(1—Xy—2y2)e_xy:0/:e_xy xy:1—2y2/:y,y7£0
(2—x*—2xy)e ™™ =0/ x:}l/—Qy
.. 1—xy—2y>=0
Seminari 14 o ML |
2—X2—2xy:0 1= 1 2
MATEMATICKE METODE ZA INFORMATICARE , 22 .
pu— —_ pu— 1
2—(1—2> —2(1—2> — 1 X1
Y ;- )y=0
1 ~1
20— L ya_a2 2142=0 =—7 2%
Damir Horvat Y . 2
FOI, Varazdin _}7 =—4 Xo=—-2+1 X = —1
y2 = % Stacionarne totke
y = L y 1 N X2 Y2
1= 5 2= "5 1 1
> > (1) (-1-3)
2/27
Zadatak 1 fo=(1—xy —2y?)e™ f,=(2—x*—2xy)e™
Odredite lokalne ekstreme funkcije f(x,y) = (x +2y)e .
foo = —ye ¥ + (1= xy —2y%)e™ - (~y)
Riegeni
jeSenje (e¥) = e (enesto) = enesto . (negto)! P (2y2 oy — 2)ye_xy
— 1. e Y L (—
fe=1-e7Y+(x+2)-e (=y) fo = (—x—4y)e™ + (1—xy —2y%)e™ - (—x)
_ o o 2 —Xy
fo=(1—xy—2y°)e fy = (2xy* + x°y — 2x — 4y)e ¥
fp=2-eY+(x+2) e (—x
f, = (2 —x*—2xy)e ™
= ) (1—xy —2y%)e™ = fy = (x* +2xy — 4)xe ¥
2 - x2—2xy)e™@ =0 e
( ) (ex)/ — eX (eneéto)/ — eneéto . (ne§to)' f(x,y) = (X + 2y)e Y
(uv)'(x) = u'(x) - v(x) + u(x) - V'(x) (uv)'(x) = u'(x) - v(x) + u(x) - V'(x)
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foe = (2% + xy — 2)ye ™

fy = (2xy% + X%y — 2x — 4y)e™

fy = (x* + 2xy — 4)xe™
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XYy _le_i
H(L1) = 2
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—3e 2
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H(—l —l) = |2

) 2 - _l
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sedlasta tocka

fo(X,¥) o (x,¥)
H(x,y) = g
fy(x,¥) fy(x.y)
_1
—3e 2
1= el—0el=-8e1<0
—2e 2
sedlasta tocka
_1
e 2
. —el1-0el=-8e1<0
e 2
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Zadatak 2
Odredite lokalne ekstreme i sedlaste tocke funkcije
f(x,y) = 2x> + 9xy? + 15x2 + 27y,
6 - Rjesenje
. S f, = 6x2 + 9y + 30x f, = 18xy + 54y [Stacionarne toéke]
22 X1y X2y
a 6x>+9y? +30x=0/:3 (0,0) (-5,0)
-a':l';'mllll 7Z 18xy + 54y =0/:18 X V1 X Yo
;/1““‘:‘" — — —
.0 4'47'//77’/ 2x% 4 3y? + 10x = 0 (=3.2) (=3,-2)
r:w/// xy +3y =0 y(x+3)=0
—25 !ﬁﬁ? / o
o = =
—4 | H’? = 0 X = —3
L H‘ ' 2x2+10x=0/:2 18 +3y2—-30=0
" x(x +5) =0 3y2=12/:3  y2—14
z 1 5 /27 X =0, x=-5 N=2 =72 7/27




f, = 6x% 4+ 9y? +30x  f, = 18xy + bdy foo = 12x + 30
Hixy) = 12X 30 18 hoy = 18y
x,y) = —
Y 18y  18x+54 fyy = 18x + 54
X sedlasta : .
H(=3,2) = —6 36 _ 1206 £ o totka Stacionarne tocke
36 0 X1y X2 Y
sedlasta | (0,0) (—5,0)
X -6 —36 toc¢ka X W1 X Y
H(-3,-2) = 3 0 | —1296 < 0 (-3,2) (-3,-2)
-0 +9
x V(30 0 X —30 ©
H(0,0) = =1620 >0 H(-5,0) = = 1080 > 0
0 5 0 -—-36
f(0,0) =0 lokalni minimum lokalni maksimum
f(x,y) = 2x> + 9xy? + 15x2 + 27y? f(—5,0) = 125
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Zadatak 3
Odredite lokalne ekstreme funkcije f(x,y) : uz uvjet xy = 2.
Rjesenje K funkcija
300 - xy =2 ————xy —2=0
L funkcij i
200 | e |agrangeova funkcija uvjet
L(x,y,\) = funkcija + X - uvjet
100 (x,y,7) j j
L(x,y,A) = 2x + 3y + A(xy — 2)
0 -
e Parcijalne derivacije Lagrangeove funkcije
—100
Ly =24 M\y 24+ Ay =0
3 L, =3+ Ax 3+Mx=0
Ly=xy—2 xy —2=0
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24+ y =0 — /\y:—2/—))\:
AX — - _
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xy—2z0&3y:2x
_2 40 -
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2,2_9o9 /.3
3X —2/ >
2 =3 Stacionarne toc¢ke 0 -
n A
X1 = \/§ X2 = —\/§ . 2 !
’ —20
2 2 (ﬁ 5‘/_’ _\/§>
n= §\/§, Yo = —§\/§ s
33 .\3 ST —40 | [~ '
=2 - _ 2 ¥ _— 2 f
)\1 X1 \/§ 3 \/§ <_\/§a _§\/§7 \/§>
_ 3 _ .3 \3_ —10
A2 xx -3 3 = V3
12/27 14 /27
Lix,y,A\) =2x+3y +A(xy —2) Ly=2+Xy L, =3+Xx
fxy)=2x+3y gy =x-2] |o g g| |0, x
E&x =Y, & =X A(Xaya)‘) = |8x Lxx ny =1y 0 A 40
Lo=0, Ly=A L,=0 & Ly Ly x A0
2 uvjetni 20
X y b\ 0 §\/§ V3 lokalni
A(\/§7 %\/1 _\/§) = %\/ﬁ 0 —3|=-4/3<0 minimum 0 -
V3 —V3 0
f <\f37 %ﬁ) =4V3 uvjetni lokalni —20 5
maksimum ,
0 —2/3 _\3 —40 -
X y py 3 y
A(-v3. -2v3,V3) = |-2v3 0 V3 |=4/3%0
—10

(83 = TV

0
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2.nadin

F (V. %ﬁ)/z w3 f(-v3, _g\/g)/: 3

) BETE el

B uvjetni - uvjetni lokalni -
minimum - uvjet
y = % BY(x) = 12x2 e Lagrangeova funkcija
L(x,y,\) = funkcija + \ - uvjet
f(x,2>:2x+3 < = 2x + 6bx " - -3 4
X h'(V3) =12v3 _\/§j>0 L(x,y,A) =2x + 3y — 6 + A(x* + 4y* — 4)
_ 1
hlx) = 2x + 6x h(\/§) =43 lokalni minimum e Parcijalne derivacije Lagrangeove funkcije
H(x) =2—6x2
2—6_2_0/‘ 2 h//(_\/§)212'(_\/§)73:\_/_%<0 LX:2+2)\X 2+2M\x =0
x?=0/ x / L, =3+8)\y 3+8\y=0
2x2 —6=0 h(—\/§) = —4v/3  lokalni maksimum [y=x2+4y%—4 X2+ 4y? — 4 =0
x? = 2 _ 2 V3_2
n= x1 - \/g \/g - 3\/§
X1 = \/g, Xy = —\/§ 5 5 /3 2\/§ TraZimo ekstreme funkcije f
y2 = == . X = = —= H 2 2 _
X0 —\3 3 3 16727 uz uvjet x° 4 4y 4, 1827
Zadatak 4 \
Na elipsi x*> + 4y? = 4 pronadite najbliZe i najdalje totke od pravca 242Xx =0 — Mx=-1 ST X N 13
2x+3y —6=0. R 1Y 3+8\y =0 —>8)\y:—3\)\:_i X 8y
o 2t =1
RjeSenje

N

2
X2+ 4y? = 4 s XT yTzl

— 6= XY _
2x + 3y 6—0ww»3+2_1

_ |2x +3y — 6]
V22 + 3

g 12x + 3y — 6|

V13 Udaljenost tocke od pravca

d

To(x0,Y0) pP...Ax+By+C=0

d: ‘AXo—i—B_yg—l—C‘
VA 1 B

f(x,y)=2x+3y —6

Trazimo ekstreme funkcije f
uz uvjet x2 + 4y? = 4.
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X2+4y2—420 8y 8y = 3x
‘K —3
8

3 \2
x2+4-<§x> —-4=0

3 3 8 3
X2+4~6%X2—4:O Y1:§X1=§-§:§
-3, _3. =8__3
16
25 2 16 . »
6% _4/'§ Stacionarne tocke
x2 = %4 X1 1 X2 Y
2 T<§ 3) T(_§ _§>
"\5 5 2\75" 75

X1=, X2=—

($2][e0)
($2][e0)




f(x,y):2x—|—3y—6<\ x> +4y?> =4
~|2x +3y — 6] )

d 3 neprekidna elipsa je komp_ak_tni 20 — S R O P T
funkcija skup u ravnini f(z:, !/:zrﬁ?y—é’ ;;j;‘;i
8 3 8 3 g = 1 27/
f<§7§>:2-§+3-§—6:—1-wwmw 1= /13 0 /

8 3)_ =8 .3, 73 6 1] s dy= 1L z 7

(-8 -3)=2-L+3.F-6--1 » =k | 7

g | e !

Stacionarne totke
najbliZza tocka N 2y
\T1(§ §> T2<—§ _§>
5”5 5 5
najudaljenija totka -
20/27 z 22/27
Zadatak 5
Pronadite na sferi x> + y? 4+ z> = 4 to¢ke koje su najbliZe i najdalje od
20 5 T tocke T(3,1, 1).
[ St F 2t By O[T T
L ok | S d
i A A RjeSenje
0 - T(3,1,-1), r=2, K(x,y,2)
. 7" / d=+/(x=32+(y—1)2+4(z+1)
== d? = (x=3) + (y — 1+ (z + 1)
_90 /) L L L
! | fxy,2) = (x =3+ (y —1)* + (z +1)?
x? 4+ y? + 72 =4 «——— totka K mora biti na sferi
TraZimo ekstreme funkcije f uz uvjet x% + y? + z2 = 4.
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f(x,y,2) :|(X =32+ (y -1+ (z+ 1)2|<— funkcija

x2+y2+z2:4—>|x2+y2+z2—4|20
Luvjet

L(x,y,z,\) = funkcija + A - uvjet
L(x,y,2,A) = (x =3)° + (y —

e Lagrangeova funkcija

1+ (z+ 1P+ A +y* + 22— 4)
e Parcijalne derivacije Lagrangeove funkcije
L, =2(x —3)+2X\x
L, =2(y —1)+2\y
L,=2(z+1)+2)\z

2(x —=3)+2X\x =0
2y —1)+2\y =0
2z+1)+2Xz=0

neprekidna
funkcija

6y, 2) = (x =3+ (y =1 + (2 + 1)’ ———

- —3)2 — 1) 1)
d \/(X 32+ (v >+ (z+1) X>+y?+22=4

sfera je kompaktni skup u R3 —j

6 2 _ .2 \_1e_ _ /15 a1 ~
f<\/II7 Tk »ffi) 15 — 4y/11 = o) = 1/15 — 44/11 ~ 1.32

F(-L. VTI’VGI> 15 4+ 4y/11 < dy = /15 + 4y/11 ~ 5.32

najbliza to¢ka najudaljenija tocka
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2 2 2
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