
Neodredeni integral – 2. dio

Matematika 2

Damir Horvat

FOI, Varaždin

Parcijalna integracija

∫
u′(x)v(x) dx = u(x)v(x)−

∫
u(x)v ′(x) dx

∫
v du = uv −

∫
u dv

du = u′(x) dx dv = v ′(x) dx
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Zadatak 1

Riješite neodredeni integral

∫
ln x dx.

Rješenje

∫
ln x dx =

∫
1 · ln x dx =

∫
(x)′ ln x dx =

= x ln x −
∫

x · (ln x)′ dx = x ln x −
∫

x · 1
x
dx =

= x ln x −
∫

dx = x ln x − x + C , C ∈ R

∫
f ′(x)g(x) dx = f (x)g(x)−

∫
f (x)g ′(x) dx
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Zadatak 2

Riješite neodredeni integral

∫
x4 ln 8x dx.

Rješenje

∫
x4 ln 8x dx =

∫ (
x5

5

)′
ln 8x dx =

x5

5
ln 8x −

∫
x5

5

(
ln 8x

)′
dx =

=
x5

5
ln 8x −

∫
x5

5
· 1
8x
· 8 dx =

x5

5
ln 8x − 1

5

∫
x4 dx =

=
x5

5
ln 8x − 1

5
· x

5

5
+ C =

x5

5
ln 8x − 1

25
x5 + C , C ∈ R

∫
f ′(x)g(x) dx = f (x)g(x)−

∫
f (x)g ′(x) dx
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Zadatak 3

Riješite neodredeni integral

∫
x cos 3x dx.

Rješenje

∫
x cos 3x dx =

∫
x ·
(
1

3
sin 3x

)′
dx =

= x · 1
3
sin 3x −

∫
(x)′ · 1

3
sin 3x dx =

x

3
sin 3x − 1

3

∫
sin 3x dx =

=
x

3
sin 3x − 1

3
· −1
3

cos 3x + C =
x

3
sin 3x +

1

9
cos 3x + C , C ∈ R

∫
f ′(x)g(x) dx = f (x)g(x)−

∫
f (x)g ′(x) dx
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∫
cos 3x dx =

[
3x = t

/ ′
3 dx = dt

]
=

∫
cos t · dt

3
=

=
1

3

∫
cos t dt =

1

3
sin t + C =

1

3
sin 3x + C , C ∈ R

∫
sin 3x dx =

[
3x = t

/ ′
3 dx = dt

]
=

∫
sin t · dt

3
=

=
1

3

∫
sin t dt = −1

3
cos t + C = −1

3
cos 3x + C , C ∈ R
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Zadatak 4

Riješite neodredeni integral

∫ (
x2 + x

)
e5x dx.

Rješenje ∫ (
x2 + x

)
e5x dx =

∫ (
x2 + x

)
·
(
1

5
e5x

)′
dx =

=
(
x2 + x

)
· 1
5
e5x −

∫ (
x2 + x

)′ · 1
5
e5x dx =

=

(
1

5
x2 +

1

5
x

)
e5x − 1

5

∫
(2x + 1)e5x dx =

=

(
1

5
x2 +

1

5
x

)
e5x − 1

5

∫
(2x + 1) ·

(
1

5
e5x

)′
dx =

∫
f ′(x)g(x) dx = f (x)g(x)−

∫
f (x)g ′(x) dx
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=

(
1

5
x2 +

1

5
x

)
e5x − 1

5
·
∫

(2x + 1) ·
(
1

5
e5x

)′
dx =

=

(
1

5
x2 +

1

5
x

)
e5x − 1

5
·
[
(2x + 1) · 1

5
e5x −

∫
(2x + 1)′ · 1

5
e5x dx

]
=

=

(
1

5
x2 +

1

5
x

)
e5x −

(
2

25
x +

1

25

)
e5x +

1

5

∫
2 · 1

5
e5x dx =

=

(
1

5
x2 +

3

25
x − 1

25

)
e5x +

2

25

∫
e5x dx =

=

(
1

5
x2 +

3

25
x − 1

25

)
e5x +

2

25
· 1
5
e5x + C =

=

(
1

5
x2 +

3

25
x − 3

125

)
e5x + C , C ∈ R
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Zadatak 5

Riješite neodredeni integral

∫
e2x sin 3x dx.

Rješenje

∫
e2x sin 3x dx =

∫ (
1

2
e2x

)′
· sin 3x dx =

=
1

2
e2x sin 3x −

∫
1

2
e2x · (sin 3x)′ dx =

=
1

2
e2x sin 3x − 1

2

∫
e2x · 3 cos 3x dx =

=
1

2
e2x sin 3x − 3

2

∫
e2x cos 3x dx =

=
1

2
e2x sin 3x − 3

2

∫ (
1

2
e2x

)′
· cos 3x dx =

∫
f ′(x)g(x) dx = f (x)g(x)−

∫
f (x)g ′(x) dx
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=
1

2
e2x sin 3x − 3

2

∫ (
1

2
e2x

)′
· cos 3x dx =

=
1

2
e2x sin 3x − 3

2
·
[
1

2
e2x cos 3x −

∫
1

2
e2x · (cos 3x)′ dx

]
=

=
1

2
e2x sin 3x − 3

4
e2x cos 3x +

3

2

∫
1

2
e2x · (−3 sin 3x) dx =

=

(
1

2
sin 3x − 3

4
cos 3x

)
e2x − 9

4

∫
e2x sin 3x dx

početni
integral

∫
e2x sin 3x dx = · · · =

(
1

2
sin 3x − 3

4
cos 3x

)
e2x − 9

4

∫
e2x sin 3x dx
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∫
e2x sin 3x dx =

(
1

2
sin 3x − 3

4
cos 3x

)
e2x − 9

4

∫
e2x sin 3x dx

∫
e2x sin 3x dx +

9

4

∫
e2x sin 3x dx =

(
1

2
sin 3x − 3

4
cos 3x

)
e2x

13

4

∫
e2x sin 3x dx =

(
1

2
sin 3x − 3

4
cos 3x

)
e2x

/
· 4
13

∫
e2x sin 3x dx =

4

13
·
(
1

2
sin 3x − 3

4
cos 3x

)
e2x + C

∫
e2x sin 3x dx =

(
2

13
sin 3x − 3

13
cos 3x

)
e2x + C , C ∈ R
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Funkcija

f :
〈
− π

2
,
π

2

〉
→ R, f (x) = tg x

je bijekcija i ima inverznu funkciju

f −1 : R→
〈
− π

2
,
π

2

〉
, f −1(x) = arctg x .

Derivacija inverzne funkcije jednaka je

(
arctg x

)′
=

1

x2 + 1

odnosno
∫

dx

x2 + 1
= arctg x + C , C ∈ R.
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Zadatak 6

Riješite neodredeni integral

∫
x2

x6 + 1
dx.

Rješenje

∫
x2

x6 + 1
dx =

[
x3 = t

/ ′
3x2 dx = dt

]
=

∫
dt

3
t2 + 1

=
1

3

∫
dt

t2 + 1
=

=
1

3
arctg t + C =

1

3
arctg x3 + C , C ∈ R

∫
dx

x2 + 1
= arctg x + C

x3 = t / 2

x6 = t2

x2 dx =
dt

3
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Zadatak 7

Riješite neodredeni integral

∫
dx

3x2 + 5
.

Rješenje

∫
dx

3x2 + 5
=

∫
dx

3
(
x2 +

5
3

) =
1

3

∫
dx

x2 +
√

5
3

2 =

=
1

3
· 1√

5
3

arctg
x√

5
3

+ C =

√
3

3
√
5
arctg

√
3x√
5

+ C =

=

√
15

15
arctg

√
15

5
x + C , C ∈ R

√
3

3
√
5
·
√
5√
5
=

√
15

3 · 5 =

√
15

15

√
3√
5
·
√
5√
5
=

√
15

5

∫
dx

x2 + a2
=

1

a
arctg

x

a
+ C
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Zadatak 8

Riješite neodredeni integral

∫
dx

x2 − 3
.

Rješenje

1

x2 − 3
=

1(
x −
√
3
)(
x +
√
3
) =

A

x −
√
3
+

B

x +
√
3
=

=
A
(
x +
√
3
)
+ B

(
x −
√
3
)

(
x −
√
3
)(
x +
√
3
)

1 = A
(
x +
√
3
)
+ B

(
x −
√
3
)

x =
√
3

1 = A · 2
√
3 + B · 0

A =
1

2
√
3

x = −
√
3

1 = A · 0 + B ·
(
− 2
√
3
)

B = − 1

2
√
3

∫
dx

ax + b
=

1

a
ln |ax + b|+ C

1

x2 − 3
=

1

2
√
3

x −
√
3

+

− 1

2
√
3

x +
√
3
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∫
dx

x2 − 3
=

∫ 


1

2
√
3

x −
√
3

+

− 1

2
√
3

x +
√
3


 dx =

=
1

2
√
3

∫
dx

x −
√
3
− 1

2
√
3

∫
dx

x +
√
3
=

=
1

2
√
3
ln
∣∣x −

√
3
∣∣− 1

2
√
3
ln
∣∣x +

√
3
∣∣+ C =

=
1

2
√
3
ln

∣∣∣∣∣
x −
√
3

x +
√
3

∣∣∣∣∣+ C , C ∈ R

∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣
x − a

x + a

∣∣∣∣+ C

∫
dx

a2 − x2
=

1

2a
ln

∣∣∣∣
a + x

a − x

∣∣∣∣+ C
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Zadatak 9

Riješite neodredeni integral

∫
dx

3x2 + x + 4
.

Rješenje

3x2 + x + 4 = 3 ·
(
x2 +

1

3
x +

4

3

)
=

= 3 ·
(
x2 +

1

3
x +

1

36
− 1

36
+

4

3

)
=

= 3 ·
((

x +
1

6

)2

+
47

36

)
=

= 3 ·



(
x +

1

6

)2

+

(√
47

6

)2



∫
dx

x2 + a2
=

1

a
arctg

x

a
+ C

( 1
3
2

)2
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∫
dx

3x2 + x + 4
=

∫
dx

3 ·
((

x +
1
6

)2

+
(√

47
6

)2
) =

=
1

3

∫
dx

(
x +

1
6

)2

+
(√

47
6

)2 =

[
x +

1
6
= t

/ ′

dx = dt

]
=

=
1

3

∫
dt

t2 +
(√

47
6

)2 =
1

3
· 1√

47
6

arctg
t√
47
6

+ C =

=
2√
47

arctg
6t√
47

+ C =
2√
47

arctg
6 ·
(
x +

1
6

)

√
47

+ C =

=
2√
47

arctg
6x + 1√

47
+ C , C ∈ R
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Zadatak 10

Riješite neodredeni integral

∫
dx

x2 + 5x − 4
.

Rješenje

x2 + 5x − 4 = x2 + 5x +
25

4
− 25

4
− 4 =

=

(
x +

5

2

)2

− 41

4
=

=

(
x +

5

2

)2

−
(√

41

2

)2

∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣
x − a

x + a

∣∣∣∣+ C

(
5

2

)2
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∫
dx

x2 + 5x − 4
=

∫
dx

(
x +

5
2

)2

−
(√

41
2

)2 =

[
x +

5
2
= t

/ ′

dx = dt

]
=

=

∫
dt

t2 −
(√

41
2

)2 =
1

2 ·
√

41
2

ln

∣∣∣∣∣∣
t −
√

41
2

t +
√

41
2

∣∣∣∣∣∣
+ C =

=
1√
41

ln

∣∣∣∣∣
2t −

√
41

2t +
√
41

∣∣∣∣∣+ C =
1√
41

ln

∣∣∣∣∣∣

2 ·
(
x +

5
2

)
−
√
41

2 ·
(
x +

5
2

)
+
√
41

∣∣∣∣∣∣
+ C =

=
1√
41

ln

∣∣∣∣∣
2x + 5−

√
41

2x + 5 +
√
41

∣∣∣∣∣+ C , C ∈ R
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Zadatak 11

Riješite neodredeni integral

∫
5x + 3

x2 + 5x − 4
dx.

Rješenje

∫
5x + 3

x2 + 5x − 4
dx =

∫
5
2
· (2x + 5)− 19

2
x2 + 5x − 4

dx =

=
5

2

∫
2x + 5

x2 + 5x − 4
dx − 19

2

∫
dx

x2 + 5x − 4
=

=
5

2
ln
∣∣x2 + 5x − 4

∣∣− 19

2
· 1√

41
ln

∣∣∣∣∣
2x + 5−

√
41

2x + 5 +
√
41

∣∣∣∣∣+ C =

=
5

2
ln
∣∣x2 + 5x − 4

∣∣− 19

2
√
41

ln

∣∣∣∣∣
2x + 5−

√
41

2x + 5 +
√
41

∣∣∣∣∣+ C , C ∈ R

∫
f ′(x)
f (x)

dx = ln
∣∣f (x)

∣∣+ C

prethodni
zadatak
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Zadatak 12

Riješite neodredeni integral

∫
4x2 + 3x − 20

(x + 2)2(x − 3)
dx.

Rješenje

4x2 + 3x − 20

(x + 2)2(x − 3)
=

A

x + 2
+

B

(x + 2)2
+

C

x − 3
=

=
A(x + 2)(x − 3) + B(x − 3) + C (x + 2)2

(x + 2)2(x − 3)

4x2 + 3x − 20 = A(x + 2)(x − 3) + B(x − 3) + C (x + 2)2
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4x2 + 3x − 20 = A(x + 2)(x − 3) + B(x − 3) + C (x + 2)2

x = −2
4 · (−2)2 + 3 · (−2)− 20 = A · 0 + B · (−5) + C · 0

−10 = −5B
B = 2

x = 3

4 · 32 + 3 · 3− 20 = A · 0 + B · 0 + C · 25
25 = 25C

C = 1
x = 0

4 · 0 + 3 · 0− 20 = A · (0 + 2) · (0− 3) + B · (0− 3) + C · (0 + 2)2

−20 = −6A− 3B + 4C

−20 = −6A− 3 · 2 + 4 · 1
−20 = −6A− 2

6A = 18
A = 3
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4x2 + 3x − 20

(x + 2)2(x − 3)
=

A

x + 2
+

B

(x + 2)2
+

C

x − 3

4x2 + 3x − 20

(x + 2)2(x − 3)
=

3

x + 2
+

2

(x + 2)2
+

1

x − 3

∫
4x2 + 3x − 20

(x + 2)2(x − 3)
dx =

∫ (
3

x + 2
+

2

(x + 2)2
+

1

x − 3

)
dx =

= 3

∫
dx

x + 2
+ 2

∫
dx

(x + 2)2
+

∫
dx

x − 3
=

= 3 ln |x + 2| − 2

x + 2
+ ln |x − 3|+ C , C ∈ R

∫
dx

ax + b
=

1

a
ln |ax + b|+ C

∫
xn dx =

xn+1

n + 1
+ C
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∫
dx

(x + 2)2
=

[
x + 2 = t

/ ′
dx = dt

]
=

∫
dt

t2
=

∫
t−2 dt =

=
t−1

−1 + C = −1

t
+ C = − 1

x + 2
+ C , C ∈ R
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Zadatak 13

Riješite neodredeni integral

∫
x + 1

(x − 1)2(x2 + 1)
dx.

Rješenje

x + 1

(x − 1)2(x2 + 1)
=

A

x − 1
+

B

(x − 1)2
+

Cx + D

x2 + 1
=

=
A(x − 1)(x2 + 1) + B(x2 + 1) + (Cx + D)(x − 1)2

(x − 1)2(x2 + 1)

x + 1 = A(x − 1)(x2 + 1) + B(x2 + 1) + (Cx + D)(x − 1)2
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x + 1 = A(x − 1)(x2 + 1) + B(x2 + 1) + (Cx + D)(x − 1)2

x = 1

1 + 1 = A · 0 + B · 2 + (C + D) · 0
2 = 2B

B = 1

x = i

i + 1 = A · (i − 1) · (i2 + 1) + B · (i2 + 1) + (Ci + D) · (i − 1)2

i + 1 = (Ci + D) · (i2 − 2i + 1)

i + 1 = (Ci + D) · (−2i)
1 + i = 2C − 2Di

2C = 1

C = 1
2

−2D = 1

D = −1
2

x = 0

0 + 1 = A · (0− 1) · (02 + 1) + B · (02 + 1) + (C · 0 + D)(0− 1)2

1 = −A+ B + D

1 = −A+ 1− 1
2

A = −1
2

=0 =0

i2 = −1
z1 = x1 + y1i , z2 = x2 + y2i

z1 = z2 ⇔ (x1 = x2) ∧ (y1 = y2)
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x + 1

(x − 1)2(x2 + 1)
=

A

x − 1
+

B

(x − 1)2
+

Cx + D

x2 + 1

x + 1

(x − 1)2(x2 + 1)
=
−1

2
x − 1

+
1

(x − 1)2
+

1
2
x − 1

2
x2 + 1

∫
x + 1

(x − 1)2(x2 + 1)
dx =

∫ 
 −

1
2

x − 1
+

1

(x − 1)2
+

1
2
x − 1

2
x2 + 1


 dx =

= −1

2

∫
dx

x − 1
+

∫
dx

(x − 1)2
+

∫
1
2
x − 1

2
x2 + 1

dx =

= −1

2
ln |x − 1| − 1

x − 1
+

1

4
ln
(
x2 + 1

)
− 1

2
arctg x + C , C ∈ R

∫
dx

ax + b
=

1

a
ln |ax + b|+ C
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∫
dx

(x − 1)2
=

[
x − 1 = t

/ ′
dx = dt

]
=

∫
dt

t2
=

∫
t−2 dt =

=
t−1

−1 + C = −1

t
+ C = − 1

x − 1
+ C , C ∈ R

∫
1
2
x − 1

2
x2 + 1

dx =

∫
1
4
· 2x − 1

2
x2 + 1

dx =

=
1

4

∫
2x

x2 + 1
dx − 1

2

∫
dx

x2 + 1
=

1

4
ln
(
x2 + 1

)
− 1

2
arctg x + C ,

C ∈ R

∫
xn dx =

xn+1

n + 1
+ C

∫
f ′(x)

f (x)
dx = ln |f (x)|+ C

∫
dx

x2 + a2
=

1

a
arctg

x

a
+ C

(x2 + 1)′
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