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prvi zadatak



Zadatak 1

Odredite lokalne ekstreme funkcije f (x , y) = (x + 2y)e−xy .

Rješenje

fx =

1 · e−xy + (x + 2y) · e−xy · (−y)

fx =
(

1− xy − 2y 2

)
e−xy

fy = 2 · e−xy + (x + 2y) · e−xy · (−x)

fy =
(

2− x2 − 2xy

)
e−xy

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)
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1 / 27



Zadatak 1

Odredite lokalne ekstreme funkcije f (x , y) = (x + 2y)e−xy .

Rješenje
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1 / 27



Zadatak 1

Odredite lokalne ekstreme funkcije f (x , y) = (x + 2y)e−xy .

Rješenje
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fx =
(
1− xy − 2y 2

)
e−xy fy =

(
2− x2 − 2xy

)
e−xy

3 / 27



fxx = −ye−xy +
(
1− xy − 2y 2

)
e−xy · (−y)

fxx =

(

2y 2 + xy − 2

)
ye−xy

fxy =
(
−x − 4y

)
e−xy +

(
1− xy − 2y 2

)
e−xy · (−x)

fxy =
(

2xy 2 + x2y − 2x − 4y

)
e−xy

fyy = −2xe−xy +
(
2− x2 − 2xy

)
e−xy · (−x)

fyy =
(

x2 + 2xy − 4

)
xe−xy

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)
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fx =
(
1− xy − 2y 2

)
e−xy fy =

(
2− x2 − 2xy

)
e−xy

3 / 27



fxx = −ye−xy +
(
1− xy − 2y 2

)
e−xy · (−y)

fxx =
(
2y 2 + xy − 2

)
ye−xy

fxy =
(
−x − 4y

)
e−xy +

(
1− xy − 2y 2

)
e−xy · (−x)

fxy =
(
2xy 2 + x2y − 2x − 4y

)
e−xy

fyy = −2xe−xy +
(
2− x2 − 2xy

)
e−xy · (−x)

fyy =
(

x2 + 2xy − 4

)
xe−xy

(uv)′(x) = u′(x) · v(x) + u(x) · v ′(x)
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H(x , y) =

∣∣∣∣∣fxx(x , y) fxy (x , y)

fxy (x , y) fyy (x , y)

∣∣∣∣∣

4 / 27



H
(

1, 1
2

)
=

∣∣∣∣∣∣∣
− 1

2
e
−1

2 −3e
−1

2

−3e
−1

2 −2e
−1

2

∣∣∣∣∣∣∣ = e−1 − 9e−1 = −8e−1 < 0

H
(
−1,− 1

2

)
=

∣∣∣∣∣∣∣
1
2
e
−1

2 3e
−1

2

3e
−1

2 2e
−1

2

∣∣∣∣∣∣∣ = e−1 − 9e−1

= −8e−1 < 0

fxx =
(
2y 2 + xy − 2

)
ye−xy fxy =

(
2xy 2 + x2y − 2x − 4y

)
e−xy

fyy =
(
x2 + 2xy − 4

)
xe−xy

x y

x y

sedlasta točka
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Zadatak 2

Odredite lokalne ekstreme i sedlaste točke funkcije

f (x , y) = 2x3 + 9xy 2 + 15x2 + 27y 2.

Rješenje

fx =

6x2 + 9y 2 + 30x fy = 18xy + 54y

6x2 + 9y 2 + 30x = 0 / :3

18xy + 54y = 0 / :18

2x2 + 3y 2 + 10x = 0

xy + 3y = 0
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Rješenje

fx = 6x2

+ 9y 2 + 30x fy = 18xy + 54y

6x2 + 9y 2 + 30x = 0 / :3

18xy + 54y = 0 / :18

2x2 + 3y 2 + 10x = 0

xy + 3y = 0

7 / 27



Zadatak 2

Odredite lokalne ekstreme i sedlaste točke funkcije
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Rješenje

fx = 6x2 + 9y 2 + 30x fy = 18xy + 54y

6x2 + 9y 2 + 30x = 0

/ :3

18xy + 54y = 0 / :18

2x2 + 3y 2 + 10x = 0

xy + 3y = 0

7 / 27



Zadatak 2

Odredite lokalne ekstreme i sedlaste točke funkcije
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(0, 0) (−5, 0)
x1 y x2 y

(−3, 2) (−3,−2)
x y1 x y2

fx = 6x2 + 9y 2 + 30x fy = 18xy + 54y fxx = 12x + 30

fxy = 18y

fyy = 18x + 54H(x , y) =

∣∣∣∣∣12x + 30 18y

18y 18x + 54

∣∣∣∣∣
H(−3, 2) =

∣∣∣∣∣−6 36

36 0

∣∣∣∣∣ = −1296 < 0
x y

8 / 27



Stacionarne točke
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(0, 0) (−5, 0)
x1 y x2 y

(−3, 2) (−3,−2)
x y1 x y2

fx = 6x2 + 9y 2 + 30x fy = 18xy + 54y fxx = 12x + 30

fxy = 18y

fyy = 18x + 54H(x , y) =

∣∣∣∣∣12x + 30 18y

18y 18x + 54

∣∣∣∣∣
H(−3, 2) =

∣∣∣∣∣−6 36

36 0

∣∣∣∣∣ = −1296 < 0

H(−3,−2) =

∣∣∣∣∣ −6 −36

−36 0

∣∣∣∣∣ = −1296 < 0

H(0, 0) =

∣∣∣∣∣

30 0

0 54

∣∣∣∣∣ = 1620 > 0

x y

x y

sedlasta
točka
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točka

8 / 27



Stacionarne točke
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točka

sedlasta
točka
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treći zadatak



Zadatak 3

Odredite lokalne ekstreme funkcije f (x , y) = 2x + 3y uz uvjet xy = 2.

Rješenje

xy = 2

xy − 2 = 0

• Lagrangeova funkcija

L(x , y , λ) = funkcija + λ · uvjet

L(x , y , λ) = 2x + 3y + λ
(
xy − 2

)

• Parcijalne derivacije Lagrangeove funkcije

Lx =

2 + λy 2 + λy = 0

Ly = 3 + λx 3 + λx = 0

Lλ = xy − 2 xy − 2 = 0
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Rješenje

xy = 2 xy − 2 = 0

• Lagrangeova funkcija

L(x , y , λ) = funkcija + λ · uvjet

L(x , y , λ) = 2x + 3y + λ
(
xy − 2

)
• Parcijalne derivacije Lagrangeove funkcije

Lx =

2 + λy 2 + λy = 0

Ly = 3 + λx 3 + λx = 0

Lλ = xy − 2 xy − 2 = 0

11 / 27



Zadatak 3

Odredite lokalne ekstreme funkcije f (x , y) = 2x + 3y uz uvjet xy = 2.

Rješenje
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2 + λy = 0

3 + λx = 0

xy − 2 = 0

λy = −2

λx = −3

λ = − 2

y

λ = − 3

x

 =⇒ − 2

y
= − 3

x

3y = 2x

y = 2
3
x

x · 2
3
x − 2 = 0

2
3
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/
· 3
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x2 = 3

x1 =
√

3, x2 = −
√
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√
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√
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3, 2

3

√
3, −
√

3
)x1 y1 λ1

(
−
√

3, −2
3

√
3,
√

3
)

12 / 27



2 + λy = 0

3 + λx = 0

xy − 2 = 0

λy = −2

λx = −3

λ = − 2

y

λ = − 3

x

 =⇒ − 2

y
= − 3

x

3y = 2x

y = 2
3
x

x · 2
3
x − 2 = 0

2
3
x2 = 2

/
· 3

2

x2 = 3

x1 =
√

3, x2 = −
√

3

y1 = 2
3

√
3, y2 = −2

3

√
3

λ1 = − 3
x1

= − 3√
3
·
√

3√
3

= −
√

3

λ2 = − 3
x2

= − 3
−
√

3
·
√

3√
3

=
√

3

Stacionarne točke(√
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Zadatak 4

Na elipsi x2 + 4y 2 = 4 pronadite najbliže i najdalje točke od pravca

2x + 3y − 6 = 0.
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2x + 3y − 6 = 0.

Rješenje
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2x + 3y − 6 = 0.

Rješenje
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2x + 3y − 6 = 0.

Rješenje
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f (x , y) = 2x + 3y − 6 x2 + 4y 2 = 4 x2 + 4y 2 − 4 = 0

• Lagrangeova funkcija

L(x , y , λ) = funkcija + λ · uvjet

L(x , y , λ) = 2x + 3y − 6 + λ
(
x2 + 4y 2 − 4

)

• Parcijalne derivacije Lagrangeove funkcije

Lx =
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f (x , y , z) = (x − 3)2 + (y − 1)2 + (z + 1)2

x2 + y 2 + z2 = 4 x2 + y 2 + z2 − 4 = 0

• Lagrangeova funkcija

L(x , y , z , λ) = funkcija + λ · uvjet

L(x , y , z , λ) = (x − 3)2 + (y − 1)2 + (z + 1)2 + λ
(
x2 + y 2 + z2 − 4

)

• Parcijalne derivacije Lagrangeove funkcije

Lx =

2(x − 3) + 2λx 2(x − 3) + 2λx = 0

Ly = 2(y − 1) + 2λy 2(y − 1) + 2λy = 0

Lz = 2(z + 1) + 2λz 2(z + 1) + 2λz = 0

Lλ = x2 + y 2 + z2 − 4 x2 + y 2 + z2 − 4 = 0
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25 / 27



2(x − 3) + 2λx = 0 / :2

x − 3 + λx = 0

(λ + 1)x = 3

x =
3

λ + 1

2(y − 1) + 2λy = 0 / :2

y − 1 + λy = 0

(λ + 1)y = 1

y =
1

λ + 1

2(z + 1) + 2λz = 0 / :2

z + 1 + λz = 0

(λ + 1)z = −1

z =
−1

λ + 1

x2 + y 2 + z2 = 4
9

(λ+1)2 + 1
(λ+1)2 + 1

(λ+1)2 = 4

11
(λ+1)2 = 4

(λ + 1)2 = 11
4

λ + 1 = ±
√

11
2

λ1 = −2+
√

11
2

λ2 = −2−
√

11
2

Stacionarne točke
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T1

(
6√
11
, 2√

11
,− 2√

11

)
T2

(
− 6√

11
,− 2√

11
, 2√

11

)x1 y1 z1 x2 y2 z2

f (x , y , z) = (x − 3)2 + (y − 1)2 + (z + 1)2

d =
√

(x − 3)2 + (y − 1)2 + (z + 1)2

neprekidna
funkcija

x2 + y 2 + z2 = 4

sfera je kompaktni skup u R3

f
(

6√
11
, 2√

11
, − 2√

11

)
= 15− 4

√
11

f
(
− 6√

11
, − 2√

11
, 2√

11

)
= 15 + 4

√
11

d1 =
√

15− 4
√

11

≈ 1.32

26 / 27



Stacionarne točke

T1

(
6√
11
, 2√

11
,− 2√

11

)
T2

(
− 6√

11
,− 2√

11
, 2√

11

)x1 y1 z1 x2 y2 z2

f (x , y , z) = (x − 3)2 + (y − 1)2 + (z + 1)2

d =
√

(x − 3)2 + (y − 1)2 + (z + 1)2

neprekidna
funkcija

x2 + y 2 + z2 = 4

sfera je kompaktni skup u R3

f
(

6√
11
, 2√

11
, − 2√

11

)
= 15− 4

√
11

f
(
− 6√

11
, − 2√

11
, 2√

11

)
= 15 + 4

√
11

d1 =
√

15− 4
√

11 ≈ 1.32

26 / 27



Stacionarne točke
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