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Zadatak 1

U vektorskom prostoru R3 zadane su dvije baze

B1 =
{

(1, 2,−1), (0, 2, 0), (1, 1, 1)
}
,

B2 =
{

(0, 2, 1), (2, 2, 0), (1,−1, 1)
}
.

Vektor ~v ∈ R3 u bazi B1 ima koordinate (3,−1, 2).

a) Odredite koordinate vektora ~v u kanonskoj bazi vektorskog

prostora R3.

b) Odredite matricu prijelaza iz baze B2 u bazu B1 i pomoću nje

odredite koordinate vektora ~v u bazi B2.
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Rješenje

a) ~v = (3,−1, 2)B1

Bkan =
{

(1, 0, 0), (0, 1, 0), (0, 0, 1)
}

1. način

~v = (3,−1, 2)B1 = 3 · (1, 2,−1) + (−1) · (0, 2, 0) + 2 · (1, 1, 1) =

= (5, 6,−1)Bkan
5 · (1, 0, 0) + 6 · (0, 1, 0) + (−1) · (0, 0, 1)

2. način

XBkan
= MXB1 , Bkan

M−−−→ B1

M =




1 0 1

2 2 1

−1 0 1


 XB1 =




3

−1

2




B1 =
{

(1, 2,−1), (0, 2, 0), (1, 1, 1)
}

B2 =
{

(0, 2, 1), (2, 2, 0), (1,−1, 1)
}

XBkan
=




1 0 1

2 2 1

−1 0 1







3

−1

2


=




5

6

−1



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(1, 2,−1) = α1 · (0, 2, 1) + α2 · (2, 2, 0) + α3 · (1,−1, 1)

2α2 + α3 = 1

2α1 + 2α2 − α3 = 2

α1 + α3 = −1

(0, 2, 0) = β1 · (0, 2, 1) + β2 · (2, 2, 0) + β3 · (1,−1, 1)

2β2 + β3 = 0

2β1 + 2β2 − β3 = 2

β1 + β3 = 0

(1, 1, 1) = γ1 · (0, 2, 1) + γ2 · (2, 2, 0) + γ3 · (1,−1, 1)

2γ2 + γ3 = 1

2γ1 + 2γ2 − γ3 = 1

γ1 + γ3 = 1

b)

B1 =
{

(1, 2,−1), (0, 2, 0), (1, 1, 1)
}

B2 =
{

(0, 2, 1), (2, 2, 0), (1,−1, 1)
}

B2
T−−−→ B1 T =



α1 β1 γ1

α2 β2 γ2

α3 β3 γ3



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+
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+
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·−1
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4
−1

2
1
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8

1
4

1
4

1 0 0 −1
4

1
2

1
2

αi βi γi

T =



α1 β1 γ1

α2 β2 γ2

α3 β3 γ3




T =




−1
4

1
2

1
2

7
8

1
4

1
4

−3
4
−1

2
1
2



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B2
T−−−→ B1

~v = (3,−1, 2)B1

XB2 = TB2→B1XB1

XB2 =




−1
4

1
2

1
2

7
8

1
4

1
4

−3
4
−1

2
1
2







3

−1

2




XB2 =




−1
4

23
8

−3
4



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Napomena

B2
T−−−→ B1 Bkan

T1−−−−→ B1 Bkan
T2−−−−→ B2

T1 =




1 0 1

2 2 1

−1 0 1


 T2 =




0 2 1

2 2 −1

1 0 1




B2 Bkan B1

T−1
2 T1

T−1
2 T1

T = T−1
2 T1

T−1
2 =




−1
4

1
4

1
2

3
8

1
8
−1

4
1
4
−1

4
1
2




DZ
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Napomena

B2
T−−−→ B1 Bkan

T1−−−−→ B1 Bkan
T2−−−−→ B2

XB2 = TXB1 XBkan
= T1XB1 XBkan

= T2XB2

XB2 = T−1
2 XBkan

XB2 =




−1
4

1
4

1
2

3
8

1
8
−1

4
1
4
−1

4
1
2







5

6

−1


 =




−1
4

23
8

−3
4




~v = (3,−1, 2)B1

~v = (5, 6,−1)Bkan
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Linearni operator

ΘU ΘV

U V

Ker f

Im f

f

• f (αa + βb) = αf (a) + βf (b), α, β ∈ F , a, b,∈ U

• r(f ) = dim (Im f ), d(f ) = dim (Ker f ), r(f ) + d(f ) = dimU

• f : U → V je injekcija ⇐⇒ d(f ) = 0

• f : U → V je surjekcija ⇐⇒ r(f ) = dimV (dimV <∞)
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Zadatak 2

Zadano je preslikavanje h : M2(R)→ R2 s

h

([
a b

c d

])
=
(
a + d , a − b + c

)
.

a) Dokažite da je h linearni operator.

b) Odredite jezgru, sliku, rang i defekt operatora h.

c) Odredite matrični zapis operatora h u paru kanonskih baza.
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Rješenje

h(αA + βB) = h

(
α ·
[
a1 b1

c1 d1

]
+ β ·

[
a2 b2

c2 d2

])
=

= h

([
αa1 + βa2 αb1 + βb2

αc1 + βc2 αd1 + βd2

])
=

=
(
(αa1 + βa2) + (αd1 + βd2), (αa1 + βa2)− (αb1 + βb2) + (αc1 + βc2)

)
=

=
(
α(a1 + d1) + β(a2 + d2), α(a1 − b1 + c1) + β(a2 − b2 + c2)

)
=

= α ·
(
a1 + d1, a1 − b1 + c1

)
+ β ·

(
a2 + d2, a2 − b2 + c2

)
=

= α · h
([

a1 b1

c1 d1

])
+ β · h

([
a2 b2

c2 d2

])
= αh(A) + βh(B)

a) h

([
a b

c d

])
=
(
a + d , a − b + c

)h : M2(R)→ R2

h(αA + βB)
?
= αh(A) + βh(B)
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b) h : M2(R)→ R2

h

([
a b

c d

])
=
(
a + d , a − b + c

)
Ker h

h

([
a b

c d

])
= ΘR2

(
a + d , a − b + c

)
= (0, 0)

a + d = 0

a − b + c = 0

}

Ker h =

{[
a b

−a + b −a

]
: a, b ∈ R

}

[
a b

−a + b −a

]
= a ·

[
1 0

−1 −1

]
+ b ·

[
0 1

1 0

]

BKer h =

{[
1 0

−1 −1

]
,

[
0 1

1 0

]}

d = −a
c = −a + b

d(h) = 2 6= 0

h nije injekcija

Im h r(h) + d(h) = dimM2(R)

r(h) = 4− 2 = 2 r(h) = 2 = dimR2

h je surjekcija
Im h = R2

BIm h =
{

(1, 0), (0, 1)
}
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c) h : M2(R)→ R2

h

([
a b

c d

])
=
(
a + d , a − b + c

)

B1 =

{[
1 0
0 0

]
,

[
0 1
0 0

]
,

[
0 0
1 0

]
,

[
0 0
0 1

]}
B2 =

{
(1, 0), (0, 1)

}

h

([
1 0
0 0

])
= (1, 1) = 1 · (1, 0) + 1 · (0, 1)

h

([
0 1
0 0

])
= (0,−1) = 0 · (1, 0) + (−1) · (0, 1)

h

([
0 0
1 0

])
= (0, 1) = 0 · (1, 0) + 1 · (0, 1)

h

([
0 0
0 1

])
= (1, 0) = 1 · (1, 0) + 0 · (0, 1)

H =

[
1 0 0 1

1 −1 1 0

]
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Zadatak 3

Zadano je preslikavanje f : R4 → R2 s

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v).

a) Dokažite da je f linearni operator.

b) Odredite jezgru, sliku, rang i defekt operatora f .

c) Odredite matrični prikaz operatora f u paru kanonskih baza.

d) Odredite matrični prikaz operatora f u paru baza

A =
{

(1, 0, 0, 0), (1, 2, 0, 0), (1, 2, 3, 0), (1, 2, 3, 4)
}
,

B =
{

(1, 10), (1, 11)
}
.

e) Odredite sliku vektora (1, 0,−1, 8).
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Rješenje

f (αa + βb) = f
(
α · (x1, y1, u1, v1) + β · (x2, y2, u2, v2)

)
=

= f (αx1 + βx2, αy1 + βy2, αu1 + βu2, αv1 + βv2) =

=
(
(αx1 + βx2) + 2(αy1 + βy2)− (αu1 + βu2)− (αv1 + βv2),

−(αx1 + βx2)− 2(αy1 + βy2) + (αu1 + βu2) + (αv1 + βv2)
)

=

=
(
α(x1 + 2y1 − u1 − v1) + β(x2 + 2y2 − u2 − v2),

α(−x1 − 2y1 + u1 + v1) + β(−x2 − 2y2 + u2 + v2)
)

=

= α · (x1 + 2y1 − u1 − v1, −x1 − 2y1 + u1 + v1) +

+ β · (x2 + 2y2 − u2 − v2, −x2 − 2y2 + u2 + v2) =

= αf (x1, y1, u1, v1) + βf (x2, y2, u2, v2) = αf (a) + βf (b)

a)
f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

f (αa + βb)
?
= αf (a) + βf (b)
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b)

f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

Ker f

f (x , y , u, v) = ΘR2

(x + 2y − u − v , −x − 2y + u + v) = (0, 0)

x + 2y − u − v = 0

−x − 2y + u + v = 0

}

1 2 −1 −1 0

0 0 0 0 0

1 2 −1 −1 0

−1 −2 1 1 0

1 2 −1 −1 0

x y u v

/· 1
+

x + 2y − u − v = 0 x = −2y + u + v

Ker f =
{

(−2y + u + v , y , u, v) : y , u, v ∈ R
}

(−2y + u + v , y , u, v) = y · (−2, 1, 0, 0) + u · (1, 0, 1, 0) + v · (1, 0, 0, 1)

BKer f =
{

(−2, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1)
}

d(f ) = 3 6= 0 f nije injekcija

15 / 26

4



f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

Im f

r(f ) + d(f ) = dimR4

r(f ) + 3 = 4

r(f ) = 1

r(f ) 6= dimR2 f nije surjekcija

(x + 2y − u − v , −x − 2y + u + v) =

= x · (1,−1) + y · (2,−2) + u · (−1, 1) + v · (−1, 1)

[
1 2 −1 −1

−1 −2 1 1

]
∼
[

1 2 −1 −1

0 0 0 0

]

BIm f =
{

(1,−1)
}

/· 1
+
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c)

f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

Akan =
{

(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)
}

Bkan =
{

(1, 0), (0, 1)
}

f (1, 0, 0, 0) = (1,−1) = 1 · (1, 0) + (−1) · (0, 1)

f (0, 1, 0, 0) = (2,−2) = 2 · (1, 0) + (−2) · (0, 1)

f (0, 0, 1, 0) = (−1, 1) = −1 · (1, 0) + 1 · (0, 1)

f (0, 0, 0, 1) = (−1, 1) = −1 · (1, 0) + 1 · (0, 1)

F(Akan,Bkan) =

[
1 2 −1 −1

−1 −2 1 1

]
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d)

f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

A =
{

(1, 0, 0, 0), (1, 2, 0, 0), (1, 2, 3, 0), (1, 2, 3, 4)
}

1. način

B =
{

(1, 10), (1, 11)
}

F(A,B) =

[
α1 β1 γ1 δ1

α2 β2 γ2 δ2

]

f (1, 0, 0, 0) = (1,−1) = α1 · (1, 10) + α2 · (1, 11)

α1 + α2 = 1

10α1 + 11α2 = −1

f (1, 2, 0, 0) = (5,−5) = β1 · (1, 10) + β2 · (1, 11)

β1 + β2 = 5

10β1 + 11β2 = −5

f (1, 2, 3, 0) = (2,−2) = γ1 · (1, 10) + γ2 · (1, 11)

γ1 + γ2 = 2

10γ1 + 11γ2 = −2

f (1, 2, 3, 4) = (−2, 2) = δ1 · (1, 10) + δ2 · (1, 11)

δ1 + δ2 = −2

10δ1 + 11δ2 = 2 18 / 26

0 1 −11 −55 −22 22

1 0 12 60 24 −24

0 1 −11 −55 −22 22

1 1 1 5 2 −2

10 11 −1 −5 −2 2

1 1 1 5 2 −2

αi βi γi δi

/·(−10)

+

/·(−1)

+

F(A,B) =

[
α1 β1 γ1 δ1

α2 β2 γ2 δ2

]

F(A,B) =

[
12 60 24 −24

−11 −55 −22 22

]

α1 + α2 = 1

10α1 + 11α2 = −1

}

β1 + β2 = 5

10β1 + 11β2 = −5

}

γ1 + γ2 = 2

10γ1 + 11γ2 = −2

}

δ1 + δ2 = −2

10δ1 + 11δ2 = 2

}
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f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

A =
{

(1, 0, 0, 0), (1, 2, 0, 0), (1, 2, 3, 0), (1, 2, 3, 4)
}

Akan =
{

(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)
}

B =
{

(1, 10), (1, 11)
}
Bkan =

{
(1, 0), (0, 1)

}

2. način

S =




1 1 1 1

0 2 2 2

0 0 3 3

0 0 0 4




F(A,B) = T−1F(Akan,Bkan)S

Akan
S−−−→ A, Bkan

T−−−→ B
T =

[
1 1

10 11

]

F(A,B) =
1

1

[
11 −1

−10 1

] [
1 2 −1 −1

−1 −2 1 1

]



1 1 1 1

0 2 2 2

0 0 3 3

0 0 0 4




F(A,B) =

[
12 60 24 −24

−11 −55 −22 22

]
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e)

f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)
1. način

f (1, 0,−1, 8) =
(
1 + 2 · 0− (−1)− 8, −1− 2 · 0 + (−1) + 8

)

f (1, 0,−1, 8) = (−6, 6)

2. način

YBkan
= F(Akan,Bkan)XAkan

YBkan
=

[
1 2 −1 −1

−1 −2 1 1

]



1

0

−1

8




x y u v

YB = F(A,B)XA

YBkan
=

[
−6

6

]
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f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)3. način

YB = F(A,B)XA

(1, 0,−1, 8) moramo pronaći koordinate u bazi A

Akan
S−−−→ A

A S−1

−−−−→ Akan

XA = S−1XAkan

S−1 =




1 −1
2

0 0

0 1
2
−1

3
0

0 0 1
3
−1

4

0 0 0 1
4




XA =




1 −1
2

0 0

0 1
2
−1

3
0

0 0 1
3
−1

4

0 0 0 1
4







1

0

−1

8


 =




1
1
3

−7
3

2




S =




1 1 1 1

0 2 2 2

0 0 3 3

0 0 0 4




DZ
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f : R4 → R2

f (x , y , u, v) = (x + 2y − u − v , −x − 2y + u + v)

YB = F(A,B)XA

YB =

[
12 60 24 −24

−11 −55 −22 22

]




1
1
3

−7
3

2




=

[
−72

66

]

(−72, 66)B = −72 · (1, 10) + 66 · (1, 11) = (−6, 6)Bkan

B =
{

(1, 10), (1, 11)
}
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Domaća zadaća

Zadatak 4

Zadano je preslikavanje f : R3 → R3 definirano s

f (x , y , z) = (x − 2y , z , x + y).

a) Dokažite da je f linearni operator.

b) Odredite jezgru, sliku, rang i defekt operatora f .

c) Odredite matrični prikaz operatora f u kanonskoj bazi.

d) Odredite matrični prikaz operatora f u bazi

B =
{

(1, 0, 0), (1, 1, 0), (1, 1, 1)
}
.

e) Odredite sliku vektora (2, 1,−3).
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Rješenje

b) Ker f = {(0, 0, 0)}, d(f ) = 0, Im f = R3, r(f ) = 3

Baza za Ker f ne postoji jer je jezgra u ovom slučaju trivijalni

vektorski prostor.

BIm f =
{

(1, 0, 0), (0, 1, 0), (0, 0, 1)
}

Linearni operator f je izomorfizam.

d) Zadatak riješite na dva načina: bez korǐstenja matrice prijelaza i

pomoću matrice prijelaza.

FB =




1 −1 −2

−1 −2 −1

1 2 2


 T =




1 1 1

0 1 1

0 0 1


 T−1 =




1 −1 0

0 1 −1

0 0 1




FBkan
=




1 −2 0

0 0 1

1 1 0




c)

FB = T−1FBkan
T Bkan

T−−−→ B
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e) 1. način (uvřstavanje u formulu kojom je zadan linearni operator)

f (2, 1,−3) = (0,−3, 3)

2. način YBkan
= FBkan

XBkan

YBkan
=




1 −2 0

0 0 1

1 1 0







2

1

−3


 =




0

−3

3




3. način YB = FBXB, XB = T−1XBkan

YB =




1 −1 −2

−1 −2 −1

1 2 2







1

4

−3


 =




3

−6

3




(3,−6, 3)B = 3 · (1, 0, 0) + (−6) · (1, 1, 0) + 3 · (1, 1, 1) = (0,−3, 3)Bkan
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