Ker B B:R>— R3 ;]
B(x) = Ogs - BX = O 123100 e 0
1252 1| |xs|=]0
1 252 1| |x 0

Seminari 10 X1 Xs .

1 2 3 1 o0]o0 <\+ L5
MATEMATICKE METODE ZA INFORMATICARE @ 2 5 2 1|0 /(-1)/(-1)

1 2 5 2 0 —

0 0O -2 -1 —-1|0 —2x3 — X4 — x5 =0

1 2 5 2 110 X1+2% +3x3+x,=0
Damir Horvat 0 0 0 0 0 0 ,

X = —ZX3 — X

FOI, Varazdin 0 0 -2 -1 0 /1 x5 B —2x3 B 3‘)‘( N

1 2 5 2 1|0h ! 278 T

0 0 -2 -1 —-1]0

1 2 3 1 00

Y5 = Fa,8X4
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Zadatak 1 Ker B B:R®>— R3 Xs = —2X3 — X
X1 = —2X — 3x3 — X4

Odredite sliku, jezgru, rang i defekt linearnog operatora B : R®> — R3
zadanog matricom

12310
B=1125 21
1 25 21

u paru kanonskih baza. Je li B izomorfizam?

RjeSenje

Kako je dimR% # dim R3, zaklju¢ujemo da R® i R3 nisu izomorfni
vektorski prostori.

Stoga ne postoji niti jedan linearni operator R> — R3 koji je bijekcija.

Dakle, linearni operator B nije izomorfizam.
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Ker B = {(—2x2 — 3X3 — Xa, X2, X3, X4, —2X3 — X3) : Xp, X3, X4 € R}

(_2X2 - 3X3 — X4, X2, X3, Xa, _2X3 - X4) =

=x-(-2,1,0,0,0) + x3 - (—3,0,1,0, —2) + x4 - (—1,0,0,1, —1)
BKerB - {(_27 1707070)7 (_37 07 1707 _2)7 (_170707 17 _1)}

d(B) = 3 —— B nije injekcija
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Im B B:R®— R 12310
B=1125 21
r(B) + d(B) =dimR® 12521
r(B)+3=5
r(B) =2 r(B) # dimR® — B nije surjekcija
@231 0[/(-1)/ (-1 12310
1252 1/ ~10 0@ 1 1|/ (-1) ~
12521 + 0021 1=

Bime = {(1,1,1), (3,5,5)}

Ako je dim U = dim V, je li linearni operator f : U — V izomorfizam?
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Karakteristi¢ni polinom

KD(N) = det (A— AN)

KD = (=1)"A" + @A™ 4+ 20" 2 4+ 3, 1A + 3,
KD (N) = det (A — A)
KON =N+ ad™ 4 oA 24 e h G,

e c,=(—1)"a, r=12,...,n

¢ = (1) Z IAVAP R

h<ip<--<iy

{i, p, . .

e cp=—trA, ¢,=(—1)"detA

Ly C {12, n)
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Neka je A € M,(F) pri &emu je F polje.

e Glavna podmatrica reda r matrice A je svaka podmatrica
Ai ir....i, koja se sastoji od onih elemenata matrice A koji se nalaze

na presjeku r redaka i r stupaca s istim indeksima iy, b, ..., I,.
e Glavnih podmatrica reda r matrice A ima ukupno ('r’)

e Glavna minora A reda r matrice A je determinanta

=det A

115125--51r

pripadne glavne podmatrice, tj. Aj ;, i i -
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e V «mw kona¢nodimenzionalni vektorski prostor nad poljem F

e B «ww neka baza za vektorski prostor V

f:.vV-Vv

F(x) = Ax —wwwwws FXp = AXg

(Fs = M)Xsg =0

S(A) ={x€e V:f(x)=xx}
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Zadatak 2
4 1 -1
Zadana je matrica A= |2 5 —-2].
11 2
a) Odredite svojstvene vrijednosti matrice A.

b) Odredite svojstvene potprostore matrice A.

)
)

c) Odredite minimalni polinom matrice A.
)

ka(\) = A\* — 11\ + 39\ — 45
algebarska kratnost

jednaka je 1 N — 11X 439\ —45=0

1,-1,3,-3,5,-5,9,-9,15,—15,45, —45

| 1] -11]39] 45
3[1] -8 |15] 0

o(A) = {3,5}

algebarska kratnost

jednaka je 2 (A—3) ()‘2 —8A+ 15) =0

/

A1 =3 A2 —8)\+15=0
d) Izrazite A=' pomocu potencija matrice A. Noa —(—8) £ \/(—8)2 —4-1-15
23 =
’ 2-1
ka(A) = (A =3)*- (A = 5) 842
/\27327 |)\2:57 )\3:3|
8/18 10/18
Rjesenje L1 b) Bsay ={(1,0,1), (0,1,1)}  dimS(3) =2 41 -1
) ka(\) = X+ a2+ oA+ o A_lr s o A 2
11 2 X1 X X3 geometrijska kratnost 11 2
ka(A) = A3 — 1102 + 39\ — 45 1 1 10 svojstvene vrijednosti A = 3
(A=-3NX=0
2 2 =210 /:2
. 1 1 -1]0 11 —1| [x 0
4 1| & —1] |5 =2 S S 0
o= (1) (Al,z + A3+ A2,3) = + = 1 1 -11]0
2 5 ]. 2 ]. 2 1 1 -1 0 X1—|—X2—X3:O-’VWV‘)X3:X]_+X2
:18+9+12:39 5(3):{(Xl,Xz,Xl—f—Xz)IXl,XQGR}
4 1 -1 (X17X27X1+X2):Xl'(17071)+x2'(07171)
ia=(-1)0 D1p3=—-1-12 5 —2|=-1-45=-45
11 2 S(\) ={x e V:f(x)=x} (Fs = X)Xz =0
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X % 41 -1

_21 (1) _; 8 /o2 (A-5NX=0 A=|2 5 -2
a ' 11 2

1 1 =30 -1 1 —-1| |x 0

-1 @ -1]0 /(-1) |2 0 =2| |x|=]0

1 0 -1/0 1 1 —-3| [x3 0

1 1 -3|0&7T

-1 1 =110 Xo —2x3 =0 | ~w X = 2x3

1 0 —1 0 X1—X3:0 s X1 = X3

2 0 20 5(5) = {(x3,2x3,x3) : x3 € R}

-1 1 -110 <\+ _

@ o0 -1]0 /1 (x3,2x3,x3) = x3 - (1,2,1) dimS(5) =1

0 1 =210 85(5) = {(17 2, 1)} geometrijska kratnost

1 0 —-110 svojstvene vrijednosti A\ = 5

S(\) = {xe V:f(x) =} (Fs—M)Xg = O

Zadatak 3

Postoji Ii linearni operator f : R® — R? za kojeg vrijedi
£(1,0,0) = (1,0), £(0,1,0) = (1,3), f(1,1,1) = (2,4)?

Ako postoji, odredite u tom slu¢aju f(0,0,1) i njegovu matricu u paru
kanonskih baza.
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C) ka(\) = A% — 11)2 + 39\ — 45 41 -1 Rjesenje f R — R?
) = (- 32 (0 5 azlo s -2 (10,0 = (L0). £(0.1.0)= (13), F(L1.1) = (2.4
maA) = (A—3)-(A—5) |[ma0)=r—sr+15] LI 1 2 B ={(1,0,0), (0,1,0), (1,1,1)} je baza za R®. Do 1
Svaki linearni operator zadan je svojim djelovanjem 0@1
11 —1p4-11 -1 000 na nekoj bazi. Postoji jedinstveni linearni operator f 00@
(A=3l)-(A=5l)= |2 2 -2 2 0 =2/=1000 koji zadovoljava zadane uvjete.
11 -1/]|1 1 -3 000 f(0,0,1) =7

d) ka(A) = O

A® —11A% +39A— 45/ = O
45/ = A3 — 11A% + 39A /- A7}
45A°1 = A2 — 11A + 391 /45

ma(A) = O
A —8A+15/ =0
15/ = —A24+8A /-A7!
1A = —A+8//:15

-1 _ 1 420 11 39 —1:_i 8
AT = 45A 45A+ 45l A 15A+ 15/
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(0,0,1) = a1 - (1,0,0) + a2 - (0,1,0) + a3 - (1,1,1)

a1 +a3=0
1t as f je linearni

ay + o3 = a = —1 ap = — operator
. Qa3 :(1J m()@ = 1J 1 p/
£(0,0,1) =f(—1-(1,0,0)+ (-1)- (0
= —1-f(1,0,0) + (—1) - (0,
=—(1,0) = (1,3) +(2,4) = (

1,0)+1-(1,1,1)) =
1,0)+1-f(1,1,1) =
0,1
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f R3— R? f R3— R?
f(1,0,0) = (1,0), £(0,1,0)=(1,3), f(1,1,1)=(2,4) f(1,0,0) = (1,0), £(0,1,0)=(1,3), f£(1,1,1)=(2,4)
B ={(1,0,0), (0,1,0), (1,1,1)} Avan = {(1,0), (0,1)} B ={(1,0,0), (0,1,0), (1,1,1)} Aian = {(1,0), (0,1)}
Bian = 1(1,0,0), (0,1,0), (0,0,1
11 2 Yo = Fipa X 11 2 on = {(1,0,0), (0,1,0), (0,0,1)}
F(B,A ): kan ( 5 kan) F(B.A ):
en 0 3 4 Hen 0 3 4 £ |1 10
£(0,0,1) =7? . (BansAar) = 10 31
—1 N f(0,0,1) =
v 11 2 1 0 Xg = |—1
Aan: - =
- O 3 4 1 1 1 YAkan = F(BkanaAkan)XBkan 0
XBkan: 0
0 1
7(0,0,1) = F(~1-(1,0,0) + (1) (0,1,0)+1- (1,1,1)) = [1 1 0] 0 _H
Akan -
= —1-£(1,0,0)+ (~1)- £(0,1,0) + 1- £(1,1,1) = 03 1y I
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f:R®— R2
f(1,0,0) = (1,0), £(0,1,0)=(1,3), £(1,1,1)=(2,4)
B = {(1707 0)7 (07 170)7 (17 17 1)} Akan = {(170)7 (07 1)}
11 2 Bkan = {(17070)7 (07170)7 (0707 1)}
F, =
(B,Akan) [0 3 4] 1 0 1 DZ 1 O _1
. S'=1011 S=1(01 -1
FBian o) = T F(5, A0S 0 01 00 1
S T
Br\—>/Bkan AkanHAkan T_1: 10 T = 10
R 01 01
1 0 -1
- [10”112]011 [110]
(Bkan:Akan) - -
0 1{(0 3 4 0 31
00 1
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