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treći zadatak
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Zadatak 1

Zadan je pravac p . . .
x − 2

1
=

y + 4

−2
=

z + 1

1
i točka A(3, 4, 2).

a) Odredite jednadžbu normale n iz točke A na pravac p.

b) Odredite simetričnu točku točke A s obzirom na pravac p.

c) Odredite sve točke na pravcu p koje su od točke A udaljene 10
√

2.
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točke A na pravac p

#   »

SA′ =
#  »

AS

~rA′ − ~rS =
#  »

AS

~rA′ = ~rS +
#  »

AS

~rA′ = (0, 0,−3) + (−3,−4,−5)

~rA′ = (−3,−4,−8)

A′(−3,−4,−8)

3 / 19



A

S

A′

p

n

~sp

b)

A(3, 4, 2) ~sp = (1,−2, 1) p . . . x−2
1

= y+4
−2

= z+1
1

p . . .


x = 2 + t

y = −4− 2t

z = −1 + t

S(0, 0,−3)

#  »

AS = (−3,−4,−5)

ortogonalna projekcija
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točke A na pravac p

#   »

SA′ =
#  »

AS

~rA′ − ~rS =
#  »

AS

~rA′ = ~rS +
#  »

AS

~rA′ = (0, 0,−3) + (−3,−4,−5)

~rA′ = (−3,−4,−8)

A′(−3,−4,−8)
udaljenost točke od pravca
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drugi zadatak
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Zadatak 2

Zadane su točke A(0, 4, 5), B(0, 0, 2) i C (6, 0, 2).

a) Odredite točku T u kojoj simetrala sβ unutarnjeg kuta trokuta

ABC pri vrhu B siječe stranicu AC.

b) Odredite u kojem omjeru točka T dijeli dužinu AC.
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Rješenje

BA

C

sβ
T

a)

A(0, 4, 5), B(0, 0, 2), C (6, 0, 2)
#   »

AC =

(6,−4,−3)

AC . . . A,
#   »

AC

7 / 19



Rješenje
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treći zadatak



Zadatak 3

Zadani su pravci

p1 . . .
x

−2
=

y − 1

2
=

z − 2

1
i p2 . . .

x − 1

2
=

y − 1

0
=

z − 3

−2
.

a) Pokažite da su p1 i p2 mimosmjerni pravci.

b) Odredite zajedničku normalu pravaca p1 i p2.

c) Izračunajte udaljenost pravaca p1 i p2.
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11 / 19



Rješenje
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T1(0, 1, 2) ~s1 = (−2, 2, 1)

T2(1, 1, 3) ~s2 = (2, 0,−2)

x1 y1 z1

x2 y2 z2

α1 β1 γ1

11 / 19



Rješenje
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Rješenje

∣∣∣∣∣∣∣
x2 − x1 y2 − y1 z2 − z1

α1 β1 γ1

α2 β2 γ2

∣∣∣∣∣∣∣ = 0

Uvjet komplanarnosti

p1 . . .
x
−2

= y−1
2

= z−2
1

p2 . . .
x−1

2
= y−1

0
= z−3
−2

a) Prvi način
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Rješenje

∣∣∣∣∣∣∣
x2 − x1 y2 − y1 z2 − z1

α1 β1 γ1

α2 β2 γ2

∣∣∣∣∣∣∣ = 0

Uvjet komplanarnosti

p1 . . .
x
−2

= y−1
2

= z−2
1

p2 . . .
x−1

2
= y−1

0
= z−3
−2

a) Prvi način
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p1 . . .


x = −2u

y = 1 + 2u

z = 2 + u

p2 . . .


x = 1 + 2v

y = 1

z = 3− 2v

p1 ∩ p2

−2u = 1 + 2v

1 + 2u = 1

2 + u = 3− 2v

2u + 2v = −1

2u = 0

u + 2v = 1

12 / 19



1 2 1

2 0 0

2 2 −1

u v

/ : 2

p1 . . .
x
−2

= y−1
2

= z−2
1

p2 . . .
x−1

2
= y−1

0
= z−3
−2

a) Drugi način
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p1 . . .


x = −2u

y = 1 + 2u

z = 2 + u

p2 . . .


x = 1 + 2v

y = 1

z = 3− 2v

p1 ∩ p2

−2u = 1 + 2v

1 + 2u = 1

2 + u = 3− 2v

2u + 2v = −1

2u = 0

u + 2v = 1

12 / 19



0 2 1

1 0 0

0 2 −1

1 2 1

1 0 0

2 2 −1

1 2 1

2 0 0

2 2 −1

u v

/ : 2

/·(−2) /·(−1)

/·(−1)

+

+

+

p1 . . .
x
−2

= y−1
2

= z−2
1

p2 . . .
x−1

2
= y−1

0
= z−3
−2

a) Drugi način
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p1 . . .


x = −2u

y = 1 + 2u

z = 2 + u

p2 . . .


x = 1 + 2v

y = 1

z = 3− 2v

p1 ∩ p2

−2u = 1 + 2v

1 + 2u = 1

2 + u = 3− 2v

2u + 2v = −1

2u = 0

u + 2v = 1

0 = 2

sustav nema

rješenja
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četvrti zadatak



Zadatak 4

Zraka svjetlosti prolazi točkom T (−2,−1, 1) i kreće se u smjeru

vektora ~v = (−1, 0,−1) te se reflektira na ravnini

π1 . . . x + y − 2z = 0.

U kojoj točki reflektirana zraka siječe ravninu

π2 . . . x + y + z + 18 = 0?
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Rješenje

16 / 19



T

S

S ′

π1

π
2

~n1

p

p′

q

T ′P

~v

π1 . . . x + y − 2z = 0

p . . .


x = −2− t

y = −1

z = 1− t

T (−2,−1, 1) ~n1 = (1, 1,−2)

~v = (−1, 0,−1)

x + y − 2z = 0

(−2− t) + (−1)− 2(1− t) = 0

t − 5 = 0

t = 5
S(−7,−1,−4)

S = π1 ∩ p

Zraka (polupravac)
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sačuvati orijentaciju

vektora.

19 / 19



T

S

S ′

π1

π
2

~n1

p

p′

q

T ′P

~v

~v2

~v1 ~w

T (−2,−1, 1) ~n1 = (1, 1,−2)

~v = (−1, 0,−1) S(−7,−1,−4)

~v1 = −~v = (1, 0, 1)

~sp′ = 3~w = (−4,−1,−1)

~w =
(
−4

3
,−1

3
,−1

3

)

S ′ = π2 ∩ p′

Kod skaliranja vektora

smjera zrake moramo
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sačuvati orijentaciju

vektora.

19 / 19



T

S

S ′

π1

π
2

~n1

p

p′

q

T ′P

~v

~v2

~v1 ~w

T (−2,−1, 1) ~n1 = (1, 1,−2)

~v = (−1, 0,−1) S(−7,−1,−4)

~v1 = −~v = (1, 0, 1)

~sp′ = 3~w = (−4,−1,−1)

~w =
(
−4

3
,−1

3
,−1

3

)

π2 . . . x + y + z + 18 = 0

p′ . . .


x = −7− 4t

y = −1− t

z = −4− t
x + y + z + 18 = 0

(−7− 4t) + (−1− t) + (−4− t) + 18 = 0

−6t + 6 = 0

t = 1

S ′ = π2 ∩ p′

Kod skaliranja vektora

smjera zrake moramo

sačuvati orijentaciju

vektora.

19 / 19



T

S

S ′

π1

π
2

~n1

p

p′

q

T ′P

~v

~v2

~v1 ~w

T (−2,−1, 1) ~n1 = (1, 1,−2)

~v = (−1, 0,−1) S(−7,−1,−4)

~v1 = −~v = (1, 0, 1)

~sp′ = 3~w = (−4,−1,−1)

~w =
(
−4

3
,−1

3
,−1

3

)

π2 . . . x + y + z + 18 = 0

p′ . . .


x = −7− 4t

y = −1− t

z = −4− t
x + y + z + 18 = 0

(−7− 4t)

+ (−1− t) + (−4− t) + 18 = 0

−6t + 6 = 0

t = 1

S ′ = π2 ∩ p′

Kod skaliranja vektora

smjera zrake moramo
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sačuvati orijentaciju

vektora.

19 / 19



T

S

S ′

π1

π
2

~n1

p

p′

q

T ′P

~v

~v2

~v1 ~w

T (−2,−1, 1) ~n1 = (1, 1,−2)

~v = (−1, 0,−1) S(−7,−1,−4)

~v1 = −~v = (1, 0, 1)

~sp′ = 3~w = (−4,−1,−1)

~w =
(
−4

3
,−1

3
,−1

3

)

π2 . . . x + y + z + 18 = 0

p′ . . .


x = −7− 4t

y = −1− t

z = −4− t
x + y + z + 18 = 0

(−7− 4t) + (−1− t) + (−4− t) + 18

= 0

−6t + 6 = 0

t = 1

S ′ = π2 ∩ p′

Kod skaliranja vektora

smjera zrake moramo
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sačuvati orijentaciju

vektora.

19 / 19



T

S

S ′

π1

π
2

~n1

p

p′

q

T ′P

~v

~v2

~v1 ~w

T (−2,−1, 1) ~n1 = (1, 1,−2)

~v = (−1, 0,−1) S(−7,−1,−4)

~v1 = −~v = (1, 0, 1)

~sp′ = 3~w = (−4,−1,−1)

~w =
(
−4

3
,−1

3
,−1

3

)

π2 . . . x + y + z + 18 = 0

p′ . . .


x = −7− 4t

y = −1− t

z = −4− t
x + y + z + 18 = 0

(−7− 4t) + (−1− t) + (−4− t) + 18 = 0

−6t + 6 = 0

t = 1

S ′ = π2 ∩ p′

Kod skaliranja vektora

smjera zrake moramo
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