volatility model to the residuals from
the MA(2) fit on the growth rate (see Example 3.38). Figure 6.13 shows the
log of the squared residuals, say yt, from the MA(2) fit on the U.S. GNP
series. The stochastic volatility model (6.172)–(6.176) was then fit to yt.
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Fig. 6.13. Log of the squared residuals from an MA(2) fit on GNP growth rate.

Table 6.5 shows the MLEs of the model parameters along with their asymp-
totic SEs assuming the model is correct. Also displayed in Table 6.5 are the
means and SEs of B = 500 bootstrapped samples. There is some amount of
agreement between the asymptotic values and the bootstrapped values. The
interest here, however, is not so much in the SEs, but in the actual sam-
pling distribution of the estimates. For example, Figure 6.14 compares the
bootstrap histogram and asymptotic normal distribution of φ̂1. In this case,
the bootstrap distribution exhibits positive kurtosis and skewness which is
missed by the assumption of asymptotic normality.

The R code for this example is as follows. We held φ0 at 0 for this analysis
because it was not significantly different from 0 in an initial analysis.

1 n.boot = 500 # number of bootstrap replicates

2 tol = sqrt(.Machine$double.eps) # convergence tolerance

3 gnpgr = diff(log(gnp))

4 fit = arima(gnpgr, order=c(1,0,0))

5 y = as.matrix(log(resid(fit)^2))

6 num = length(y)

7 plot.ts(y, ylab="")

8 # Initial Parameters

9 phi1 = .9; sQ = .5; alpha = mean(y); sR0 = 1; mu1 = -3; sR1 = 2.5

10 init.par = c(phi1, sQ, alpha, sR0, mu1, sR1)

11 # Innovations Likelihood

12 Linn=function(para){

13 phi1 = para[1]; sQ = para[2]; alpha = para[3]

14 sR0 = para[4]; mu1 = para[5]; sR1 = para[6]

15 sv = SVfilter(num, y, 0, phi1, sQ, alpha, sR0, mu1, sR1)

16 return(sv$like) }
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Fig. 6.14. Bootstrap histogram and asymptotic distribution of φ̂1 for the U.S. GNP
example.

Table 6.5. Estimates and Standard Errors for GNP Example

Asymptotic Bootstrap†
Parameter MLE SE SE

φ1 .879 .106 .074
σw .388 .217 .428
α −9.662 .339 1.536
σ0 .833 .203 .389
µ1 −2.341 .495 .437
σ1 2.452 .293 .330

† Based on 500 bootstrapped samples.

17 # Estimation

18 (est = optim(init.par, Linn, NULL, method="BFGS", hessian=TRUE,

control=list(trace=1,REPORT=1)))

19 SE = sqrt(diag(solve(est$hessian)))

20 u = rbind(estimates=est$par, SE)

21 colnames(u)=c("phi1","sQ","alpha","sig0","mu1","sig1"); u

phi1 sQ alpha sig0 mu1 sig1

estimates 0.8790 0.3878 -9.6624 0.8325 -2.3412 2.4516

SE 0.1061 0.2172 0.3386 0.2034 0.4952 0.2927

22 # Bootstrap

23 para.star = matrix(0, n.boot, 6) # to store parameter estimates
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6.10 Nonlinear and Non-normal State-Space Models
Using Monte Carlo Methods

Most of this chapter has focused on linear dynamic models assumed to be
Gaussian processes. Historically, these models were convenient because an-
alyzing the data was a relatively simple matter. These assumptions cannot
cover every situation, and it is advantageous to explore departures from these
assumptions. As seen in §6.8, the solution to the nonlinear and non-Gaussian
case will require computer-intensive techniques currently in vogue because of
the availability of cheap and fast computers. In this section, we take a Bayesian
approach to forecasting as our main objective; see West and Harrison (1997)
for a detailed account of Bayesian forecasting with dynamic models. Prior to
the mid-1980s, a number of approximation methods were developed to filter
non-normal or nonlinear processes in an attempt to circumvent the computa-
tional complexity of the analysis of such models. For example, the extended
Kalman filter and the Gaussian sum filter (Alspach and Sorensen, 1972) are
two such methods described in detail in Anderson and Moore (1979). As in
the previous section, these techniques typically rely on approximating the
non-normal distribution by one or several Gaussian distributions or by some
other parametric function.

With the advent of cheap and fast computing, a number of authors de-
veloped computer-intensive methods based on numerical integration. For ex-
ample, Kitagawa (1987) proposed a numerical method based on piecewise
linear approximations to the density functions for prediction, filtering, and
smoothing for non-Gaussian and nonstationary state-space models. Pole and
West (1988) used Gaussian quadrature techniques in a Bayesian analysis of
nonlinear dynamic models; West and Harrison (1997, Chapter 13) provide
a detailed explanation of these and similar methods. Markov chain Monte
Carlo (MCMC) methods refer to Monte Carlo integration methods that use
a Markovian updating scheme. We will describe the method in more detail
later. The most common MCMC method is the Gibbs sampler, which is es-
sentially a modification of the Metropolis algorithm (Metropolis et al., 1953)
developed by Hastings (1970) in the statistical setting and by Geman and
Geman (1984) in the context of image restoration. Later, Tanner and Wong
(1987) used the ideas in their substitution sampling approach, and Gelfand
and Smith (1990) developed the Gibbs sampler for a wide class of parametric
models. This technique was first used by Carlin et al. (1992) in the context of
general nonlinear and non-Gaussian state-space models. Frühwirth-Schnatter
(1994) and Carter and Kohn (1994) built on these ideas to develop efficient
Gibbs sampling schemes for more restrictive models.

If the model is linear, that is, (6.1) and (6.2) hold, but the distributions
are not Gaussian, a non-Gaussian likelihood can be defined by (6.31) in §6.2,
but where f0(·), fw(·) and fv(·) are not normal densities. In this case, pre-
diction and filtering can be accomplished using numerical integration tech-
niques (e.g., Kitagawa, 1987; Pole and West, 1988) or Monte Carlo techniques
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Fig. 6.16. Estimated one-step-ahead prediction posterior density p̂(x101|Y100) of
the state process for the nonlinear and non-normal model given by (6.205) using
Gibbs sampling, G = 500.

The complete conditional for β has the same form, with

B−1 =
1

σ2
β

+
1

σ2
w

n∑
t=1

x2t−1
λt(1 + x2t−1)2

,

b =
µβ
σ2
β

+
1

σ2
w

n∑
t=1

xt−1
λt(1 + x2t−1)

(xt − αxt−1 − γ cos[1.2(t− 1)]) ,

and for γ the values are

B−1 =
1

σ2
γ

+
1

σ2
w

n∑
t=1

cos2[1.2(t− 1)]

λt
,

b =
µγ
σ2
γ

+
1

σ2
w

n∑
t=1

cos[1.2(t− 1)]

λt

(
xt − αxt−1 − β

xt−1
1 + x2t−1

)
.

In this example, we put µ0 = 0, σ2
0 = 10, and a0 = 3, b0 = .05 (so the

prior on σ2
w has mean and standard deviation equal to 10), and c0 = 3,

d0 = .5 (so the prior on σ2
v has mean and standard deviation equal to

one). The normal prior on Θ = (α, β, γ)′ had corresponding mean vector
equal to (µα = .5, µβ = 25, µγ = 8)′ and diagonal variance matrix equal
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to diag{σ2
α = .25, σ2

β = 10, σ2
γ = 4}. The Gibbs sampler ran for ` = 50

iterations for G = 500 parallel replications per iteration. We estimate the
marginal posterior density of x101 as

p̂(x101
∣∣ Y100) = G−1

G∑
g=1

N
(
x101

∣∣∣ [Ft(xt−1)](g), λ
(g)
101σ

2(g)
w

)
, (6.209)

where N(·|a, b) denotes the normal density with mean a and variance b, and

[Ft(xt−1)](g) = α(g)x
(g)
t−1 + β(g)x

(g)
t−1/(1 + x

2(g)
t−1 ) + γ(g) cos[1.2(t− 1)].

The estimate, (6.209), with G = 500, is shown in Figure 6.16. Other aspects
of the analysis, for example, the marginal posteriors of the elements of Θ,
can be found in Carlin et al. (1992).

Problems

Section 6.1

6.1 Consider a system process given by

xt = −.9xt−2 + wt t = 1, . . . , n

where x0 ∼ N(0, σ2
0), x−1 ∼ N(0, σ2

1), and wt is Gaussian white noise with
variance σ2

w. The system process is observed with noise, say,

yt = xt + vt,

where vt is Gaussian white noise with variance σ2
v . Further, suppose x0, x−1,

{wt} and {vt} are independent.

(a) Write the system and observation equations in the form of a state space
model.

(b) Find the values of σ2
0 and σ2

1 that make the observations, yt, stationary.
(c) Generate n = 100 observations with σw = 1, σv = 1 and using the values

of σ2
0 and σ2

1 found in (b). Do a time plot of xt and of yt and compare the
two processes. Also, compare the sample ACF and PACF of xt and of yt.

(d) Repeat (c), but with σv = 10.

6.2 Consider the state-space model presented in Example 6.3. Let xt−1t =
E(xt|yt−1, . . . , y1) and let P t−1t = E(xt − xt−1t )2. The innovation sequence or
residuals are εt = yt − yt−1t , where yt−1t = E(yt|yt−1, . . . , y1). Find cov(εs, εt)
in terms of xt−1t and P t−1t for (i) s 6= t and (ii) s = t.
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Statistical Methods in the Frequency Domain

7.1 Introduction

In previous chapters, we saw many applied time series problems that involved
relating series to each other or to evaluating the effects of treatments or design
parameters that arise when time-varying phenomena are subjected to periodic
stimuli. In many cases, the nature of the physical or biological phenomena un-
der study are best described by their Fourier components rather than by the
difference equations involved in ARIMA or state-space models. The funda-
mental tools we use in studying periodic phenomena are the discrete Fourier
transforms (DFTs) of the processes and their statistical properties. Hence,
in §7.2, we review the properties of the DFT of a multivariate time series
and discuss various approximations to the likelihood function based on the
large-sample properties and the properties of the complex multivariate nor-
mal distribution. This enables extension of the classical techniques discussed
in the following paragraphs to the multivariate time series case.

An extremely important class of problems in classical statistics develops

put series. For example, in Chapter 2, we have previously considered relating
temperature and various pollutant levels to daily mortality, but have not in-
vestigated the frequencies that appear to be driving the relation and have not
looked at the possibility of leading or lagging effects. In Chapter 4, we isolated
a definite lag structure that could be used to relate sea surface temperature
to the number of new recruits. In Problem 5.13, the possible driving pro-
cesses that could be used to explain inflow to Lake Shasta were hypothesized
in terms of the possible inputs precipitation, cloud cover, temperature, and
other variables. Identifying the combination of input factors that produce the
best prediction for inflow is an example of multiple regression in the frequency
domain, with the models treated theoretically by considering the regression,
conditional on the random input processes.

A situation somewhat different from that above would be one in which the
input series are regarded as fixed and known. In this case, we have a model

© Springer Science+Business Media, LLC 2011 
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when we are interested in relating a collection of input series to some out-
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Fig. 7.2. Various bivariate earthquakes (EQ) and explosions (EX) recorded at 40
pts/sec compared with an event NZ (Novaya Zemlya) of unknown origin. Compres-
sional waves, also known as primary or P waves, travel fastest in the Earth’s crust
and are first to arrive. Shear waves propagate more slowly through the Earth and
arrive second, hence they are called secondary or S waves.

The R code used to produce Figure 7.2 is:

1 attach(eqexp)

2 P = 1:1024; S = P+1024

3 x = cbind(EQ5[P], EQ6[P], EX5[P], EX6[P], NZ[P], EQ5[S], EQ6[S],

EX5[S], EX6[S], NZ[S])

4 x.name = c("EQ5","EQ6","EX5","EX6","NZ")

5 colnames(x) = c(x.name, x.name)

6 plot.ts(x, main="")

7 mtext("P waves", side=3, line=1.2, adj=.05, cex=1.2)

8 mtext("S waves", side=3, line=1.2, adj=.85, cex=1.2)

Finally, for multivariate processes, the structure of the spectral matrix
is also of great interest. We might reduce the dimension of the underlying
process to a smaller set of input processes that explain most of the variability
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in the cross-spectral matrix as a function of frequency. Principal component
analysis can be used to decompose the spectral matrix into a smaller subset
of component factors that explain decreasing amounts of power. For example,
the hydrological data might be explained in terms of a component process
that weights heavily on precipitation and inflow and one that weights heavily
on temperature and cloud cover. Perhaps these two components could explain
most of the power in the spectral matrix at a given frequency. The ideas
behind principal component analysis can also be generalized to include an
optimal scaling methodology for categorical data called the spectral envelope
(see Stoffer et al., 1993). In succeeding sections, we also give an introduction
to dynamic Fourier analysis and to wavelet analysis.

7.2 Spectral Matrices and Likelihood Functions

We have previously argued for an approximation to the log likelihood based
on the joint distribution of the DFTs in (4.78), where we used approximation
as an aid in estimating parameters for certain parameterized spectra. In this
chapter, we make heavy use of the fact that the sine and cosine transforms
of the p× 1 vector process xxxt = (xt1, xt2, . . . , xtp)

′ with mean Exxxt = µµµt, say,
with DFT1

XXX(ωk) = n−1/2
n∑
t=1

xxxt e−2πiωkt = XXXc(ωk)− iXXXs(ωk) (7.1)

and mean

MMM(ωk) = n−1/2
n∑
t=1

µµµt e−2πiωkt = MMM c(ωk)− iMMMs(ωk) (7.2)

will be approximately uncorrelated, where we evaluate at the usual Fourier
frequencies {ωk = k/n, 0 < |ωk| < 1/2}. By Theorem C.6, the approximate
2p × 2p covariance matrix of the cosine and sine transforms, say, XXX(ωk) =
(XXXc(ωk)′,XXXs(ωk)′)′, is

Σ(ωk) = 1
2

(
C(ωk) −Q(ωk)
Q(ωk) C(ωk)

)
, (7.3)

and the real and imaginary parts are jointly normal. This result implies, by
the results stated in Appendix C, the density function of the vector DFT, say,
XXX(ωk), can be approximated as

1 In previous chapters, the DFT of a process xt was denoted by dx(ωk). In this
chapter, we will consider the Fourier transforms of many different processes and
so, to avoid the overuse of subscripts and to ease the notation, we use a capital
letter, e.g., X(ωk), to denote the DFT of xt. This notation is standard in the
digital signal processing (DSP) literature.
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p(ωk) ≈ |f(ωk)|−1 exp
{
−
(
XXX(ωk)−MMM(ωk)

)∗
f−1(ωk)

(
XXX(ωk)−MMM(ωk)

)}
,

where the spectral matrix is the usual

f(ωk) = C(ωk)− iQ(ωk). (7.4)

Certain computations that we do in the section on discriminant analysis will
involve approximating the joint likelihood by the product of densities like the
one given above over subsets of the frequency band 0 < ωk < 1/2.

To use the likelihood function for estimating the spectral matrix, for ex-
ample, we appeal to the limiting result implied by Theorem C.7 and again
choose L frequencies in the neighborhood of some target frequency ω, say,
XXX(ωk±k/n), for k = 1, . . . ,m and L = 2m+ 1. Then, let XXX`, for ` = 1, . . . , L
denote the indexed values, and note the DFTs of the mean adjusted vector pro-
cess are approximately jointly normal with mean zero and complex covariance
matrix f = f(ω). Then, write the log likelihood over the L sub-frequencies as

lnL(XXX1, . . . ,XXXL; f) ≈ −L ln |f | −
L∑
`=1

(XXX` −MMM `)
∗f−1(XXX` −MMM `), (7.5)

where we have suppressed the argument of f = f(ω) for ease of notation.
The use of spectral approximations to the likelihood has been fairly standard,
beginning with the work of Whittle (1961) and continuing in Brillinger (1981)
and Hannan (1970). Assuming the mean adjusted series are available, i.e., MMM `

is known, we obtain the maximum likelihood estimator for f , namely,

f̂ = L−1
L∑
`=1

(XXX` −MMM `)(XXX` −MMM `)
∗; (7.6)

see Problem 7.2.

7.3 Regression for Jointly Stationary Series

In §4.8, we considered a model of the form

yt =
∞∑

r=−∞
β1rxt−r,1 + vt, (7.7)

where xt1 is a single observed input series and yt is the observed output
series, and we are interested in estimating the filter coefficients β1r relating
the adjacent lagged values of xt1 to the output series yt. In the case of the
SOI and Recruitment series, we identified the El Niño driving series as xt1,
the input and yt, the Recruitment series, as the output. In general, more
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9 Yspec = mvspec(Y, spans=L, kernel="daniell", detrend=TRUE,

demean=FALSE, taper=.1)

10 n = Yspec$n.used # effective sample size

11 Fr = Yspec$freq # fundamental freqs

12 n.freq = length(Fr) # number of frequencies

13 Yspec$bandwidth*sqrt(12) # = 0.050 - the bandwidth

14 # Coherencies (see sec 4.7 also)

15 Fq = qf(1-alpha, 2, L-2); cn = Fq/(L-1+Fq)

16 plt.name = c("(a)","(b)","(c)","(d)","(e)","(f)")

17 dev.new(); par(mfrow=c(2,3), cex.lab=1.2)

18 # The coherencies are listed as 1,2,...,15=choose(6,2)

19 for (i in 11:15){

20 plot(Fr, Yspec$coh[,i], type="l", ylab="Sq Coherence",

xlab="Frequency", ylim=c(0,1), main=c("Inflow with",

names(climhyd[i-10])))

21 abline(h = cn); text(.45,.98, plt.name[i-10], cex=1.2) }

22 # Multiple Coherency

23 coh.15 = stoch.reg(Y, cols.full = c(1,5), cols.red = NULL, alpha,

L, M, plot.which = "coh")

24 text(.45 ,.98, plt.name[6], cex=1.2)

25 title(main = c("Inflow with", "Temp and Precip"))

26 # Partial F (called eF; avoid use of F alone)

27 numer.df = 2*nq; denom.df = Yspec$df-2*nq

28 dev.new()

29 par(mfrow=c(3,1), mar=c(3,3,2,1)+.5, mgp = c(1.5,0.4,0),

cex.lab=1.2)

30 out.15 = stoch.reg(Y, cols.full = c(1,5), cols.red = 5, alpha, L,

M, plot.which = "F.stat")

31 eF = out.15$eF

32 pvals = pf(eF, numer.df, denom.df, lower.tail = FALSE)

33 pID = FDR(pvals, fdr); abline(h=c(eF[pID]), lty=2)

34 title(main = "Partial F Statistic")

35 # Regression Coefficients

36 S = seq(from = -M/2+1, to = M/2 - 1, length = M-1)

37 plot(S, coh.15$Betahat[,1], type = "h", xlab = "", ylab =

names(climhyd[1]), ylim = c(-.025, .055), lwd=2)

38 abline(h=0); title(main = "Impulse Response Functions")

39 plot(S, coh.15$Betahat[,2], type = "h", xlab = "Index", ylab =

names(climhyd[5]), ylim = c(-.015, .055), lwd=2)

40 abline(h=0)

7.4 Regression with Deterministic Inputs

The previous section considered the case in which the input and output series
were jointly stationary, but there are many circumstances in which we might
want to assume that the input functions are fixed and have a known functional
form. This happens in the analysis of data from designed experiments. For
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2 L = 9; fdr = .001; N = 3

3 Y = cbind(beamd, beam=rowMeans(beamd))

4 n = nextn(nrow(Y))

5 Y.fft = mvfft(as.ts(Y))/sqrt(n)

6 Df = Y.fft[,1:3] # fft of the data

7 Bf = Y.fft[,4] # beam fft

8 ssr = N*Re(Bf*Conj(Bf)) # raw signal spectrum

9 sse = Re(rowSums(Df*Conj(Df))) - ssr # raw error spectrum

10 # Smooth

11 SSE = filter(sse, sides=2, filter=rep(1/L,L), circular=TRUE)

12 SSR = filter(ssr, sides=2, filter=rep(1/L,L), circular=TRUE)

13 SST = SSE + SSR

14 par(mfrow=c(2,1), mar=c(4,4,2,1)+.1)

15 Fr = 0:(n-1)/n; nFr = 1:200 # number of freqs to plot

16 plot(Fr[nFr], SST[nFr], type="l", ylab="log Power", xlab="",

main="Sum of Squares", log="y")

17 lines(Fr[nFr], SSE[nFr], type="l", lty=2)

18 eF = (N-1)*SSR/SSE; df1 = 2*L; df2 = 2*L*(N-1)

19 pvals = pf(eF, df1, df2, lower=FALSE) # p values for FDR

20 pID = FDR(pvals, fdr); Fq = qf(1-fdr, df1, df2)

21 plot(Fr[nFr], eF[nFr], type="l", ylab="F-statistic",

xlab="Frequency", main="F Statistic")

22 abline(h=c(Fq, eF[pID]), lty=1:2)

Although there are examples of detecting multiple regression functions
of the general type considered above (see, for example, Shumway, 1983), we
do not consider additional examples of partitioning in the fixed input case
here. The reason is that several examples exist in the section on designed
experiments that illustrate the partitioned approach.

7.5 Random Coefficient Regression

The lagged regression models considered so far have assumed the input pro-
cess is either stochastic or fixed and the components of the vector of regres-
sion function βββt are fixed and unknown parameters to be estimated. There
are many cases in time series analysis in which it is more natural to regard
the regression vector as an unknown stochastic signal. For example, we have
studied the state-space model in Chapter 6, where the state equation can
be considered as involving a random parameter vector that is essentially a
multivariate autoregressive process. In §4.10, we considered estimating the
univariate regression function βt as a signal extraction problem.

In this section, we consider a random coefficient regression model of (7.38)
in the equivalent form

yyyt =

∞∑
r=−∞

zt−r βββr + vvvt, (7.65)



434 7 Statistical Methods in the Frequency Domain

1 attach(beamd)

2 L = 9; M = 100; M2 = M/2; N = 3

3 Y = cbind(beamd, beam <- rowMeans(beamd))

4 n = nextn(nrow(Y)); n.freq=n/2

5 Y[,1:3] = Y[,1:3] - Y[,4]

6 Y.fft = mvfft(as.ts(Y))/sqrt(n)

7 Ef = Y.fft[,1:3] # fft of the error

8 Bf = Y.fft[,4] # beam fft

9 ssr = N*Re(Bf*Conj(Bf)) # Raw Signal Spectrum

10 sse = Re(rowSums(Ef*Conj(Ef))) # Raw Error Spectrum

11 # Smooth

12 SSE = filter(sse, sides=2, filter=rep(1/L,L), circular=TRUE)

13 SSR = filter(ssr, sides=2, filter=rep(1/L,L), circular=TRUE)

14 # Estimate Signal and Noise Spectra

15 fv = SSE/(L*(N-1)) # Equation (7.77)

16 fb = (SSR-SSE/(N-1))/(L*N) # Equation (7.78)

17 fb[fb<0] = 0; H0 = N*fb/(fv+N*fb)

18 H0[ceiling(.04*n):n] = 0 # zero out H0 beyond frequency .04

19 # Extend components to make it a valid transform

20 H0 = c(H0[1:n.freq], rev(H0[2:(n.freq+1)]))

21 h0 = Re(fft(H0, inverse = TRUE)) # Impulse Response

22 h0 = c(rev(h0[2:(M2+1)]), h0[1:(M2+1)]) # center it

23 h1 = spec.taper(h0, p = .5); k1 = h1/sum(h1) # taper/normalize it

24 f.beam = filter(Y$beam, filter=k1, sides=2) # filter it

25 # Graphics

26 nFr = 1:50 # number of freqs displayed

27 Fr = (nFr-1)/n # frequencies

28 layout(matrix(c(1, 2, 4, 1, 3, 4), nc=2)); par(mar=c(4,4,2,1)+.1)

29 plot(10*Fr, fb[nFr], type="l", ylab="Power", xlab="Frequency (Hz)")

30 lines(10*Fr, fv[nFr], lty=2); text(.24, 5, "(a)", cex=1.2)

31 plot(10*Fr, H0[nFr], type="l", ylab="Frequency Response",

xlab="Frequency (Hz)")

32 text(.23, .84, "(b)", cex=1.2)

33 plot(-M2:M2, k1, type="l", ylab="Impulse Response", xlab="Index",

lwd=1.5)

34 text(45, .022, "(c)", cex=1.2)

35 ts.plot(cbind(f.beam,beam), lty=1:2, ylab="beam")

36 text(2040, 2, "(d)", cex=1.2)

7.6 Analysis of Designed Experiments

An important special case (see Brillinger, 1973, 1980) of the regression model
(7.49) occurs when the regression (7.38) is of the form

yyyt = zβββt + vvvt, (7.78)

where z = (zzz1, zzz2, . . . , zzzN )′ is a matrix that determines what is observed by
the j-th series; i.e.,
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7.7 Discrimination and Cluster Analysis

The extension of classical pattern-recognition techniques to experimental time
series is a problem of great practical interest. A series of observations indexed
in time often produces a pattern that may form a basis for discriminating
between different classes of events. As an example, consider Figure 7.2, which
shows regional (100-2000 km) recordings of several typical Scandinavian earth-
quakes and mining explosions measured by stations in Scandinavia. A listing
of the events is given in Kakizawa et al. (1998). The problem of discriminat-
ing between mining explosions and earthquakes is a reasonable proxy for the
problem of discriminating between nuclear explosions and earthquakes. This
latter problem is one of critical importance for monitoring a comprehensive
test-ban treaty. Time series classification problems are not restricted to geo-
physical applications, but occur under many and varied circumstances in other
fields. Traditionally, the detection of a signal embedded in a noise series has
been analyzed in the engineering literature by statistical pattern recognition
techniques (see Problems 7.10 and 7.11).

The historical approaches to the problem of discriminating among differ-
ent classes of time series can be divided into two distinct categories. The op-
timality approach, as found in the engineering and statistics literature, makes
specific Gaussian assumptions about the probability density functions of the
separate groups and then develops solutions that satisfy well-defined minimum
error criteria. Typically, in the time series case, we might assume the difference
between classes is expressed through differences in the theoretical mean and
covariance functions and use likelihood methods to develop an optimal classi-
fication function. A second class of techniques, which might be described as a
feature extraction approach, proceeds more heuristically by looking at quanti-
ties that tend to be good visual discriminators for well-separated populations
and have some basis in physical theory or intuition. Less attention is paid
to finding functions that are approximations to some well-defined optimality
criterion.

As in the case of regression, both time domain and frequency domain ap-
proaches to discrimination will exist. For relatively short univariate series,
a time domain approach that follows conventional multivariate discriminant
analysis as described in conventional multivariate texts, such as Anderson
(1984) or Johnson and Wichern (1992) may be preferable. We might even
characterize differences by the autocovariance functions generated by differ-
ent ARMA or state-space models. For longer multivariate time series that can
be regarded as stationary after the common mean has been subtracted, the
frequency domain approach will be easier computationally because the np di-
mensional vector in the time domain, represented here as xxx = (xxx′1, xxx

′
t, . . . , xxx

′
n)′,

with xxxt = (xt1, . . . , xtp)
′, will reduced to separate computations made on the

p-dimensional DFTs. This happens because of the approximate independence
of the DFTs, XXX(ωk), 0 ≤ ωk ≤ 1, a property that we have often used in
preceding chapters.
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7.8 Principal Components and Factor Analysis

In this section, we introduce the related topics of spectral domain principal
components analysis and factor analysis for time series. The topics of principal
components and canonical analysis in the frequency domain are rigorously
presented in Brillinger (1981, Chapters 9 and 10) and many of the details
concerning these concepts can be found there.

The techniques presented here are related to each other in that they focus
on extracting pertinent information from spectral matrices. This information
is important because dealing directly with a high-dimensional spectral matrix
f(ω) itself is somewhat cumbersome because it is a function into the set of
complex, nonnegative-definite, Hermitian matrices. We can view these tech-
niques as easily understood, parsimonious tools for exploring the behavior of
vector-valued time series in the frequency domain with minimal loss of infor-
mation. Because our focus is on spectral matrices, we assume for convenience
that the time series of interest have zero means; the techniques are easily
adjusted in the case of nonzero means.

In this and subsequent sections, it will be convenient to work occasionally
with complex-valued time series. A p × 1 complex-valued time series can be
represented as xxxt = xxx1t − ixxx2t, where xxx1t is the real part and xxx2t is the imag-
inary part of xxxt. The process is said to be stationary if E(xxxt) and E(xxxt+hxxx

∗
t )

exist and are independent of time t. The p× p autocovariance function,

Γxx(h) = E(xxxt+hxxx
∗
t )− E(xxxt+h)E(xxx∗t ),

of xxxt satisfies conditions similar to those of the real-valued case. Writing
Γxx(h) = {γij(h)}, for i, j = 1, . . . , p, we have (i) γii(0) ≥ 0 is real, (ii)
|γij(h)|2 ≤ γii(0)γjj(0) for all integers h, and (iii) Γxx(h) is a non-negative
definite function. The spectral theory of complex-valued vector time series
is analogous to the real-valued case. For example, if

∑
h ||Γxx(h)|| < ∞, the

spectral density matrix of the complex series xxxt is given by

fxx(ω) =
∞∑

h=−∞

Γxx(h) exp(−2πihω).

Principal Components

Classical principal component analysis (PCA) is concerned with explain-
ing the variance–covariance structure among p variables, xxx = (x1, . . . , xp)

′,
through a few linear combinations of the components of xxx. Suppose we wish
to find a linear combination

y = ccc′xxx = c1x1 + · · ·+ cpxp (7.139)

of the components of xxx such that var(y) is as large as possible. Because var(y)
can be increased by simply multiplying ccc by a constant, it is common to
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Table 7.6. Magnitudes of the Eigenvectors in Example 7.16

Unemp GNP Cons G. Inv. P. Inv.∣∣ êee1( 10
160

)
∣∣ 0.53 0.50 0.51 0.06 0.44∣∣ êee2( 5

160
)
∣∣ 0.19 0.14 0.23 0.93 0.16

18 dev.new()

19 par(mfrow=c(2,1), mar=c(4,2,2,1), mgp=c(1.6,.6,0))

20 plot(gr.spec$freq, lam[,1], type="l", ylab="", xlab="Frequency",

main="First Eigenvalue")

21 abline(v=.25, lty=2)

22 plot(gr.spec$freq, lam[,2], type="l", ylab="", xlab="Frequency",

main="Second Eigenvalue")

23 abline(v=.125, lty=2)

24 e.vec1 = eigen(gr.spec$fxx[,,10], symmetric=TRUE)$vectors[,1]

25 e.vec2 = eigen(gr.spec$fxx[,,5], symmetric=TRUE)$vectors[,2]

26 round(Mod(e.vec1), 2); round(Mod(e.vec2), 3)

7.9 The Spectral Envelope

The concept of spectral envelope for the spectral analysis and scaling of cate-
gorical time series was first introduced in Stoffer et al. (1993). Since then, the
idea has been extended in various directions (not only restricted to categorical
time series), and we will explore these problems as well. First, we give a brief
introduction to the concept of scaling time series.

The spectral envelope was motivated by collaborations with researchers
who collected categorical-valued time series with an interest in the cyclic be-
havior of the data. For example, Table 7.7 shows the per-minute sleep state
of an infant taken from a study on the effects of prenatal exposure to alcohol.
Details can be found in Stoffer et al. (1988), but, briefly, an electroencephalo-
graphic (EEG) sleep recording of approximately two hours is obtained on a
full-term infant 24 to 36 hours after birth, and the recording is scored by a
pediatric neurologist for sleep state. Sleep state is categorized, per minute,
into one of six possible states: qt: quiet sleep - trace alternant, qh: quiet sleep
- high voltage, tr: transitional sleep, al: active sleep - low voltage, ah: active
sleep - high voltage, and aw: awake. This particular infant was never awake
during the study.

It is not difficult to notice a pattern in the data if we concentrate on active
vs. quiet sleep (that is, focus on the first letter). But, it would be difficult to
try to assess patterns in a longer sequence, or if more categories were present,
without some graphical aid. One simple method would be to scale the data,
that is, assign numerical values to the categories and then draw a time plot
of the scaled series. Because the states have an order, one obvious scaling is
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Table 7.7. Infant EEG Sleep-States (per minute)

(read down and across)

ah qt qt al tr qt al ah

ah qt qt ah tr qt al ah

ah qt tr ah tr qt al ah

ah qt al ah qh qt al ah

ah qt al ah qh qt al ah

ah tr al ah qt qt al ah

ah qt al ah qt qt al ah

ah qt al ah qt qt al ah

tr qt tr tr qt qt al tr

ah qt ah tr qt tr al

tr qt al ah qt al al

ah qt al ah qt al al

ah qt al ah qt al al

qh qt al ah qt al ah

1 = qt 2 = qh 3 = tr 4 = al 5 = ah 6 = aw, (7.179)

and Figure 7.23 shows the time plot using this scaling. Another interesting
scaling might be to combine the quiet states and the active states:

1 = qt 1 = qh 2 = tr 3 = al 3 = ah 4 = aw. (7.180)

The time plot using (7.180) would be similar to Figure 7.23 as far as the
cyclic (in and out of quiet sleep) behavior of this infant’s sleep pattern. Fig-
ure 7.23 shows the periodogram of the sleep data using the scaling in (7.179).
A large peak exists at the frequency corresponding to one cycle every 60 min-
utes. As we might imagine, the general appearance of the periodogram using
the scaling (7.180) (not shown) is similar to Figure 7.23. Most of us would
feel comfortable with this analysis even though we made an arbitrary and ad
hoc choice about the particular scaling. It is evident from the data (without
any scaling) that if the interest is in infant sleep cycling, this particular sleep
study indicates an infant cycles between active and quiet sleep at a rate of
about one cycle per hour.

The intuition used in the previous example is lost when we consider a
long DNA sequence. Briefly, a DNA strand can be viewed as a long string of
linked nucleotides. Each nucleotide is composed of a nitrogenous base, a five
carbon sugar, and a phosphate group. There are four different bases, and they
can be grouped by size; the pyrimidines, thymine (T) and cytosine (C), and
the purines, adenine (A) and guanine (G). The nucleotides are linked together
by a backbone of alternating sugar and phosphate groups with the 5′ carbon
of one sugar linked to the 3′ carbon of the next, giving the string direction.
DNA molecules occur naturally as a double helix composed of polynucleotide
strands with the bases facing inwards. The two strands are complementary, so
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Fig. 7.23. [Top] Time plot of the EEG sleep state data in Table 7.10 using the scaling
in (7.179). [Bottom] Periodogram of the EEG sleep state data in Figure 7.23 based
on the scaling in (7.179). The peak corresponds to a frequency of approximately one
cycle every 60 minutes.

it is sufficient to represent a DNA molecule by a sequence of bases on a single
strand. Thus, a strand of DNA can be represented as a sequence of letters,
termed base pairs (bp), from the finite alphabet {A, C, G, T}. The order of the
nucleotides contains the genetic information specific to the organism. Expres-
sion of information stored in these molecules is a complex multistage process.
One important task is to translate the information stored in the protein-
coding sequences (CDS) of the DNA. A common problem in analyzing long
DNA sequence data is in identifying CDS dispersed throughout the sequence
and separated by regions of noncoding (which makes up most of the DNA).
Table 7.11 shows part of the Epstein–Barr virus (EBV) DNA sequence. The
entire EBV DNA sequence consists of approximately 172,000 bp.
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Fig. 7.30. The estimated optimal transformation at ω0 as given in (7.189) (solid
line) and the log transformation, g(x) = ln(x) (dashed line).

33 g = function(x) 4.5 + b[1]*x+b[2]*sqrt(x)+b[3]*x^(1/3)

34 curve(g, 1, 4000)

35 lines(log(1:4000), lty=2)

Problems

Section 7.2

7.1 Consider the complex Gaussian distribution for the random variable
XXX = XXXc − iXXXs, as defined in (7.1)-(7.3), where the argument ωk has been
suppressed. Now, the 2p× 1 real random variable ZZZ = (XXX ′c,XXX

′
s)
′ has a multi-

variate normal distribution with density

p(ZZZ) = (2π)−p|Σ|−1/2 exp

{
−1

2
(ZZZ − µµµ)′Σ−1(ZZZ − µµµ)

}
,

where µµµ = (MMM ′c,MMM
′
s)
′ is the mean vector. Prove

|Σ| =
(

1

2

)2p

|C − iQ|2,

using the result that the eigenvectors and eigenvalues of Σ occur in pairs, i.e.,
(vvv′c, vvv

′
s)
′ and (vvv′s,−vvv′c)′, where vvvc − ivvvs denotes the eigenvector of fxx. Show

that



Appendix A
Large Sample Theory

A.1 Convergence Modes

The study of the optimality properties of various estimators (such as the
sample autocorrelation function) depends, in part, on being able to assess
the large-sample behavior of these estimators. We summarize briefly here the
kinds of convergence useful in this setting, namely, mean square convergence,
convergence in probability, and convergence in distribution.

We consider first a particular class of random variables that plays an im-
portant role in the study of second-order time series, namely, the class of
random variables belonging to the space L2, satisfying E|x|2 < ∞. In prov-
ing certain properties of the class L2 we will often use, for random variables
x, y ∈ L2, the Cauchy–Schwarz inequality,

|E(xy)|2 ≤ E(|x|2)E(|y|2), (A.1)

and the Tchebycheff inequality,

P{|x| ≥ a} ≤ E(|x|2)

a2
, (A.2)

for a > 0.
Next, we investigate the properties of mean square convergence of random

variables in L2.

Definition A.1 A sequence of L2 random variables {xn} is said to converge
in mean square to a random variable x ∈ L2, denoted by

xn
ms→ x, (A.3)

if and only if
E|xn − x|2 → 0 (A.4)

as n→∞.
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A.2 Central Limit Theorems

We will generally be concerned with the large-sample properties of estimators
that turn out to be normally distributed as n→∞.

Definition A.5 A sequence of random variables {xn} is said to be asymp-
totically normal with mean µn and variance σ2

n if, as n→∞,

σ−1n (xn − µn)
d→ z,

where z has the standard normal distribution. We shall abbreviate this as

xn ∼ AN(µn, σ
2
n), (A.35)

where ∼ will denote is distributed as.

We state the important Central Limit Theorem, as follows.

Theorem A.3 Let x1, . . . , xn be independent and identically distributed with
mean µ and variance σ2. If x̄n = (x1 + · · ·+xn)/n denotes the sample mean,
then

x̄n ∼ AN(µ, σ2/n). (A.36)

Often, we will be concerned with a sequence of k × 1 vectors {xxxn}. The
following property is motivated by the Cramér–Wold device, Property A.1.

Proposition A.2 A sequence of random vectors is asymptotically normal,
i.e.,

xxxn ∼ AN(µµµn, Σn), (A.37)

if and only if
ccc′xxxn ∼ AN(ccc′µµµn, ccc

′Σnccc) (A.38)

for all ccc ∈ Rk and Σn is positive definite.

In order to begin to consider what happens for dependent data in the lim-
iting case, it is necessary to define, first of all, a particular kind of dependence
known as M -dependence. We say that a time series xt is M -dependent if the
set of values xs, s ≤ t is independent of the set of values xs, s ≥ t+M + 1, so
time points separated by more than M units are independent. A central limit
theorem for such dependent processes, used in conjunction with the Basic
Approximation Theorem, will allow us to develop large-sample distributional
results for the sample mean x̄ and the sample ACF ρ̂x(h) in the stationary
case.

In the arguments that follow, we often make use of the formula for the
variance of x̄n in the stationary case, namely,

var x̄n = n−1
(n−1)∑

u=−(n−1)

(
1− |u|

n

)
γ(u), (A.39)
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var(wr) =
∑
|u|≤m−M

(
n− [n/m]m+M − |u|

)
γ(u)

≤
∑
|u|≤m−M (m+M − |u|)γ(u).

Hence,
var [n1/2x̄− ymn] = n−1[(r − 1)SM + var wr],

which converges to m−1SM as n→∞. Because m−1SM → 0 as m→∞,
the condition of (iii) holds by the Tchebycheff inequality.

ut

A.3 The Mean and Autocorrelation Functions

The background material in the previous two sections can be used to develop
the asymptotic properties of the sample mean and ACF used to evaluate sta-
tistical significance. In particular, we are interested in verifying Property 1.1.

We begin with the distribution of the sample mean x̄n, noting that (A.40)
suggests a form for the limiting variance. In all of the asymptotics, we will use
the assumption that xt is a linear process, as defined in Definition 1.12, but
with the added condition that {wt} is iid. That is, throughout this section we
assume

xt = µx +
∞∑

j=−∞
ψjwt−j (A.43)

where wt ∼ iid(0, σ2
w), and the coefficients satisfy

∞∑
j=−∞

|ψj | <∞. (A.44)

Before proceeding further, we should note that the exact sampling dis-
tribution of x̄n is available if the distribution of the underlying vector
xxx = (x1, x2, . . . , xn)′ is multivariate normal. Then, x̄n is just a linear com-
bination of jointly normal variables that will have the normal distribution

x̄n ∼ N

µx, n−1 ∑
|u|<n

(
1− |u|

n

)
γx(u)

 , (A.45)

by (A.39). In the case where xt are not jointly normally distributed, we have
the following theorem.

Theorem A.5 If xt is a linear process of the form (A.43) and
∑
j ψj 6= 0,

then
x̄n ∼ AN(µx, n

−1V ), (A.46)

where
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Time Domain Theory

B.1 Hilbert Spaces and the Projection Theorem

Most of the material on mean square estimation and regression can be em-
bedded in a more general setting involving an inner product space that is
also complete (that is, satisfies the Cauchy condition). Two examples of inner
products are E(xy∗), where the elements are random variables, and

∑
xiy
∗
i ,

where the elements are sequences. These examples include the possibility of
complex elements, in which case, ∗ denotes the conjugation. We denote an in-
ner product, in general, by the notation 〈x, y〉. Now, define an inner product
space by its properties, namely,

(i) 〈x, y〉 = 〈y, x〉∗
(ii) 〈x+ y, z〉 = 〈x, z〉+ 〈y, z〉
(iii) 〈αx, y〉 = α 〈x, y〉
(iv) 〈x, x〉 = ‖x‖2 ≥ 0
(v) 〈x, x〉 = 0 iff x = 0.

We introduced the notation ‖ · ‖ for the norm or distance in property (iv).
The norm satisfies the triangle inequality

‖x+ y‖ ≤ ‖x‖+ ‖y‖ (B.1)

and the Cauchy–Schwarz inequality

| 〈x, y〉 |2 ≤ ‖x‖2‖y‖2, (B.2)

which we have seen before for random variables in (A.35). Now, a Hilbert
space, H, is defined as an inner product space with the Cauchy property. In
other words, H is a complete inner product space. This means that every
Cauchy sequence converges in norm; that is, xn → x ∈ H if an only if ‖xn −
xm‖ → 0 as m,n → ∞. This is just the L2 completeness Theorem A.1 for
random variables.
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We will show that ŷ = Psp{1,x1,...,xn}y is that element. In fact, by the projec-
tion theorem, ŷ satisfies

〈y − ŷ, xi〉 = 0 for i = 0, 1, . . . , n,

where we have set x0 = 1. But 〈y − ŷ, xi〉 = cov(y − ŷ, xi) = 0, implying that
y− ŷ and (x1, . . . , xn) are independent because the vector (y− ŷ, x1, . . . , xn)′

is multivariate normal. Thus, if w ∈M(xxx), then w and y− ŷ are independent
and, hence, 〈y − ŷ, w〉 = E{(y − ŷ)w} = E(y − ŷ)E(w) = 0, recalling that
0 = 〈y − ŷ, 1〉 = E(y − ŷ). ut

In the Gaussian case, conditional expectation has an explicit form. Let
yyy = (y1, . . . , ym)′, xxx = (x1, . . . , xn)′, and suppose the (m + n) × 1 vector
(yyy′, xxx′)′ is normal: (

yyy
xxx

)
∼ N

[(
µµµy
µµµx

)
,

(
Σyy Σyx
Σxy Σxx

)]
,

then yyy|xxx is normal with

µµµy|x = µµµy +ΣyxΣ
−1
xx (xxx− µµµx) (B.9)

Σy|x = Σyy −ΣyxΣ−1xxΣxy, (B.10)

where Σxx is assumed to be nonsingular.

B.2 Causal Conditions for ARMA Models

In this section, we prove Property 3.1 of §3.2 pertaining to the causality of
ARMA models. The proof of Property 3.2, which pertains to invertibility of
ARMA models, is similar.

Proof of Property 3.1. Suppose first that the roots of φ(z), say, z1, . . . , zp,
lie outside the unit circle. We write the roots in the following order, 1 < |z1| ≤
|z2| ≤ · · · ≤ |zp|, noting that z1, . . . , zp are not necessarily unique, and put
|z1| = 1 + ε, for some ε > 0. Thus, φ(z) 6= 0 as long as |z| < |z1| = 1 + ε and,
hence, φ−1(z) exists and has a power series expansion,

1

φ(z)
=
∞∑
j=0

ajz
j , |z| < 1 + ε.

Now, choose a value δ such that 0 < δ < ε, and set z = 1 + δ, which is inside
the radius of convergence. It then follows that

φ−1(1 + δ) =
∞∑
j=0

aj(1 + δ)j <∞. (B.11)
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Next, multiply both sides of (B.16) by wt−h, for h = 0, 1, 2, . . . , and take
expectation. In doing this, we obtain

ah = θh, h = 0, 1, . . . , q

ah = 0, h > q. (B.17)

From (B.17), we conclude that

φ(z)ψ(z) = a(z) = θ(z), |z| ≤ 1. (B.18)

If there is a complex number in the unit circle, say z0, for which φ(z0) = 0,
then by (B.18), θ(z0) = 0. But, if there is such a z0, then φ(z) and θ(z) have
a common factor which is not allowed. Thus, we may write ψ(z) = θ(z)/φ(z).
In addition, by hypothesis, we have that |ψ(z)| <∞ for |z| ≤ 1, and hence

|ψ(z)| =
∣∣∣∣ θ(z)φ(z)

∣∣∣∣ <∞, for |z| ≤ 1. (B.19)

Finally, (B.19) implies φ(z) 6= 0 for |z| ≤ 1; that is, the roots of φ(z) lie outside
the unit circle. ut

B.3 Large Sample Distribution of the AR(p) Conditional
Least Squares Estimators

In §3.6 we discussed the conditional least squares procedure for estimating
the parameters φ1, φ2, . . . , φp and σ2

w in the AR(p) model

xt =

p∑
k=1

φkxt−k + wt,

where we assume µ = 0, for convenience. Write the model as

xt = φφφ′xxxt−1 + wt, (B.20)

where xxxt−1 = (xt−1, xt−2, . . . , xt−p)
′ is a p × 1 vector of lagged values, and

φφφ = (φ1, φ2, . . . , φp)
′ is the p×1 vector of regression coefficients. Assuming ob-

servations are available at x1, . . . , xn, the conditional least squares procedure
is to minimize

Sc(φφφ) =
n∑

t=p+1

(
xt − φφφ′xxxt−1

)2
with respect to φφφ. The solution is

φ̂φφ =

(
n∑

t=p+1

xxxt−1xxx
′
t−1

)−1 n∑
t=p+1

xxxt−1xt (B.21)
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B.4 The Wold Decomposition

The ARMA approach to modeling time series is generally implied by the
assumption that the dependence between adjacent values in time is best ex-
plained in terms of a regression of the current values on the past values. This
assumption is partially justified, in theory, by the Wold decomposition.

In this section we assume that {xt; t = 0,±1,±2, . . .} is a stationary,
mean-zero process. Using the notation of §B.1, we define

Mx
n = sp{xt, −∞ < t ≤ n}, with Mx

−∞ =
∞⋂

n=−∞
Mx

n,

and
σ2
x = E

(
xn+1 − PMx

n
xn+1

)2
.

We say that xt is a deterministic process if and only if σ2
x = 0. That is, a

deterministic process is one in which its future is perfectly predictable from
its past; a simple example is the process given in (4.1). We are now ready to
present the decomposition.

Theorem B.5 (The Wold Decomposition) Under the conditions and no-
tation of this section, if σ2

x > 0, then xt can be expressed as

xt =
∞∑
j=0

ψjwt−j + vt

where

(i)
∑∞
j=0 ψ

2
j <∞ (ψ0 = 1)

(ii) {wt} is white noise with variance σ2
w

(iii) wt ∈Mx
t

(iv) cov(ws, vt) = 0 for all s, t = 0,±1,±2, . . . .
(v) vt ∈Mx

−∞
(vi) {vt} is deterministic.

The proof of the decomposition follows from the theory of §B.1 by defining
the unique sequences:

wt = xt − PMx
t−1
xt,

ψj = σ−2w 〈xt, wt−j〉 = σ−2w E(xtwt−j),

vt = xt −
∞∑
j=0

ψjwt−j .

Although every stationary process can be represented by the Wold decom-
position, it does not mean that the decomposition is the best way to describe
the process. In addition, there may be some dependence structure among the



Appendix C
Spectral Domain Theory

C.1 Spectral Representation Theorem

In this section, we present a spectral representation for the process xt itself,
which allows us to think of a stationary process as a random sum of sines and
cosines as described in (4.3). In addition, we present results that justify rep-
resenting the autocovariance function γx(h) of the weakly stationary process
xt in terms of a non-negative spectral density function. The spectral density
function essentially measures the variance or power in a particular kind of
periodic oscillation in the function. We denote this spectral density of vari-
ance function by f(ω), where the variance is measured as a function of the
frequency of oscillation ω, measured in cycles per unit time.

First, we consider developing a representation for the autocovariance func-
tion of a stationary, possibly complex, series xt with zero mean and autocovari-
ance function γx(h) = E(xt+hx

∗
t ). We prove the representation for arbitrary

non-negative definite functions γ(h) and then simply note the autocovariance
function is non-negative definite, because, for any set of complex constants,
at, t = 0± 1,±2, . . ., we may write, for any finite subset,

E

∣∣∣∣∣
n∑
s=1

a∗sxs

∣∣∣∣∣
2

=
n∑
s=1

n∑
t=1

a∗sγ(s− t)at ≥ 0.

The representation is stated in terms of non-negative definite functions and
a spectral distribution function F (ω) that is monotone nondecreasing, and
continuous from the right, taking the values F (−1/2) = 0 and F (1/2) = σ2 =
γx(0) at ω = −1/2 and 1/2, respectively.

Theorem C.1 A function γ(h), for h = 0,±1,±2, . . . is non-negative definite
if and only if it can be expressed as

γ(h) =

∫ 1/2

−1/2
exp{2πiωh}dF (ω), (C.1)
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Fjk(ω) =
1

2

[
G1(ω) + iG2(ω)− (1 + i)

(
Fjj(ω) + Fkk(ω)

)]
.

Now, under the summability condition

∞∑
h=−∞

|γjk(h)| <∞,

we have the representation

γjk(h) =

∫ 1/2

−1/2
e2πiωhfjk(ω)dω,

where the cross-spectral density function has the inverse Fourier representa-
tion

fjk(ω) =
∞∑

h=−∞

γjk(h)e−2πiωh.

The cross-covariance function satisfies γjk(h) = γkj(−h), which implies
fjk(ω) = fkj(−ω) using the above representation.

Then, defining the autocovariance function of the general vector process
xxxt as the p× p matrix

Γ (h) = E[(xxxt+h − µµµx)(xxxt − µµµx)′],

and the p× p spectral matrix as f(ω) = {fjk(ω); j, k = 1, . . . , p}, we have the
representation in matrix form, written as

Γ (h) =

∫ 1/2

−1/2
e2πiωhf(ω) dω, (C.5)

and the inverse result

f(ω) =

∞∑
h=−∞

Γ (h)e−2πiωh. (C.6)

which appears as Property 4.6 in §4.6. Theorem C.2 can also be extended to
the multivariate case.

C.2 Large Sample Distribution of the DFT and
Smoothed Periodogram

We have previously introduced the DFT, for the stationary zero-mean process
xt, observed at t = 1, . . . , n as

d(ω) = n−1/2
n∑
t=1

xt e−2πiωt, (C.7)
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In particular, stable vector ARMA processes satisfy these conditions. For
generalized linear processes, we state the following general result from Han-
nan (1970, p.224).

Theorem C.7 If xxxt is generated by a generalized linear process with a con-
tinuous spectrum that is not zero at ω and ωk:n + `/n are a set of frequencies
within L/n of ω, the joint density of the cosine and sine transforms (C.31)
and (C.32) converges to that of L independent 2p × 1 normal vectors with
covariance matrix Σ(ω) with structure given by (C.33). At ω = 0 or ω = 1/2,
the distribution is real with covariance matrix 2Σ(ω).

The above result provides the basis for inference involving the Fourier
transforms of stationary series because it justifies approximations to the like-
lihood function based on multivariate normal theory. We make extensive use
of this result in Chapter 7, but will still need a simple form to justify the dis-
tributional result for the sample coherence given in (4.97). The next section
gives an elementary introduction to the complex normal distribution.

C.3 The Complex Multivariate Normal Distribution

The multivariate normal distribution will be the fundamental tool for express-
ing the likelihood function and determining approximate maximum likelihood
estimators and their large sample probability distributions. A detailed treat-
ment of the multivariate normal distribution can be found in standard texts
such as Anderson (1984). We will use the multivariate normal distribution of
the p× 1 vector x = (x1, x2, . . . , xp)

′, as defined by its density function

p(xxx) = (2π)−p/2|Σ|−1/2 exp
{
−1

2
(xxx− µµµ)′Σ−1(xxx− µµµ)

}
, (C.37)

which can be shown to have mean vector E[xxx] = µµµ = (µ1, . . . , µp)
′ and covari-

ance matrix
Σ = E[(xxx− µµµ)(xxx− µµµ)′]. (C.38)

We use the notation xxx ∼ Np(µµµ,Σ) for densities of the form (C.37) and note
that linearly transformed multivariate normal variables of the form yyy = Axxx,
with A a q×p matrix q ≤ p, will also be multivariate normal with distribution

yyy ∼ Nq(Aµµµ,AΣA′). (C.39)

Often, the partitioned multivariate normal, based on the vector xxx =
(xxx′1, xxx

′
2)′, split into two p1 × 1 and p2 × 1 components xxx1 and xxx2, respec-

tively, will be used where p = p1 + p2. If the mean vector µµµ = (µµµ′1, µµµ
′
2)′ and

covariance matrices

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
(C.40)



Appendix R
R Supplement

R.1 First Things First

If you do not already have R, point your browser to the Comprehensive R
Archive Network (CRAN), http://cran.r-project.org/ and download and
install it. The installation includes help files and some user manuals. You can
find helpful tutorials by following CRAN’s link to Contributed Documentation.
If you are new to R/S-PLUS, then R for Beginners by Emmanuel Paradis is
a great introduction. There is also a lot of advice out there in cyberspace, but
some of it will be outdated because R goes through many revisions.

Next, point your browser to http://www.stat.pitt.edu/stoffer/tsa3/,
the website for the text, or one of its mirrors, download tsa3.rda and put
it in a convenient place (e.g., the working directory of R).1 This file contains
the data sets and scripts that are used in the text. Then, start R and issue
the command

1 load("tsa3.rda")

Once you have loaded tsa3.rda, all the files will stay in R as long as you
save the workspace when you close R (details in §R.2). If you don’t save the
workspace, you will have to reload it. To see what is included in tsa3.rda

type

2 ls() # to get a listing of your objects, and

3 tsa3.version # to check the version

Periodically check that your version matches the latest version number (year-
month-day) on the website. Please note that tsa3.rda is subject to change.

You are free to use the data or to alter the scripts in any way you see fit.
We only have two requests: reference the text if you use something from it,
and contact us if you find any errors or have suggestions for improvement of
the code.

1 See §R.2, page 567, on how to get the current working directory and how to
change it, or page 569 on how to read files from other directories.
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R.1.1 Included Data Sets

The data sets included in tsa3.rda, listed by the chapter in which they are
first presented, are as follows.

Chapter 1
jj - Johnson & Johnson quarterly earnings per share, 84 quarters (21

years) measured from the first quarter of 1960 to the last quarter
of 1980.

EQ5 - Seismic trace of an earthquake [two phases or arrivals along the
surface, the primary wave (t = 1, . . . , 1024) and the shear wave
(t = 1025, . . . , 2048)] recorded at a seismic station.

EXP6 - Seismic trace of an explosion (similar details as EQ5).
gtemp - Global mean land-ocean temperature deviations (from 1951-1980

average), measured in degrees centigrade, for the years 1880-2009;
data taken from http://data.giss.nasa.gov/gistemp/graphs/

fmri1 - A data frame that consists of fmri bold signals at eight locations
(in columns 2-9, column 1 is time period), when a stimulus was
applied for 32 seconds and then stopped for 32 seconds. The signal
period is 64 seconds and the sampling rate was one observation
every 2 seconds for 256 seconds (n = 128).

soi - Southern Oscillation Index (SOI) for a period of 453 months ranging
over the years 1950-1987.

rec - Recruitment (number of new fish) associated with SOI.
speech - A small .1 second (1000 points) sample of recorded speech for the

phrase aaa · · ·hhh.
nyse - Returns of the New York Stock Exchange (NYSE) from February

2, 1984 to December 31, 1991.
soiltemp - A 64× 36 matrix of surface soil temperatures.

Chapter 2
oil - Crude oil, WTI spot price FOB (in dollars per barrel), weekly

data from 2000 to mid-2010. For definitions and more details, see
http://tonto.eia.doe.gov/dnav/pet/pet_pri_spt_s1_w.htm.

gas - New York Harbor conventional regular gasoline weekly spot price
FOB (in cents per gallon) over the same time period as oil.

varve - Sedimentary deposits from one location in Massachusetts for 634
years, beginning nearly 12,000 years ago.

cmort - Average weekly cardiovascular mortality in Los Angeles County;
508 six-day smoothed averages obtained by filtering daily values
over the 10 year period 1970-1979.

tempr - Temperature series corresponding to cmort.
part - Particulate series corresponding to cmort.
so2 - Sulfur dioxide series corresponding to cmort.

Chapter 3
prodn - Monthly Federal Reserve Board Production Index (1948-1978, n =

372 months).
unemp - Unemployment series corresponding to prodn.
ar1boot - Data used in Example 3.35 on page 137.
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fmri - Data (as a vector list) from an fMRI experiment in pain, listed
by location and stimulus. The specfic locations of the brain where
the signal was measured were [1] Cortex 1: Primary Somatosensory,
Contralateral, [2] Cortex 2: Primary Somatosensory, Ipsilateral, [3]
Cortex 3: Secondary Somatosensory, Contralateral, [4] Cortex 4:
Secondary Somatosensory, Ipsilateral, [5] Caudate, [6] Thalamus 1:
Contralateral, [7] Thalamus 2: Ipsilateral, [8] Cerebellum 1: Con-
tralateral and [9] Cerebellum 2: Ipsilateral. The stimuli (and num-
ber of subjects in each condition) are [1] Awake-Brush (5 subjects),
[2] Awake-Heat (4 subjects), [3] Awake-Shock (5 subjects), [4] Low-
Brush (3 subjects), [5] Low-Heat (5 subjects), and [6] Low-Shock
(4 subjects). Issue the command summary(fmri) for further details.
As an example, fmri$L1T6 (location 1, treatment 6) will show the
data for the four subjects receiving the Low-Shock treatment at the
Cortex 1 location; note that fmri[[6]] will display the same data.
See Examples 7.7–7.9 for examples.

climhyd - Lake Shasta inflow data; see Example 7.1. This is a data frame with
column names: Temp, DewPt, CldCvr, WndSpd, Precip, Inflow.

eqexp - This is a data frame of the earthquake and explosion seismic series
used throughout the text. The matrix has 17 columns, the first
eight are earthquakes, the second eight are explosions, and the last
column is the Novaya Zemlya series. The column names are: EQ1,
EQ2,...,EQ8; EX1, EX2,...,EX8; NZ.

R.1.2 Included Scripts

The following scripts are included in tsa3.rda. At the end of the description
of each script, a text example that demonstrates the use of the script is given.

lag.plot2(series1, series2, max.lag=0, corr=TRUE, smooth=TRUE)

Produces a grid of scatterplots of one series versus another. If (xt, yt) is a vector

time series, then lag.plot2(x,y,m) will generate a grid of scatterplots of xt−h
versus yt for h = 0, 1, ...,m, along with the cross-correlation values (corr=TRUE)

and a lowess fit (smooth=TRUE) assuming xt is in x and yt is in y. Note that the first

series, xt, is the one that gets lagged. If you just want the scatterplots and nothing

else, then use lag.plot2(x,y,m,corr=FALSE,smooth=FALSE). See Example 2.7 on

page 64 for a demonstration.

lag.plot1(series, max.lag=1, corr=TRUE, smooth=TRUE)

Produces a grid of scatterplots of a series versus lagged values of the series. Sim-

ilar to lag.plot2, the call lag.plot1(x,m) will generate a grid of scatterplots of

xt−h versus xt for h = 1, ...,m, along with the autocorrelation values (corr=TRUE)

and a lowess fit (smooth=TRUE). The defaults are the same as lag.plot2; if you

don’t want either the correlation values or the lowess fit, you can either use

lag.plot1(x,m,corr=FALSE,smooth=FALSE) or R’s lag.plot. See Example 2.7

on page 64 for a demonstration.
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R.2 Getting Started

If you are experienced with R/S-PLUS you can skip this section, and perhaps
the rest of this appendix. Otherwise, it is essential to have R up and running
before you start this tutorial. The best way to use the rest of this appendix
is to start up R and enter the example code as it is presented. Also, you can
use the results and help files to get a better understanding of how R works
(or doesn’t work). The character # is used for comments.

The convention throughout the text is that R code is in typewriter font

with a small line number in the left margin. Get comfortable, then start her
up and try some simple tasks.

1 2+2 # addition

[1] 5

2 5*5 + 2 # multiplication and addition

[1] 27

3 5/5 - 3 # division and subtraction

[1] -2

4 log(exp(pi)) # log, exponential, pi

[1] 3.141593

5 sin(pi/2) # sinusoids

[1] 1

6 exp(1)^(-2) # power

[1] 0.1353353

7 sqrt(8) # square root

[1] 2.828427

8 1:5 # sequences

[1] 1 2 3 4 5

9 seq(1, 10, by=2) # sequences

[1] 1 3 5 7 9

10 rep(2,3) # repeat 2 three times

[1] 2 2 2

Next, we’ll use assignment to make some objects:

1 x <- 1 + 2 # put 1 + 2 in object x

2 x = 1 + 2 # same as above with fewer keystrokes

3 1 + 2 -> x # same

4 x # view object x

[1] 3

5 (y = 9*3) # put 9 times 3 in y and view the result

[1] 27

6 (z = rnorm(5,0,1)) # put 5 standard normals into z and print z

[1] 0.96607946 1.98135811 -0.06064527 0.31028473 0.02046853

To list your objects, remove objects, get help, find out which directory is
current (or to change it) or to quit, use the following commands:
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R.3 Time Series Primer

In this section, we give a brief introduction on using R for time series. We
assume that tsa3.rda has been loaded. To create a time series object, use
the command ts. Related commands are as.ts to coerce an object to a time
series and is.ts to test whether an object is a time series.

First, make a small data set:

1 (mydata = c(1,2,3,2,1)) # make it and view it

[1] 1 2 3 2 1

Now make it a time series:

2 (mydata = as.ts(mydata))

Time Series:

Start = 1

End = 5

Frequency = 1

[1] 1 2 3 2 1

Make it an annual time series that starts in 1950:

3 (mydata = ts(mydata, start=1950))

Time Series:

Start = 1950

End = 1954

Frequency = 1

[1] 1 2 3 2 1

Now make it a quarterly time series that starts in 1950-III:

4 (mydata = ts(mydata, start=c(1950,3), frequency=4))

Qtr1 Qtr2 Qtr3 Qtr4

1950 1 2

1951 3 2 1

5 time(mydata) # view the sampled times

Qtr1 Qtr2 Qtr3 Qtr4

1950 1950.50 1950.75

1951 1951.00 1951.25 1951.50

To use part of a time series object, use window():

6 (x = window(mydata, start=c(1951,1), end=c(1951,3)))

Qtr1 Qtr2 Qtr3

1951 3 2 1

Next, we’ll look at lagging and differencing. First make a simple series, xt:

1 x = ts(1:5)

Now, column bind (cbind) lagged values of xt and you will notice that lag(x)
is forward lag, whereas lag(x, -1) is backward lag (we display the time series
attributes in a single row of the output to save space).

2 cbind(x, lag(x), lag(x,-1))
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multivariate, 301

ARMA model, 92

ψ-weights, 100
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bootstrap, 360

causality of, 94
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mean square prediction error, 116
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