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5
|AC |

Zadana baza: B =
( #   »

AB ,
#   »

AD
)

#   »

BE = −1
5

#   »

AB + 4
5

#   »

AD

b)

#   »

AE = 4
5

#   »

AC

#   »

AB · #   »

AD = 15
2

#   »

BE · #  »

BA = −1

#  »

BA = −1 · #   »

AB + 0 · #   »

AD

Ups!

Baza B nije ortonormirana!
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Vektorski produkt vektora

∣∣~a × ~b ∣∣ = |~a | · |~b| · sin (~a, ~b )
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Mješoviti produkt vektora

(
~a, ~b, ~c

)
=
(
~a × ~b

)
· ~c
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y1

x1

z1

x2 y2

z2

A

B

x

y

z

~r
A ~r

B

|AB | =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2

A(x1, y1, z1) B(x2, y2, z2)

~rA = (x1, y1, z1) ~rB = (x2, y2, z2)

#   »

AB =
(
x2 − x1, y2 − y1, z2 − z1

)
#   »

AB = ~rB − ~rA
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prvi zadatak



Zadatak 1

Zadane su točke A(2, 3,−1), B(3, 4, 2) i C (1, 0,−5).

a) Odredite točku D tako da četverokut ABCD bude paralelogram.

b) Odredite unutarnji kut paralelograma ABCD pri vrhu A.

c) Izračunajte povřsinu paralelograma ABCD i duljinu visine

paralelograma na stranicu AB .

d) Ispitajte je li vektor ~v = (1, 2,−1) paralelan s ravninom

paralelograma ABCD.

e) Odredite ortogonalnu projekciju vektora ~v na ravninu

paralelograma ABCD.
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Rješenje

A B

D C

#   »

AB =
#   »

DC

~rB − ~rA = ~rC − ~rD
~rD = ~rA − ~rB + ~rC

~rD = (2, 3,−1)− (3, 4, 2) + (1, 0,−5)

~rD = (0,−1,−8)

D(0,−1,−8)

α = ^
( #   »

AB ,
#   »

AD
)

cosα =

#   »

AB · #   »

AD∣∣ #   »

AB
∣∣ · ∣∣ #   »

AD
∣∣

cosα =

−27√
11 ·
√

69

α = arccos −27√
11
√

69

α = 168◦ 31′ 57′′
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Rješenje

A B

D C
A(2, 3,−1), B(3, 4, 2), C (1, 0,−5)

#   »

AB =
#   »

DC

~rB − ~rA =

~rC − ~rD
~rD = ~rA − ~rB + ~rC

~rD = (2, 3,−1)− (3, 4, 2) + (1, 0,−5)

~rD = (0,−1,−8)

D(0,−1,−8)

α = ^
( #   »

AB ,
#   »

AD
)

cosα =

#   »

AB · #   »

AD∣∣ #   »

AB
∣∣ · ∣∣ #   »

AD
∣∣

cosα =

−27√
11 ·
√

69

α = arccos −27√
11
√

69

α = 168◦ 31′ 57′′

a)

7 / 25



Rješenje
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Rješenje

A B

D C
A(2, 3,−1), B(3, 4, 2), C (1, 0,−5)

#   »

AB =
#   »

DC

~rB − ~rA = ~rC − ~rD
~rD = ~rA − ~rB + ~rC

~rD = (2, 3,−1)− (3, 4, 2) + (1, 0,−5)

~rD = (0,

−1,−8)

D(0,−1,−8)

α = ^
( #   »

AB ,
#   »

AD
)

cosα =

#   »

AB · #   »

AD∣∣ #   »

AB
∣∣ · ∣∣ #   »

AD
∣∣

cosα =

−27√
11 ·
√

69

α = arccos −27√
11
√

69

α = 168◦ 31′ 57′′

a)

7 / 25



Rješenje

A B

D C
A(2, 3,−1), B(3, 4, 2), C (1, 0,−5)

#   »

AB =
#   »

DC

~rB − ~rA = ~rC − ~rD
~rD = ~rA − ~rB + ~rC

~rD = (2, 3,−1)− (3, 4, 2) + (1, 0,−5)

~rD = (0,−1,

−8)

D(0,−1,−8)

α = ^
( #   »

AB ,
#   »

AD
)

cosα =

#   »

AB · #   »

AD∣∣ #   »

AB
∣∣ · ∣∣ #   »

AD
∣∣

cosα =

−27√
11 ·
√

69

α = arccos −27√
11
√

69

α = 168◦ 31′ 57′′

a)

7 / 25



Rješenje
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Rješenje

A B

D C

α

A(2, 3,−1), B(3, 4, 2), C (1, 0,−5)
#   »

AB = (1, 1, 3)
#   »

AD = (−2,−4,−7)

#   »

AB =
#   »

DC

~rB − ~rA = ~rC − ~rD
~rD = ~rA − ~rB + ~rC

~rD = (2, 3,−1)− (3, 4, 2) + (1, 0,−5)

~rD = (0,−1,−8)

D(0,−1,−8)

α = ^
( #   »

AB ,
#   »

AD
)

cosα =

#   »

AB · #   »

AD∣∣ #   »

AB
∣∣ · ∣∣ #   »

AD
∣∣

cosα =

−27√
11 ·
√

69

α = arccos −27√
11
√

69

α = 168◦ 31′ 57′′

#   »

AB · #   »

AD = 1 · (−2) + 1 · (−4)

+ 3 · (−7) = −27

a)

b)

7 / 25



Rješenje
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Rješenje

A B

D C

α

A(2, 3,−1), B(3, 4, 2), C (1, 0,−5)
#   »

AB = (1, 1, 3)
#   »

AD = (−2,−4,−7)

#   »

AB =
#   »

DC

~rB − ~rA = ~rC − ~rD
~rD = ~rA − ~rB + ~rC

~rD = (2, 3,−1)− (3, 4, 2) + (1, 0,−5)

~rD = (0,−1,−8)

D(0,−1,−8)

α = ^
( #   »

AB ,
#   »

AD
)

cosα =

#   »

AB · #   »

AD∣∣ #   »

AB
∣∣ · ∣∣ #   »

AD
∣∣

cosα =
−27√

11 ·
√

69

α = arccos −27√
11
√

69

α = 168◦ 31′ 57′′

#   »

AB · #   »

AD = 1 · (−2) + 1 · (−4) + 3 · (−7) = −27

∣∣ #   »

AD
∣∣ =

√
(−2)2 + (−4)2 + (−7)2 =

√
69∣∣ #   »

AB
∣∣ =
√

12 + 12 + 32 =
√

11

a)

b)

7 / 25



Rješenje
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drugi zadatak



Zadatak 2

Zadani su vektori ~a = (2m, 1, 1−m), ~b = (−1, 3, 0) i ~c = (5,−1, 8).

a) Odredite m ∈ R tako da vektor ~a zatvara jednake kutove s

vektorima ~b i ~c .

b) Za pronadeni m iz a) dijela zadatka izračunajte volumen tetraedra

odredenog s vektorima ~a, ~b, ~c i duljinu visine tog tetraedra

spuštenu na stranu odredenu s vektorima ~b i ~c .
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Rješenje

a) ~a = (2m, 1, 1−m), ~b = (−1, 3, 0), ~c = (5,−1, 8)

^
(
~a, ~b

)
= ^

(
~a, ~c
)

cos
(
~a, ~b

)
= cos

(
~a, ~c
)

~a · ~b
|~a | · |~b|

=

~a · ~c
|~a | · |~c |

/
· |~a |

~a · ~b
|~b|

=
~a · ~c
|~c |

−2m + 3√
10

=

2m + 7

3
√

10

/
· 3
√

10

−6m + 9 = 2m + 7

−8m = −2

m = 1
4

~a · ~b = 2m · (−1) + 1 · 3 + (1−m) · 0 = −2m + 3

~a · ~c = 2m · 5 + 1 · (−1) + (1−m) · 8 = 2m + 7

|~b| =
√

(−1)2 + 32 + 02

=
√

10

|~c | =
√

52 + (−1)2 + 82

=
√

90 = 3
√

10

12 / 25



Rješenje
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Rješenje

a) ~a = (2m, 1, 1−m), ~b = (−1, 3, 0), ~c = (5,−1, 8)

^
(
~a, ~b

)
= ^

(
~a, ~c
)

cos
(
~a, ~b

)
= cos

(
~a, ~c
)

~a · ~b
|~a | · |~b|

=
~a · ~c
|~a | · |~c |

/
· |~a |

~a · ~b
|~b|

=
~a · ~c
|~c |

−2m + 3√
10

=
2m + 7

3
√

10

/
· 3
√

10

−6m + 9 = 2m + 7

−8m = −2

m = 1
4

~a · ~b = 2m · (−1) + 1 · 3 + (1−m) · 0 = −2m + 3

~a · ~c = 2m · 5 + 1 · (−1) + (1−m) · 8 = 2m + 7

|~b| =
√

(−1)2 + 32 + 02 =
√

10

|~c | =
√

52 + (−1)2 + 82 =
√

90 = 3
√

10
12 / 25



Rješenje
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treći zadatak



Zadatak 3

Zadane su točke A(1, 2, 1),B(2, 3, 1) i C (−2, 5, 3).

a) Pokažite da je ABC pravokutni trokut s pravim kutom kod vrha A.

b) Odredite točku D za koju je |AD| =
√

11 tako da vektori
#   »

AB ,
#   »

AC ,
#   »

AD budu medusobno okomiti i u danom poretku čine desnu bazu

za V 3.
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Rješenje

A

C

B

D

a)

b)

A(1, 2, 1), B(2, 3, 1), C (−2, 5, 3)
#   »

AB = (1, 1, 0)
#   »

AC = (−3, 3, 2)

#   »

AB · #   »

AC = 1 · (−3) + 1 · 3 + 0 · 2 = 0

#   »

AB ⊥ #   »

AC

|AD| =
√

11

#   »

AD = λ ·
( #   »

AB × #   »

AC
)
, λ > 0

#   »

AD =

√
11

| #   »

AB × #   »

AC |
·
( #   »

AB × #   »

AC
)

#   »

AD =

√
11

2
√

11

· (2,−2, 6)

#   »

AD = 1
2
· (2,−2, 6)

#   »

AD = (1,−1, 3)

15 / 25



Rješenje
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Rješenje

A

C

B

D

a)

b)

A(1, 2, 1), B(2, 3, 1), C (−2, 5, 3)
#   »

AB = (1, 1, 0)
#   »

AC = (−3, 3, 2)

#   »

AB · #   »

AC = 1 · (−3) + 1 · 3 + 0 · 2 = 0

#   »

AB ⊥ #   »

AC
#   »

AB × #   »

AC =

∣∣∣∣∣∣∣
~i ~j ~k

1 1 0

−3 3 2

∣∣∣∣∣∣∣ =

(2,−2, 6)

|AD| =
√

11

#   »

AD = λ ·
( #   »

AB × #   »

AC
)
, λ > 0

#   »

AD =

√
11

| #   »

AB × #   »

AC |
·
( #   »

AB × #   »

AC
)

#   »

AD =

√
11

2
√

11

· (2,−2, 6)

#   »

AD = 1
2
· (2,−2, 6)

#   »

AD = (1,−1, 3)

15 / 25



Rješenje
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Rješenje

A

C

B

D

a)

b)

A(1, 2, 1), B(2, 3, 1), C (−2, 5, 3)
#   »

AB = (1, 1, 0)
#   »

AC = (−3, 3, 2)

#   »

AB · #   »

AC = 1 · (−3) + 1 · 3 + 0 · 2 = 0

#   »

AB ⊥ #   »

AC
#   »

AB × #   »

AC =

∣∣∣∣∣∣∣
~i ~j ~k

1 1 0

−3 3 2

∣∣∣∣∣∣∣ = (2,−2, 6)

∣∣ #   »

AB × #   »

AC
∣∣ =
√

4 + 4 + 36 = 2
√

11

|AD| =
√

11

#   »

AD = λ ·
( #   »

AB × #   »

AC
)
, λ > 0

#   »

AD =

√
11

| #   »

AB × #   »

AC |
·
( #   »

AB × #   »

AC
)

#   »

AD =
√

11
2
√

11
· (2,−2, 6)

#   »

AD = 1
2
· (2,−2, 6)

#   »

AD = (1,−1, 3)

#   »

AD = (1,−1, 3)

~rD − ~rA = (1,−1, 3)

~rD = ~rA + (1,−1, 3)

~rD = (1, 2, 1) + (1,−1, 3)

~rD = (2, 1, 4)

15 / 25



Rješenje
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četvrti zadatak



Zadatak 4

Zadana je dužina AB s koordinatama svojih krajeva A(3, 4, 1) i

B(−5, 2,−3).

a) Točkama C1, C2 i C3 dužina AB je podijeljena na četiri jednaka

dijela. Odredite koordinate točaka C1, C2 i C3.

b) Odredite na pravcu AB točku D za koju je točka A polovǐste

dužine C1D.
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Rješenje

A

B

C1
C2

C3

a)
A(3, 4, 1) B(−5, 2,−3)

#   »

AB = (−8,−2,−4)

#    »

AC1 = 1
4

#   »

AB

~rC1 − ~rA = 1
4

#   »

AB

~rC1 = ~rA + 1
4

#   »

AB

~rC1 = (3, 4, 1)

+ 1
4
· (−8,−2,−4)

~rC1 = (3, 4, 1) +
(
−2,−1

2
,−1

)
~rC1 =

(
1, 7

2
, 0
)

17 / 25



Rješenje
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A

B

D

O

~rA

~rB~rD

#   »

AD = λ
#   »

BD

~rD − ~rA = λ
(
~rD − ~rB

)
~rD − ~rA = λ~rD − λ~rB

~rD − λ~rD = ~rA − λ~rB
(1− λ)~rD =

~rA − λ~rB

~rD =

~rA − λ~rB
1− λ

D

(
xA − λxB

1− λ
,
yA − λyB

1− λ
,
zA − λzB

1− λ

)

21 / 25
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A

B

D

O

~rA

~rB~rD

#   »

AD = λ
#   »

BD

~rD − ~rA = λ
(
~rD − ~rB

)
~rD − ~rA = λ~rD − λ~rB

~rD − λ~rD = ~rA − λ~rB
(1− λ)~rD = ~rA − λ~rB

~rD =
~rA − λ~rB

1− λ

D

(
xA − λxB

1− λ
,
yA − λyB

1− λ
,
zA − λzB

1− λ

)

21 / 25
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A

B

D

O

~rA

~rB

#   »

AD = λ
#   »

DB

~rD − ~rA = λ
(
~rB − ~rD

)
~rD − ~rA = λ~rB − λ~rD

~rD + λ~rD = ~rA + λ~rB

(1 + λ)~rD = ~rA + λ~rB

~rD =

~rA + λ~rB
1 + λ

D

(
xA + λxB

1 + λ
,
yA + λyB

1 + λ
,
zA + λzB

1 + λ

)

22 / 25
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