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Zadatak 1

Odredite dimenziju i jednu bazu vektorskog prostora R svih realnih

rješenja homogenog sustava linearnih jednadžbi

x + 2y + z − 3t = 0

2x + 4y + 4z − t = 0

3x + 6y + 7z + t = 0

i nadopunite dobivenu bazu do baze za R4.
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Rješenje
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5x + 10y + 11z = 0
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x = −2u − 11
5
v

y = u

z = v

t = − 2
5
v

u, v ∈ R
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(x , y , z , t) =
(
−2u − 11

5
v , u, v , − 2

5
v
)

=

= u · (−2, 1, 0, 0) + v ·
(
− 11

5
, 0, 1,− 2

5

)

BR =
{

(−2, 1, 0, 0),
(
− 11

5
, 0, 1, −2

5

)}
dimR = 2





x = −2u − 11
5
v

y = u

z = v

t = −2
5
v

dimR4 = 4
R < R4
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Jedna nadopuna do baze za R4

{
(−2, 1, 0, 0),

(
− 11

5
, 0, 1, −2

5

)
, (1, 0, 0, 0), (0, 0, 1, 0)

}

/· 11/· 2
+

+
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Zadatak 2

U P3(t) zadan je skup B =
{
t + 2, t2, t2 + t

}
.

a) Dokažite da je B baza za P3(t).

b) Bez korǐstenja matrice prijelaza pronadite koordinate polinoma

p(t) = t2 + 3t − 5 u bazi B.

c) Pomoću matrice prijelaza pronadite koordinate polinoma

p(t) = t2 + 3t − 5 u bazi B.
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Rješenje

a) B =
{
t + 2, t2, t2 + t

}
Bkan =

{
1, t, t2

}

t + 2 (2, 1, 0)

t2 (0, 0, 1)

t2 + t (0, 1, 1)
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=⇒ B je baza za P3(t)
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+
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b) p(t) = t2 + 3t − 5 B =
{
t + 2, t2, t2 + t

}

t2 + 3t − 5 = α1 · (t + 2) + α2 · t2 + α3 · (t2 + t)

t2 + 3t − 5 = (α2 + α3)t2 + (α1 + α3)t + 2α1

α2 + α3 = 1

α1 + α3 = 3

2α1 = −5





α2 = −9
2

α3 = 11
2

α1 = −5
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c) p(t) = t2 + 3t − 5 XB1 = TB1→B2XB2

B =
{
t + 2, t2, t2 + t

}
Bkan =

{
1, t, t2

}

t + 2 (2, 1, 0)

t2 (0, 0, 1)

t2 + t (0, 1, 1)

XBkan
=
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3
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T−−−→ B

T =
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XBkan
= TBkan→BXB XB = T−1XBkan B T−1

−−−−−→ Bkan
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Zadatak 3

Neka je V =
{

(x , y , x + y) : x , y ∈ R
}

.

a) Dokažite da je V potprostor od R3.

b) Provjerite da je skup B1 =
{

(1, 0, 1), (0, 1, 1)
}

baza za V .

c) Dokažite da je B2 =
{

(1, 1, 2), (−2, 1,−1)
}

takoder baza za V .

d) Odredite matricu prijelaza iz baze B1 u bazu B2.

e) Odredite koordinate vektora (−3, 2,−1) ∈ V u bazi B2.
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Rješenje

a) α, β ∈ R, a, b ∈ V
?

=⇒ αa + βb ∈ V

a ∈ V =⇒ a = (x1, y1, x1 + y1), x1, y1 ∈ R

b ∈ V =⇒ b = (x2, y2, x2 + y2), x2, y2 ∈ R

αa + βb = α · (x1, y1, x1 + y1) + β · (x2, y2, x2 + y2) =

=
(
αx1 + βx2, αy1 + βy2, α(x1 + y1) + β(x2 + y2)

)
=

=
(
αx1 + βx2, αy1 + βy2, (αx1 + βx2) + (αy1 + βy2)

)

=⇒ αa + βb ∈ V =⇒ V < R3

V =
{

(x , y , x + y) : x , y ∈ R
}
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b) (x , y , x + y) = x · (1, 0, 1) + y · (0, 1, 1)

Skup B1 =
{

(1, 0, 1), (0, 1, 1)
}

je skup izvodnica za V , a očito je i

linearno nezavisni pa je B1 jedna baza za V .

(x , y) koordinate vektora (x , y , x + y) u bazi B1

c) 


1 −2 1 0

1 1 0 1

2 −1 1 1


 ∼




1 −2 1 0

0 3 −1 1

0 3 −1 1


 ∼

∼




1 −2 1 0

0 3 −1 1

0 0 0 0




V =
{

(x , y , x + y) : x , y ∈ R
}B1 =

{
(1, 0, 1), (0, 1, 1)

}

B2 =
{

(1, 1, 2), (−2, 1,−1)
}

/·(−1)/·(−2)

+
+

/·(−1)

+

B1 i B2 razapinju isti potprostor

od R3, tj. B2 je takoder baza za V .
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d) B1
T−−−→ B2

e) (−3, 2,−1) 1. način: pomoću matrice prijelaza

XB1 = TB1→B2XB2 XB2 = T−1XB1

XB2 =

[
1 −2

1 1

]−1 [
−3

2

]
=

1

3

[
1 2

−1 1

][
−3

2

]

V =
{

(x , y , x + y) : x , y ∈ R
}B1 =

{
(1, 0, 1), (0, 1, 1)

}

B2 =
{

(1, 1, 2), (−2, 1,−1)
}

dimV = 2

(1, 1, 2) = 1 · (1, 0, 1) + 1 · (0, 1, 1)

(−2, 1,−1) = −2 · (1, 0, 1) + 1 · (0, 1, 1)

T =

[
1 −2

1 1

]

XB1 =

[
−3

2

]

XB2 =




1
3
5
3




(x , y , x + y) = x · (1, 0, 1) + y · (0, 1, 1)
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2. način: bez korǐstenja matrice prijelaza

(−3, 2,−1) = α1 · (1, 1, 2) + α2 · (−2, 1,−1)

0 3 5

0 3 5

1 −2 −3

2 −1 −1

1 1 2

1 −2 −3

α1 α2

/·(−1) /·(−2)

+
+

0 3 5

1 0 1
3

0 3 5

1 −2 −3

α1 α2

/
· 2

3

+

V =
{

(x , y , x + y) : x , y ∈ R
}B1 =

{
(1, 0, 1), (0, 1, 1)

}

B2 =
{

(1, 1, 2), (−2, 1,−1)
}

dimV = 2

α1 − 2α2 = −3

α1 + α2 = 2

2α1 − α2 = −1





α1 = 1
3

α2 = 5
3
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Geometrijska interpretacija

• Potprostor V je ravnina kroz ishodǐste s jednadžbom x + y − z = 0.

• Potprostor V je skup svih rješenja homogenog sustava x + y − z = 0

koji se sastoji od jedne linearne jednadžbe s tri nepoznanice.

• Vektorska jednadžba ravnine s istaknutim vektorima iz baze B1

~r = u · (1, 0, 1) + v · (0, 1, 1), u, v ∈ R

• Vektorska jednadžba ravnine s istaknutim vektorima iz baze B2

~r = u · (1, 1, 2) + v · (−2, 1,−1), u, v ∈ R

V =
{

(x , y , x + y) : x , y ∈ R
}

B1 =
{

(1, 0, 1), (0, 1, 1)
}

B2 =
{

(1, 1, 2), (−2, 1,−1)
}

z = x + y

x + y − z = 0ravnina kroz ishodǐste
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Geometrijska interpretacija

• Je li U potprostor od R3?

U =
{

(x , y , x + y + 1) : x , y ∈ R
}

Skup U nije potprostor od R3 jer ne sadrži nulvektor.

• U n-dimenzionalnom afinom prostoru k-ravnina je zadana s točkom i

k linearno nezavisnih vektora. Svaka k-ravnina je rješenje sustava od

n − k nezavisnih linearnih jednadžbi s n nepoznanica.

• k-ravnina je potprostor jedino ako prolazi kroz ishodǐste, tj. ako

sadrži nulvektor. Ravnine koje nisu potprostori zovemo linearnim

mnogostrukostima.

z = x + y + 1

x + y − z + 1 = 0
ravnina koja ne

prolazi kroz ishodǐste
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