Seminari 9

MATEMATICKE METODE ZA INFORMATICARE

Rjesenje

a) v=(3,-1,2)p

By ={(1,2,-1), (0,2,0), (1,1,1)}
B, ={(0,2,1), (2,2,0), (1,-1,1)}
Bian = {(1,0,0), (0,1,0), (0,0,1)}

1. nadin

V=(3,-1,2)5 =3-(1,2,-1) + (=1)-(0,2,0) +2- (1,1,1) =

= (5,6, —-1)s,, - 5-(1,0,0) +6-(0,1,0) + (—-1) - (0,0,1)
2. nadin
Damir Horvat
. XBk n MXBN Bkan ? Bl 1 0 1 3 5
FOI, Varazdin
1 0 1 3 XBkan — 2 2 1 _1 - 6
M=1]2 21| Xg=|-1 B B A B
-1 0 1 2
2/26
b)
(1727 _1) =0 (0»27 1) +as- (27 27 0) +as- (17 _]-7 1)
Zadatak 1

U vektorskom prostoru R3 zadane su dvije baze
B = {(1.2,-1), (0,2,0), (1.1,1)},
B> ={(0,2,1), (2,2,0), (1,-1,1)}.
Vektor v € R® u bazi By ima koordinate (3, —1,2).

a) Odredite koordinate vektora v u kanonskoj bazi vektorskog
prostora R3.

b) Odredite matricu prijelaza iz baze B, u bazu By i pomocu nje
odredite koordinate vektora v u bazi B5.
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2a2+a3:1

Bl = {(1727_1)7 (07270)7 (17 171)}
2a1+2a2—a3:2

B, ={(0,2,1), (2,2,0), (1,-1,1)}

a1+a3:—1

(07270) :Bl'(0>2a1)+ﬁ2'(2727O)+ﬁ3'(17_171)
20,4+ 3 =0

a1 B m
261420, — 3 =2 By— B, T=l|a B 7
Br1+B3=0 az 3 73

(1’171) =M (07271) +72 : (27270)—1—73 ' (17_]-71)

27 +73 =1
271+ 27 —13 =1
Mmty=1
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al /BI f)/, al /BI ’7’
0 2 1]/1 0 1 1 0 ol.1 1 1
2 2 -112 2 1 7“?? - T I
@ 0 11=1 0 1/(_2) 0 1 0 § Z Z BZ—>Bl Bkan—>Bl Bkan—>B2
0 2 1)1 0 1 00 1-3-11 1 0 1 02 1
0 @ -3/4 2 —1/(-1) _ _
=2 21 T,=12 2 -1
1 0 1|]-1 0 1 ; . 1 1 1 -1 0 1 10 1
0 0 ®|-3 -2 2/._/.—_ 4 2 2
0 2 34 2 -1~ T=|Lf 11
+ 8 4 4
1 0 1|-10 1 T 3 11 -1 T
0 0 4[-3-22 /4 4 2 2 By ——— Buan —— By Dz |_1 1 %
4 4
0 2 71 1 /5 \_/ _
4 2 2/ a B m iy I g % —%
100—%%% T=la B 7 2 ! 11 1
az B3 73 T=T,'Ty 4 4 2
4/26 6/26
Xs, = T, X T T T,
B2 By—B1/\B1 By —— By Bkan — B Bkan —— B>
-_l l l XB2 = TXBl XBkan = T]-XBI XBkan = T2X82
4 2 2 3
7 1 1
=15 7 a7t V=(3,-1,2)s
23 _1 1[[? .
L2 2 2 Xg, = T, X, v=(56,-1)s,,
1 1 1 1 1
4 4 4 2 5 4
— |23 3 1 1 _ |23
X = | X.=13 5 “2||%|=|%
_3 1 1 1|71 _3
|4 4 4 2 4
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Linearni operator

f‘

T

f(aa+ Bb) = af(a)+ Bf(b), «o,B€F, a,b,e U
r(f) =dim(Imf), d(f)=dim(Kerf), r(f)+d(f)=dimU

o f:U— V jeinjekcija < d(f)=0

Rjesenje 4. My(R) — R2 2 b
a) . h([ d])z(a+d,a—b+c)
h(aA + BB) = ah(A) + Bh(B) <

di b1 an b2
h(aA+ BB)=h|a- : =
(0A+ B) <04 [C1 o + o dj)

—h aal+632 Oéb1—|—6b2 .
ac + /BCQ Cl{dl + de

= ((aal + ﬂ82) + (Oédl + ﬂdz), (aal + 532) — (Oébl + ﬁbz) + (OzCl + /662)) =
= (a(al + d1) + ﬂ(az + dz), a(al — bl + Cl) + 5(22 — b2 + Cg)) =
= Q- (31—|—d1, 31—b1+C1)+ﬂ‘ (32+d2, 32—b2—|—C2) =

. ai b1 a b2 _
o f:U— Vjesurjekcija <= r(f)=dimV (dimV < o0) —a-h< a d >+5'h<L2 d2>_ah(A)+6h(B)
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b) h: My(R) — R2 O
Ker h h([c d]>:(3+d,a—b+c)
b
Zadatak 2 h a ):@R2 a+d=0|-wsd=—-a
Zadano je preslikavanje h : My(R) — R? s c d a—btc—0 c—_ath
2 b (a+d,a—b+c)=(0,0)
h :(a+d,a—b—|—c). B B 1 0 01
c d a b = -1 =171 o
Kerh = ca,beR
—a+b —a
a) DokaZite da je h linearni operator. d(h) =2 +#0
b) Odredite jezgru, sliku, rang i defekt operatora h. a b| 5 1 0 b 01 l
c) Odredite matri¢ni zapis operatora h u paru kanonskih baza. —a+b —a -1 -1 10 h nije injekcija
Im h r(h) + d(h) = dim M,(R) Bimn = {(1,0)7(0,1)}
r(hy=4—-2=2 r(h) =2 =dmR? Im h — R2
9/2 L—>h je surjekcija 112




s-(BIBIEIEY s-wmon

) Flaa + 8b)  af(a) + BF(b)

Rjesenje f(x,y,u,v)=(x+2y —u—v, —x =2y +u-+v)
f:R* — R?
f(aa+ Bb) = f(a (x5 01, v1) 4 B (X2, Y2, ta, Vz)) =

= f(axy + fxz, ayr + Bys, auy + Bua, avy + fvy) =

1 0] 1 0 01 = ((axa + Bx2) + 2(ay1 + By2) — (aur + Buz) — (avi + Bw2),
h<(1) 8)—(1,1)—1-(1,0)+1-(o,1) H= ) O] ( )+ ) )~
S —(ax + Bxz) — 2(ay1 + By2) + (aur + Buz) + (avi + 5V2)) =
h( 8 (1) ) =(0,—-1)=0-(1,0)+(-1)- (0, 1) = (aba +2y1 = ur = v1) + Bl + 22 — 12 = va),
: a(—x1 —2y1 +up +v1) + B(—x2 — 2y + 1 + Vz)) =
00
h< 10 ) =(0,1)=0-(1,0)+1-(0,1) =a-(x1+2n—wm—vi, =x1 — 21+t +v1) +
0 0] +B-(et2p—th—v2, =0 =2y + ta + Vn) =
h(o 1):(1,0):1~(1,0)+0~(0,1) ) ) ) "
L= 12/26 = af (x1, y1, u1, v1) + Bf(x2, y2, U2, v2) = af(a) + Bf(b) 1426
b f(x,y,u,v)=(x+2y —u—v, —x—2y +u+v
Zadatak 3 )K f (x,y,u,v) = (x+2y y4 2)
f:R R
Zadano je preslikavanje f : R* — R? s & —
f(x,y,u,v) = Ope
f(x,y,u,v)=(x+2y —u—v, —x =2y + u+v). (x+2y—u—v,—x—2y+u+v)=(00) X y u v
@® 2 -1-10/-1
a) DokaZite da je f linearni operator. x+2y—u—v=0 1-21 1lo0 </—|—
b) Odredite jezgru, sliku, rang i defekt operatora f. —x—2y+u+v=0 1 2 —1-1lo0
c) Odredite matri¢ni prikaz operatora f u paru kanonskih baza. X422y —U—v=0-wsx=—2y+utv 0O 0 0 0O
d) Odredite matri¢ni prikaz operatora f u paru baza 1 2 -1-10

A={(1,0,0,0), (1,2,0,0), (1,2,3,0), (1,2,3,4)},
B = {(1,10), (1,11)}.

e) Odredite sliku vektora (1,0, —1,8).
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Kerf ={(=2y+u+v,y,uv): y uveR}
(—2y+u+v,y,u,v)=y-(-2,1,0,0)+ v-(1,0,1,0) + v-(1,0,0,1)

ZS)Kerf = {(_2717070)7 (1707 170)7 (1707 07 1)}

d(f)=3+#0 (—>f nije injekcija
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f(x,y,u,v)=(x+2y —u—v, —x—2y+u+v)| |d) 1 nadin f(x,y,u,v)=(x+2y —u—v, —x =2y + u+v)

Im f f:R* - R? A=1{(1,0,0,0),(1,2,0,0),(1,2,3,0),(1,2,3,4)} f:R* >R
/() + d(F) = dimR? £(1,0,0,0) = (1, —1) = a3 - (1,10) + ap - (1,11) | B = {(1,10). (1 11)}
r(f)+3=4 r(f) # dimR? — f nije surjekcija artax=1
r(f):l 100[1+11052:—1
f(]-a 27070) = (57 _5) = ﬁl ’ (17 10) + 62 ’ (17 11)
F2y—u—v, —x—2 =
(x y —u—Vv, —X y 4 u+v) Bi+Br=5 . [ Bi v 6
=x-(L=1)+y-(2,-2)+u-(~-11)+v-(-1,1) 1081 + 118, = =5 B " oy B 7 b
f(]-a 27370) = (27 _2) =T (17 10) +72- (17 11)
[@ 2 1 —1]/-1 @2 —1] =2
-1 -2 1 1 + 00 0 O 107; 4 117 = —2
f(1,2,3,4) =(-2,2) =671 - (1,10) + 4 - (1,11
B|mf:{(].,—].)} (a77) ( 7) 1 (a )+2 (7 )
01+ 0p = =2
16/26 105]_ + 1152 - 2 18/26
c) f(x,y,u,v)=(x+2y —u—v, —x =2y +u-+v)
A , a B oy O
F(-Akan,Bkan) = [ 11 22 _11 _11 10 ]‘1 _1 _5 _2 2 <_/—|— 1005]_ ol ]-10[2 — _].
T 1 1)1 5 2 24
0 @©|-11 -55 —22 22 /(-1) Bi+B=5
Akan - {(1707070)7 (Oa 17070)7 (0507 170)7 (0,0, 07 1)} 1 0 12 60 24 24 10ﬁ1 + 1152 =-5
Bkan — {(1’0)’(071)} 0 1 |—-11 —b55 —22 22
Mntr=2 }
1 11y, = =2
£(1,0,0,0) = (1, —1) = 1- (1,0) + (~1) - (0, 1) Fos = [al B m 51] 071 + 117
’ ay B 72 02
f(0,1,0,0) = (2,-2) =2+ (1,0) + (~2) - (0,1) o1+ 0, = —z}
106; + 116, =2
A,B) =
£(0,0,0,1) = (—=1,1) = —1-(1,0) + 1-(0,1) WHTH 11 -85 22 2

17 /26 19/26




2.nacin f(X,y,U,V):(X+2y—U—V,—X—2y+U+V) 3. nadin f(X,y7U7V):(X+2y—U—V,—X—2y+U+V)
. T4 2 - R4 2
A=1{(1,0,0,0),(1,2,0,0),(1,2,3,0),(1,2,3,4)} [ K =R (1,0,—1,8) ~we moramo pronaéi koordinate u bazi A | & &
Akan:{(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,070,1)} (]:; ; ; ; -1 _1 0 0 ] Ak S A YB:F(A,B)XA
B={(1,10),(1,11)} Ben = {(1,0),(0,1)} S= DZ 2 an
00 3 3 o LI _1 §-1
= s _ 2 T3 A2 A
F('A7 B) - T F(-AkamBkan)S 7_ [ ]. 1 ] 0 O O 4 0 O l _l
S T - 3 4
Akan—>-/4a Bkan—>8 10 11 0 0 0 % XA:S*IXAM
1111 S - o
oo lf1mo-1f 12 -1 1) o 222 L -3 0 0 1 ol
AB=1]-10 1||-1 =2 1 1|00 33 o L 1 o], L s—[922°2
000 4 X4 = 2 13 . d=17 0033
0 0 3 Tz o - 0 0 0 4
£ |12 60 24 24 MEE: 3
AB =11 -85 —22 22 0 0 0 Z] | 2 ]
20/26 22/26
e) g f(x,y,u,v)=(x+2y —u—v, —x =2y +u-+v) f(x,y,u,v)=(x+2y —u—v, —x =2y +u-+v)
. hacin
f:R* - R? f:R* > R?
XY u v
£(1,0,—1,8) = (1+2-0—(-1)—8, —1—2-0+ (1) +8 B = {(1,10), (1,11
( )= ( (1) (—1) +8) {(1,10), (1,11)} Yi = FoamXa
f(1,0,—1,8) = (—6,6) o
= Ys = Fa,5Xa 1
2. nadin 1
y 12 60 24 —24] 3 [—72]
B: pu—
YBkan = F(AkanaBkan)X-Akan _11 _55 _22 22 _g 66
1 | 2]
v _|1 2 -1 1|0 [-6
Ban =11 2 1 1|][-1 Ben = | 6 (=72,66)5 = —72-(1,10) + 66 - (1,11) = (—6,6)s,,
8
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e) 1.nacin (uvrdtavanje u formulu kojom je zadan linearni operator)
f(2,1,-3)=(0,-3,3
Zadatak 4 ( )= )
Zadano je preslikavanje f : R® — R3 definirano s 2.natin| Y, = Fp,,, Xz,
fx,y,2) = (x =2y, z, x +). L2 02 0
Ys.,,= |0 0 1 1| =1]-3
a) DokaZite da je f linearni operator. 1 1 ol [=3 3
b) Odredite jezgru, sliku, rang i defekt operatora f.
v _ _ —1
c) Odredite matri¢ni prikaz operatora f u kanonskoj bazi. 3.natin| Yp = FsXp, Xp=T""Xz,,
d) Odredite matri¢ni prikaz operatora f u bazi 1 -1 =2 1 3
Ys=|-1 -2 -1 4 | = |—-6
B =1{(1,0,0), (1,1,0), (1,1,1)}. 1 o ol -3 3
e) Odredite sliku vektora (2,1, —3). (3,-6,3)5 = 3-(1,0,0) + (—6) - (1,1,0) + 3 - (1,1,1) = (0, —3,3)5...
24 /26 26 /26
Rjesenje

b) Kerf ={(0,0,0)}, d(f) =0, Imf =R3 r(f)=3

Baza za Ker f ne postoji jer je jezgra u ovom sluéaju trivijalni

vektorski prostor.

c)
Bimf = {(1,0,0)7 (0,1,0), (0,0, 1)} 1 -2 0
Linearni operator f je izomorfizam. Fg.,= 10 0 1
1 1 0

d) Zadatak rijeSite na dva natina: bez koristenja matrice prijelaza i
pomocu matrice prijelaza.

1 -1 =2 1

Fp=1-1 -2 -1 T=10

1 2 2 0
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